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Abstract

In this note, we have obtained a novel extension of a bilateral
generating functions involving modified biorthogonal polynomials,
Y&t (x; k)from the existence of quasi-bilinear generating function by
group theoretic method. As particular cases, we obtain the
corresponding results on generalised Laguerre polynomials.
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1. Introduction
In [1], Carlitz defined Konhauser biorthogonal polynomials Y,*(x; k) [2] suggested by
Laguerre polynomials [4] as follows:

ReGnk) = 2, ST () (F) (L1)

n!

Where (a),is the pochhammer symbol [5], « > —1,k, is a non-zero positive
integer.

In [3], the quasi bilateral /(bilinear) generating function is defined by

GOx,u,w) = X2 a, p,(la) (x) q,(,?) ww™, (1.2)
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where a,,, the coefficients are quite arbitrary and p(“) (x), q(")(u) are two special
functlons of orders n,m and of parameters @ and n respectively. If q(”)(u) =

Pm )(u), the generating relation is known as quasi bilinear.

The aim at presenting this note is to prove the existence of a more general
generating relation from the existence of a quasi-bilinear generating function involving
modified biorthogonal polynomials, Y,#*"(x; k). In [6], Samanta and Chongdar have
proved the following theorem on bilateral generating functions involving Y,#*"(x; k)
by group-theoretic method.

Theorem 1 If there exists a unilateral generating relation of the form
G(x,w) = X2 a, I (x; k) wn (1.3)

then
(@ —Jw)™ % exp[x {1 = (@~ k) 7] 6 (x(1 = kw) " wa (@ — how) )

= Xn=oW" 0n(x, 2), (1.4)
where

o, (x,2) =¥ a n knPY* P (x; k) zP.
p 14 p n

The importance of the above theorem lies in the fact that whenever one knows a
generating relation of the form (1.3) then the corresponding bilateral generating
relation can at once be written down from (1.4). So one can get a large number of
bilateral generating relations by attributing different suitable values to a,, in (1.3).

In the present paper, we have obtained the following extension of the Theoreml,
stated above from the existence of quasi bilinear generating relation.

Theorem 2 If there exists a quasi-bilinear generating relation of the following form

GQe,u,w) =Yoo a, Y8 (x; k) Y2 (u; k)w™ (1.5)
Then

A= kw) exp[ {1—(1—kw)—%}—w]a(x(1—

kw)~ k u+w,wz(l—kw)~ H)

— V0 wntpta q pyatn(,. n+qce. .. n
= X0 Xm0 Xm0 an s —— (=1D)(n+ 1), kP VX (x; k)Y, " (us k) z™. (1.6)
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2. Proof of the Theorem
For the biorthogonal polynomials, we consider the following operators:

d d d
Ri=xylz—+ z—+ (k+1)y 122 % +(1—x)y 1z

0x dy
R, = vi -V
ou
such that
Ry (Y (x; K)yaz™) = k(n + DYE 06 K)ya=1zm+, (2.1)
R, (Yq (u; K)v™) = =Ya+i(x; kv *t (2.2)
and

ek f(x,y,2z) = (1 - kwy‘lz)_%exp [x {1 -(1- kwy_lz)_%}]
x f (x(l — kwy‘lz)_%,y(l — kwy‘lz)_%,z(l — kwy‘lz)_%) (2.3)

eWRe f(u,v) =exp(—wv)f(u+ vw,v). (2.4)
Let us now consider the quasi-bilinear generating function of the following form:
GO, u,w) = Yoo a, Y8 (x; k)Y (u; k)w™. (2.5)

Replacing w by wvz and multiplying both sides of (2.5) by y*and then operating
eWR1 eWRz2 gn both sides, we get

ek eWRz [y G (x,u,wvz)] =
eWRi eWR2 [} ™ a, VA (x; k)Y (u; k)y*(wwz)"]. (2.6)

Now the left number of (2.6), with the help of (2.3)and(2.4),becomes

1+x 1
(1- kwy‘lz)_%exp [x {1 -(1- kwy‘lz)_F} - vw] y&

k+1

x G (x(l — kwy‘lz)_%, u+vw,wvz(l— kwy‘lz)_T). (2.7)

The right number of (2.6), with the help of(2.1)and (2.2), becomes
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whtptq

Yin=0 Z‘{f:o Z;):o an T -1D)i(n +

1), kP YR (x; k)Y (u; k)y @ Pz P yn+a, (2.8)

Now equating (2.7) and (2.8) and then substituting f =1,v=1we get

1- kW)_HTanp [x {1 -(1- kw)_%} — W] G (x(l — kw)_%,u +
w,wz(1l — kW)_%)
= Xn=0 2p=0 Lq=0 an%(—lmn + 1) kPYE o k)Y I (w k)z™. (2.9)

This completes the proof of Theorem 2.

Corollary 1 If we put m = 0, we notice that G(x,u,w) becomes G(x,w) since
Y, " (u; k) = 1. Hence from (2.9), we get

1- kw)_HTxeXp [x {1 -(1- kw)_% - W}] G (x(l -
kW)_%,WZ(l - kW)_%)

= Xp(-w) B0 Zjeoncp () K7 1" (e pwan

Therefore we have
1+a 1 1
(1-kw) "« exp [x {1 -(1- kw)_i}] G (x(l —kw) & wz(1l -
k+1
kw)_%) =¥ wha,(x,z), (2.10)

where
on(x,2) = X350 a, (;l) knp Y,f‘”’ (x; k) z?,

which is Theorem 1.

3. Particular Cases
We now proceed to find some particular cases of our Theorem 2.
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Case 1 If we put k=1, then Y,%(x;k) reduces to generalised Laguerre
polynomials,L% (x). Thus putting k = lin our Theorem 2, we get the following
theorem on quasi-bilinear generating relation involving modified Laguerre
polynomials.

Theorem 3 If there exists a quasi-bilinear generating relation of the following form

Glx,uw) =3y_a nLSL"‘*”)(x)LSZ)(u) wn (3.1)
then

(1 —w)~ 0+ exp [% - w] G (

x . wz
QL-w)' u W’(l—w)z)

n+p+q
= X0 Zpmo Lo O —— (1) (n + 1),, LD )LD () 27 (3.2)

Case 2 Putting m = 0 in Theorem 3 and then simplifying, we get the following
theorem on bilateral generating relations(found derived in [6]) involving Laguerre
polynomials.

Theorem 4 If there exists a unilateral generating relation of the form

GQx,w) =Yn_pan LSf‘*")(x) wh (3.3)
then

@ =w) 0+ e (7)€ (G o) = ZW on(x,2), (34)

where
n
o, (x,2z) = Yo ax (k) LSf‘*")(x) zk.

References

[1] L. Carlitz, A note on certain biorthogonal polynomials, Pacific J. Math. 24(3)
(1968), 425-430.

[2] J. D.E. Konhauser, Biorthogonal polynomials suggested by the Laguerre
polynomials, Pacific J. Math. 21(2) (1967), 303-314.

[3] S.K. Chatterjea,S.P. Chakraborty, A unified group-theoretic method of
obtaning a more general class of generating relations from a given class of
quasi-bilateral (or quasi-bilinear) generating relations involving some special
functions, pure Math. Manuscript, 8 (1989), 153- 162.

[4] E.D. Rainville, Special Functions, Chelsea publishing Company,Bronx,
NewYork, 1971.

[5] L.C. Andrews, Special function for Engineers and Applied Mathematicians,
Macmillan Publishing Company.



40 K.P. Samanta & A.K. Chongdar

[6] K.P. Samanta, A.K. Chongdar, Some generating functions of biorthogonal
polynomials suggested by the Laguerre polynomials, Ultra Scientist, vol.
25(2)A (2013), 269-274.



