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Abstract 
 

This paper considers the stochastic modeling of a 2-out-of-2: G system of 
identical units with one more identical unit as spare in cold standby. The 
repair activities have been handled by a single server immediately as and 
when required. The failed unit undergoes for replacement by new one in case 
its repair is not possible by the server in a given fixed repair time (called 
maximum repair time). Priority is given to repair of one unit over the 
replacement of the other. The unit works as new after repair. The random 
variables associated with failure time, the time to which failed unit undergoes 
for replacement, repair time and replacement time of the unit are statistically 
independent and follow Weibull distribution with different probability density 
functions. The expressions for some important performance measures of the 
system model are derived using semi-Markov process and regenerative point. 
The graphical behavior of these measures has been observed for arbitrary 
values of various parameters and costs. The particular cases of Weibull 
distribution have also been discussed to make the study more significant. 
 
Keywords: 2-out-of-2: G System, Single Cold Standby, Replacement, 
Maximum Repair Time, Priority, Weibull Distribution and Stochastic 
Analysis. 

 
 
1. Introduction 
Now a day reliability has become a mendatory attribute for most of the technical and 
non-technical systems to ensure their fault free operation. In reliability theory, 
redundancy has been proved as one of the best technique for improving system 
performance by reducing down time. The reliability and availability of redundant 
systems can also be incresed by adopting proper repair stretegies for the faulty 
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components. The concept of priority in repair disciplines has also been suggested by 
the scholars including Chander (2005), Malik and Bhardwaj (2009) and Malik et al. 
(2010) in order to provide timely services of the systems to the users. However, the 
concept of priority in repair disciplines has not been much used by the researcher in 
case of k-out-of-n system with one standby unit. Liu (1993) examined the reliability 
of a load-sharing of k-out-of-n: G system: non-idle components with arbitrary 
distributions. Also, Zhang (2000) studied avaiability of 3-out-of-4: G warm standby 
system. To strengthen the existing literature and keeping the practical importance of 
cold standby systems, the present paper is devoted to analysis of a 2-out-of-2: G 
system of identical units with one more unit in cold standby under the concept of 
priority to repair over replacement. There is a single server who visits the system 
immediately for conducting repair activities of the system whenever needed. The 
failed unit is replaced by new one if its repair is not possible by the server in a given 
pre-specific time (called maximum repair time). The random variables associated with 
failure time, the time to which failed unit undergoes for replacement, repair time and 
replacement time of the unit are statistically independent and follow Weibull 
distribution with different probability density functions. The expressions for some 
important performance measures of the system model such as transition probabilities, 
mean sojourn times, mean time to system failure (MTSF), availability, busy period of 
the server due to repair and replacement, expected number of replacements of the unit 
and profit function are derived using semi-Markov process and regenerative point. 
The graphical behavior of these measures has been observed for arbitrary values of 
various parameters and costs. The particular cases of Weibull distribution have also 
been discussed to make the study more significant. 
 
 
2. System Description and Assumptions 
1. There is a 2-out-of-2: G system with one unit in cold standby. 
2. The units are identical in nature which have two modes-operative and failure. 
3. There is a single server who visits the system immediately. 
4. The failed unit go through for replacement when its repair is not likely by the 

server in a given specific time‘t’. 
5. The times to failure, replacement and repair of the unit are independent 

random variables which follow Weibull distribution. 
6. Priority is given to repair of one unit over replacement of the other. 
7. The failed unit works as new after repair. 
8. The random variables are statistically independent. 
9. The switch over is instantaneous and perfect. 
 
 
3.  Notations 
E : Set of regenerative states 
O : Unit is operative 
Cs : Unit in cold standby 
f(t)/F(t) : pdf / cdf of the failure time of the unit 
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g(t)/G(t) : pdf / cdf of the repair time of the unit 
r(t)/R(t) : pdf / cdf of the replacement time of the unit 
a(t)/A(t) : pdf / cdf of the rate by which unit undergoes for replacement 
FUr /FUR : Unit is failed and under repair / under repair continuously from 

previous state 
FWr /FWR : Unit is failed and waiting for repair / waiting for repair 

continuously from previous state 
FUrp /FURP : Unit is failed and under replacement / under replacement 

continuously from previous state 
qij(t)/ Qij(t) : pdf / cdf of first passage time from regenerative state Si to a 

regenerative state Sj or to a failed state Sj without visiting any 
other regenerative state in (0, t] 

qij.k (t)/Qij.k(t) : pdf/cdf of direct transition time from regenerative state Si to a 
regenerative state Sj or to a failed state Sj visiting state Sk once 
in (0, t] 

Mi(t) : Probability that the system up initially in state Si ∈ E is up at 
time t without visiting to any regenerative state 

Wi(t) : Probability that the server is busy in the state Si up to time ‘t’ 
without making any transition to any other regenerative state or 
returning to the same state via one or more non-regenerative 
states. 

μi : The mean sojourn time in state  which is given by   ∞  , 
        where  denotes the time to system failure. 
mij : Contribution to mean sojourn time (μi) in state Si when system 

transits directly to state Sj so that 

i ij
j

mμ =∑  and mij = *

0

'( ) (0)ij ijtdQ t q
∞

= −∫  

Ⓢ/© : Notation for Laplace-Stieltjes convolution/Laplace convolution 
*/** : Notation for Laplace Transformation (LT)/Laplace Stieltjes 

Transformation (LST) 
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State Transition Diagram 
 

 
 

Figure 1 
 
 

The transition states  ,  ,    are regenerative states and  and  are non-
regenerative as shown in above figure. 
 
 
4.  Transition Probabilities and Mean Sojourn Times 
Simple probabilistic considerations yield the following expressions for the non-zero 
elements pij = Qij(∞) = ∫qij (t) dt (Medhi 1982) 

 = ∞ =  ∞ =  ∞  
 =  ∞

 = ∞
 = ∞  

 = ∞ = ∞ = ∞  
= ∞ = ∞  . = Ⓢ , . = Ⓢ  , . = Ⓢ  

For these transition probabilities, it can be verified that . .    . 1 
 
4.1  Mean Sojourn Times 
The unconditional mean time taken by the system to transit from any state Si when 
time is counted from epoch at entrance into state Sj is stated as (Cox 1962) 
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mij = ∫ tdQij(t) =-qij
*�(0) 

and the mean sojourn times  in state  is given by  m  ,  m m m  , m m  , m m  ,  
′ m m m . m .  , ′ m m .  

 
 
5.  Reliability Measures 
5.1  Mean Time to System Failure (MTSF) 
Let  be the cdf of the first passage time from regenerative state Si to a failed 
state. Regarding the failed state as absorbing state, we have the following recursive 
relations for : ∑  Ⓢ ∑      (1) 
where j is an operative regenerative state to which the given regenerative state i can 
transit and k is a failed state to which the state i can transit directly. 
The system equations given in (1) can be obtained as:  Ⓢ   Ⓢ  Ⓢ    Ⓢ       (2) 
Taking LST of the relations (2) and solving for , we get 
R* (s) =  
The reliability can be obtained by taking inverse Laplace transition of (2) and MTSF 
is given by lim R s       (3) 
Where, 

 and 1  
 
5.2  Availability Analysis 
Let  be the probability that the system is in upstate at instant ‘ ’ given that the 
system entered regenerative state  at 0. The recursive relations for  are 
given as : ∑ ©       (4) 
where j is any successive regenerative state to which the given regenerative state i can 
transit through n transitions, and 
The system equations given in (4) can be obtained as: 

©  
©  . © © . ©  

© ©  . ©  (5) 
where 

∞     ∞
   ∞    ∞
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Taking LT of relations (5) and solving for , we get the steady-state availability 
as 

∞ lim (6) 
where 1 . 1 1 .  
and 1 . ′ . ′ .  
 
5.3  Busy Period Analysis of the Server 
5.3.1  Due to Repair 
Let  be the probability that the server is busy in repairing the unit at an instant 
‘ ’given that the system entered regenerative state  at 0.The recursive relations 
for  are given as:  ∑ ©      (7) 
where j is a subsequent regenerative state to which state i transits through n 
transitions. 
The system equations given in (7) can be obtained as:  ©   © . © © . ©   © ©  . ©      (8) 
where   ∞  
Taking LT of relations (8) and solving for . In the long run, the time for which 
the system is under repair is given by 

∞ lim (9) 
Where  and  is already specified 
 
5.3.2  Due to Replacement 
Let  be the probability that the sever is busy in replacing the unit at an instant 
‘ ’given that the system entered regenerative state  at 0. The recursive relations 
for  are given by:  ∑ ©  (10) 
where j is a subsequent regenerative state to which state i transits through n 
transitions. 
The system equations given in (10) can be obtained as:   ©   © . © © . ©   ©  ©   . ©      (11) 
where   ∞  
Taking LT of relations (11) and solving for  , we get the time for which the 
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system is under replacement is given by lim       (12) 
Where   and  is already specified. 
 
5.4 Expected Number of Visit by Server 
5.4.1 Due to Repair 
Let  be the expected number of repairs of the unit in 0,  given that the system 
entered the regenerative state  at 0. The recursive relations for  are given 
by:   ∑ Ⓢ       (16) 
where j is any regenerative state to which the given regenerative state i transits and 

=1, if j is the regenerative state where the server does job afresh otherwise =0. 
The system equations given in (16) can be obtained as:   Ⓢ    Ⓢ 1. Ⓢ 1 Ⓢ . Ⓢ   Ⓢ Ⓢ    Ⓢ 1 . Ⓢ     (17) 
Taking LST of relations (17) and solving for  , we get the expected number of 
replacements of the unit per unit time as  lim (18)  Where  1 .  and  is already specified. 
 
5.4.2  Due to Replacement 
Let  be the expected number of replacements of the unit in 0,  given that the 
system entered the regenerative state  at 0. The recursive relations for  are 
given by:   ∑ Ⓢ      
 (19) 
where j is any regenerative state to which the given regenerative state i transits and 

=1, if j is the regenerative state where the server does job afresh otherwise =0. 
The system equations given in (19) can be obtained as:   Ⓢ    Ⓢ . Ⓢ Ⓢ . Ⓢ    Ⓢ 1 Ⓢ    Ⓢ . Ⓢ 1    (20) 
Taking LST of relations (20) and solving for  , we get the expected number of 
replacements of the unit per unit time as  lim        (21) 
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6.  Cost-Benefit Analysis 
An ordered methodology for examining the strengths and weaknesses of alternatives 
that give surety to transactions, activities or functional requirements for a 
manufacturing company is cost-benefit analysis. This technique is used to identify 
options that make available the best methodology for the implementation and go after 
in terms of assistances in labor, time and cost savings etc. It is used by governments 
and other organizations, such as private sector businesses to assess the desirability of 
a given policy or we can say that it is a check of the predictable balance of benefits 
and costs, including an account of unavoidable alternatives and finds, quantify, and 
add all the positive factors. It predicts whether the benefits of a policy outweigh its 
costs, and by how much relative to other alternatives (i.e. one can rank alternate 
policies in terms of the cost-benefit ratio). 
The profit function in the time interval t is given by:- 
P(t) = Expected revenue in (0,t]-expected total cost in (0,t] 
In broad, the optimum policies can more easily be resultant for an infinite time span is 
expressed as 

 
i.e. profit per unit time = total revenue per unit time-total cost per unit time. 
In view of the various costs, the profit earned to the system model in steady state can 
be attained as:   
Where 
K0 = Revenue per unit up-time of the system. 
K1 =Cost per unit time for which server is busy due to repair. 
K2 =Cost per unit time for which server is busy due to replacement. 
K3 =Cost per unit time repair. 
K4 =Cost per unit time replacement. 
 
 
7.  Discussion and conclusion 
To depict the significance of results and characterize the performance of availability, 
MTSF and profit of the system, here we assume that the time to failure, repair and 
replacement as Weibull distributed with two parameters. Probability density function 
of Weibull distribution with two parameter is given by  exp 1⁄  
Where b and  are positive constants and are known as shape and scale parameters 
respectively. From the properties of Weibull distribution, 
If b = 0, it becomes the exponential distribution 
and when b = 1, it becomes the Rayleigh distribution. 
Let 
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The outcomes for MTSF, availability and profit are obtained by considering particular 
values to various parameters and fixed costs K0=5000, K1=450, K2=350, K3=250, 
K4=200 with exponential and Rayleigh distributions for all random variables 
associated with failure, repair, replacement and maximum repair time as shown in 
Tables. It is can be seen from tables 1, 2 and 3 that availability, MTSF, profit decrease 
with the increase of the failure rate( ) and increase with the increase of repair( , 
replacement(  and maximum repair rate(  and under the specified conditions in 
this system. It is interesting to note that the performance measures of the system have 
more values in case random variables follow Exponential distribution rather than 
Rayleigh distribution. 
 
8. Tabulation of the Performance Measures 
 

Table 1: MTSF Vs Failure Rate 
 
λ Exponential(E) Distribution Rayleigh(R) Distribution 

θ=1,β=0.8, α=0.4 θ=2.2 β=1.2 α=.5 θ=1,β=0.8, α=0.4θ=2.2 β=1.2 α=.5 
0.01 1759.34 2292.05 1910.811899.45369.491 472.89 400.577 395.877
0.02 463.043 596.053 500.893498.37 143.379 181.146 154.997 153.011
0.03 216.129 275.163 232.94 231.95983.8259 104.859 90.4149 89.2046
0.04 127.394 160.552 136.842136.37 57.8245 71.7302 62.2501 61.3958
0.05 85.2632 106.452 91.304391.052643.6261 53.7209 46.8854 46.2324
0.06 61.8056 76.4957 65.996265.856534.8121 42.5846 37.3554 36.8306
0.07 47.3175 58.0918 50.392550.315628.8637 35.0953 30.9288 30.4924
0.08 37.6913 45.9256 40.042440.003224.6061 29.7518 26.3321 25.96 
0.09 30.939 37.433 32.793932.778421.4226 25.768 22.8972 22.5739

 
Table 2: Availability Vs Failure Rate 

 
 
λ 

Exponential(E) Distribution Rayleigh(R) Distribution 
θ=1,β=0.8, 
α=0.4 

θ=2.2 β=1.2 α=.5 θ=1,β=0.8, α=0.4θ=2.2 β=1.2 α=.5 

0.01 0.99894 0.99936 0.99922 0.999010.99384 0.995860.99497 0.99412
0.02 0.99605 0.99759 0.99705 0.996270.98444 0.989380.98717 0.98507
0.03 0.99166 0.99487 0.99371 0.9921 0.97395 0.982010.97833 0.9749 
0.04 0.9861 0.99136 0.98941 0.9868 0.96307 0.974210.96902 0.9643 
0.05 0.97963 0.98719 0.9843 0.980580.95215 0.966240.95955 0.9536 
0.06 0.97245 0.98249 0.97856 0.973670.94138 0.958240.9501 0.94301
0.07 0.96474 0.97736 0.9723 0.966210.93088 0.950310.94077 0.93264
0.08 0.95666 0.97187 0.96564 0.958350.92072 0.9425 0.93163 0.92257
0.09 0.94832 0.96611 0.95868 0.950220.91093 0.934870.92274 0.91283
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Table 3: Profit Vs Failure Rate 
 
λ Exponential(E) Distribution Rayleigh(R) Distribution 

θ=1,β=0.8,α=0.4 θ=2.2 β=1.2 α=.5 θ=1,β=0.8, α=0.4θ=2.2 β=1.2 α=.5 
0.01 4975.14 4979.87 4977.424976.494857.67 4875.39 4864.2 4862.67
0.02 4941.61 4954.74 4948.274944.584773.89 4809.16 4788.35 4781.02
0.03 4901.26 4925.52 4913.734905.964695.84 4749.21 4718.31 4704.51
0.04 4855.64 4893.01 4874.834862.064621.33 4692.51 4651.40 4631.12
0.05 4806.06 4857.85 4832.454814.104550.00 4638.25 4587.03 4560.53
0.06 4753.59 4820.60 4787.374763.104481.76 4586.13 4525.05 4492.71
0.07 4699.10 4781.75 4740.234709.904416.54 4536.00 4465.39 4427.64
0.08 4643.31 4741.69 4691.604655.194354.27 4487.76 4408.03 4365.29
0.09 4586.80 4700.75 4641.944599.544294.86 4441.33 4352.91 4305.59
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