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Abstract
Using real space renormalization group technique, ground state of a half –
filled one dimensional alternating superlattice has been studied. The changes
in the system’s behaviour with the changes in the values of site potentials and
on–site Coulomb repulsion energies are investigated. Studying
renormalization group flow diagrams, possible phase transition points are
found out.
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INTRODUCTION
Metallic multilayered structures [1] show many interesting features such as oscillation
of exchange coupling between magnetic layers [2], giant magnetoresistance [3],
different types of ordering [4, 6, 7, 9, 10], metal insulator transition [5, 10] etc. All the
previous theoretical works considered either variation in site potential energy or
variation in on–site Coulomb repulsion energy to model the multilayer structure. In
the present work a one dimensional superlattice with unit cell size two has been
considered. Variations in both site potential energies and on–site Coulomb repulsion
energies are taken into consideration. Exact solution for such a system with a standard
system size is not possible. Renormalization Group (RG) technique is used for this
study, which is a good approximation method as it takes into account quantum
fluctuations. RG flow diagrams for different combinations of parameters are drawn
from which the ordering within the system and also the possible phase transition
points are found out.

Jayeeta Chowdhury

272
THE MODEL

The model is a one dimensional superlattice. The model Hamiltonian is
H   A  ni   B  ni  t  (ci, ci 1,  h.c.)  U A  ni ni  U B  ni ni --------- (1)
iA

iB

i ,

iA

iB

There are two sublattices constructed out of the odd and even numbered sites labelled
by A and B respectively. ci, (ci , ) is the creation (annihilation) operator for an
electron with spin  (, )

at the i th site. ni ,  ci, ci , and

number operator at the i th site. For half – filled band

n
i

i

ni   ni , , the


 N (the number of sites).

U A and U B are the on–site Coulomb repulsion energies, and  A and  B are the site
potentials corresponding to two sublattices A and B, respectively. Only nearest
neighbour hopping t is considered.

THE RENORMALIZATION GROUP TECHNIQUE
In this scheme the whole chain is divided into non– overlapping cells containing three
sites each. Since our lattice is a bipartite one with two types of sites A and B, there
will appear two types of cells ABA and BAB. This division may be done with any
number of sites (n > 1) per cell, but to maintain half – filling for fermionic systems n
should be odd. At the renormalized length scale, the ABA cells are identified as the
renormalized A–type sites and the BAB cells as the renormalized B–type sites. Now
the Hamiltonian contains an intracell ( H 0 ) part and an intercell (T) part. The
intracell part ( H 0 ) contains the site energies, the Hubbard terms and also the hopping
terms describing electron transfer within the cell; it is a sum of all cell Hamiltonians.
For our alternating Hubbard model, there are two types of cell Hamiltonians. The
intercell part (T) contains the hopping energy corresponding to the transfer of
electrons from one cell to the adjacent ones.
For one site, there are four possible states 0 , c 0   , c 0   , c c 0   .
Therefore for one cell, there are 64 possible states. For the study of half–filled case
only the subspaces { n  2, S  S z  0 }, { n  3, S  1 , S z   1 } and { n  4, S  S z  0 }
2

2

are needed. Cell Hamiltonians are diagonalized for these subspaces and only the
lowest energy states are retained. These four states in a cell are now identified as the
‘renormalized’ on–site states 0  ,    ,    ,   
(  : A, B)
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In the truncated basis, the intracell Hamiltonian is

H 0/ ,  E2.  ( E3,  E2, )(n  n )  ( E4,  E2,  2E3, )n n

------------ (2)

where E 4 , E 3 and E 2 are the lowest energies of the subspaces corresponding to four,
three and two particles respectively. From this relation renormalized on–site
quantities follow as

U   E4,  E2,  2E3,

   E3,  E2,

--------------- (3)

And the ground state energy per site
E0 

1  E 2n ( A)  E 2n ( B)

2 n 1
3n

--------------- (4)

where ‘n’ denotes n th stage of iteration.
To find the renormalized hopping matrix elements, the matrix elements of cb ( A) and

cb (B) between the renormalized on–site states are calculated, where cb is the
annihilation operator of the electron with spin  at the boundary site of the cell, and A
or B in the parenthesis denotes the type of the cell.

0 | cb ( ) |    1 ( ) ,

 | cb ( ) |    2 ( ) .

Since the alternating Hubbard model possesses spin reversal symmetry, elements for
cb will be as same as that of cb (except for a fermionic sign change in the value of  ).
But due to absence of particle–hole symmetry, 1 ( )  2 ( ) . The approximation

 ()  1 ( )2 () leads to cb ()   ()c ( ) , which in turn leads to effective
renormalized hopping t    ( A) ( B)t .

RESULTS OF RENORMALIZATION GROUP CALCULATION
In figures 1, 2, 3 and 4 RG flow diagrams for different cases are shown. In figure 1,
U A  2.0  A  1.0 and  B  0.0 . For U B  2.4 , RG flow tends to go to the fixed
point with (  A   B )   , U B  0 , indicating charge ordered (CO) phase. For
U B  2.4 it tends to (  A   B )  0 , U B   , indicating spin ordered (SO) phase.

Point of repulsion U B  2.4 is the phase transition point.
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Figure 1: RG flow diagram in an effective parameter space U B  ( A   B ) for
U A  2.0  A  1.0 and  B  0.0

For U A  2.0 ,  A  1.0 and  B  1.0 (figure 2), U B  1.4 is the point of repulsion.
Below this value of U B , system is charge ordered and above this value system is spin
ordered.

Figure 2: RG flow diagram in an effective parameter space U B  ( A   B ) for
U A  2.0  A  1.0 and  B  1.0

Figures 3 and 4 are for systems with U A  2.0 , U B  0.5 ,  A  1.0 and
U A  U B  2.0 ,  A  1.0 respectively. Flow diagrams are plotted in the parameter

space
 B – ( A   B ) . Flow lines clearly show the tendency of the ordering within
the system.
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Figure 3: RG flow diagram in an effective parameter space  B  ( A   B ) for
U A  2.0, U B  0.5,  A  1.0

Figure 4: RG flow diagram in an effective parameter space  B  ( A   B ) for
U A  U B  2.0,  A  1.0

Points of repulsions on the flow diagrams are the phase transition points for the
superlattice. Knowing the transition points for various combinations of the four
parameters, different types of phase diagrams can be drawn. Only one case is shown
in figure 5 where U A  2.0,  A  1.0 .It is a U B   B phase diagram, showing clear
boundary between charge ordered (CO) and spin ordered (SO) phases.
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Figure 5: Phase diagram in the U B (U )   B ( ) plane with U A  2.0,  A  1.0 .

CONCLUSION
In this paper, the ordering within the one dimensional alternating superlattice has been
studied in detail. Previous works on this type of models considered either variations in
site potentials or variations in Coulomb repulsion energies. Here is the generalised
study where all of those four parameters are taken as variable. Technique used in the
most of the earlier works on this type of model was exact diagonalization of finite
systems. To observe the behaviour of the same with bigger system size RG technique
is used in this paper. These results may be useful to understand various experimental
observations with superlattices. Further study of these systems at finite temperature
and in presence of external fields will be very much interesting.
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