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Abstract

Recently, a novel variant of Banach contraction principle was presented by Alam and
Imdad on a complete metric space endowed with the binary relation. In this paper,
we prove some common fixed point theorems in G-metric spaces endowed with the
ternary relations. Several fixed point theorems in G-metric spaces can be weakened to

the extent of an arbitrary ternary relation.
2010 Mathematics Subject Classification: 47H10, 54H25.

Key words and phrases: G-metric spaces, ternary relation, contraction mappings.

1. INTRODUCTION

The standard Banach contraction principle [2] continues to be very important and helpful
tool in theory as well as applications inside and outside Mathematics, which guarantees
the existence and uniqueness of the fixed points of contraction self-mappings defined
on complete metric spaces. Moreover a constructive method to calculate the fixed
point of the underlying mapping. In the current past, many authors extended Banach
theorem by applying various general contractive mappings on different types of spaces.
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In this paper, we extended the standard Banach contraction principle to a complete G-
metric space endowed with ternary relation. But the contraction condition is relatively
weaker than the usual contraction as it is required to work only on those elements which
are related under the fundamental relation rather than the whole space. Particularly, under
the universal relation, our result reduces to Banach contraction principle.

2. PRELIMINARIES

In this section, we introduce notations, definitions and some preliminary facts which are
used throughout this paper.

Metric spaces are sets in which there is a defined a notion of ’distance between pair of
points’. The concept of metric spaces was formulated in 1906 by M.Frechet [5] ,though the
definition presently in use given by the German mathematician, Felix Hausdorff.

Definition 2.1. Let M be a non empty arbitrary set and d be a real function called metric
from M x M into R such that for all [, m,n € M we have

1. d(l,m) >0,
2. d(l,m)=0<1=m,
3. d(l,m) = d(m,!) and

4. d(l,n) < d(l,m) + d(m,n),
Here (M, d) is called a metric in R and (R, d) is a metric space.

Mustafa and Sims introduced a new class of generalized metric space called G-metric space
in 2005 which is a generalization of metric sapce (M, d).

Definition 2.2. [8] Let M be a non empty set, and G : M x M x M — R™ be a function
satisfying the following properties:

l. G(I,m,n) =0ifl =m =n,
2. 0<G(l,l,m), forall [,m € M, with [ # m,

3. G(I,I,m) < G(l,m,n), forall [,m,n € M, withn # m,
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4. G(I,m,n) = G(l,n,m) = G(m,n,l) =...(symmetry in all three variables),

5. G(I,m,n) < G(l,a,a)+G(a,m,n), forall [, m,n,a € M, (rectangular inequality).

Then the function G is called a generalized metric, or, more specifically a G-metric on M,
and the pair (M, () is called a G-metric space.

Definition 2.3. [1] A Relation R among sets P and () is a subset of the Cartesian product
of the sets Pand ), R C P x Q.

Definition 2.4. [1] Let M be a nonempty set. A subset R of M? is called a binary relation
on M. Notice that for each pair [, m € M, one of the following conditions holds:

(I,m) € R; which amounts to saying that “/ is R-related to m” or “/ relates to m under R”.
Sometimes, we write [ Rm instead of (I,m) € R;

(I,m) ¢ R; which means that “/ is not R-related to m” or ““ does not relate to m under R”.
Let R be a binary relation defined on a nonempty set M and [, m € M. We say that [ and
m are R -comparative if either (I,m) € R or (m,[) € R. We denote it by [/, m| € R.

Proposition 2.5. If (M, G) is a G-metric space, t is a ternary relation on M, Y is a self-
mapping on M, Y is a self-mapping on M and o € [0, 1), then the following contractivity

conditions are equivalent:

(D) GYL,Ym,Yn) <aG(l,m,n)¥, l,m,n € M with (I, m,n) € t.
(1) GYL,Ym,Yn) <aG(l,m,n)V, I,m,n € M with[l,m,n] € t.

Proof. The implication (II) = (I) is trivial. Conversely suppose that (I) holds. Take
I,m,n € M and [l,m,n] € t. If (I,m,n) € t, then directly follows (I). Otherwise, if
(m,n,l) € t using symmetry of G and (I), we obtain

GYLYm,Yn)=GYm,Yn, Yl) <aG(m,n,l) =aG(l,m,n).

This shows that (I) = (1I). [

Definition 2.6. [1] Let M be a nonempty set and Y a self-mapping on M. A ternary
relation ¢ defined on M is called Y -closed if for any [, m,n € M,

(lm,n) et= (YI,Ym,Yn) €t.
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Proposition 2.7. Let M,Y and t be the same as in Proposition 2.5. If t is Y -closed, then
t% is also Y -closed.

Definition 2.8. [4, 6, 7,9, 11] A binary relation 12 defined on a nonempty set M is called

10.

11.

12.

13.

14.

15.

16.

17.

. reflexive it (1,1) € Rforalll € M,

irreflexive if (1,1) ¢ Rforalll € M,

. symmetric if (I, m) € R implies (m,[) € R,

antisymmetric if (I, m) € R implies (m,l) ¢ R,

. transitive if (I,m) € R and (m,n) € R implies (I,n) € R,

complete, connected or dichotomous if [[,n] € R forall [,m € M,

. weakly complete, weakly connected or trichotomous if [[,m] € R or | = m for all

l,me M.

strict order or sharp order if R is irreflexive and transitive,

. near-order if R is antisymmetric and transitive,

pseudo-order if R is reflexive and antisymmetric,

quasi-order or preorder if R is reflexive and transitive,

partial order if R is reflexive, antisymmetric and transitive,
simple order if R if weakly complete strict order,

weak order if R is complete preorder,

total order; linear order or chain if R is complete partial order,
tolerance if R is reflexive and symmetric,

equivalence if R 1s reflexive, symmetric and transitive.

Definition 2.9. [10] Let M be asetandt C M x M x M. Then t is said to be a ternary
relation on M. A ternary relation ¢ defined on a non empty set G is called
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1. reflexive if (1,1,1) € tforalll € M,
2. symmetric if and only if (I,m,n) € t = (m,n,l) € t forany [,m,n € G,

3. transitive if and only if (I,m,n) € t,(m,n,u) € t imply ([,n,u) € t for any

l,m,n,uin G,
4. asymmetric if and only if (I,n,m) € t implies (m,n,l) ¢ t for any [, m,n in G,
5. irreflexive if (I,m,n) € t = (m,l,p) ¢ t forany p € G,
6. irreversible if (I,m,n) € t = (m,(,p) ¢ t forany p € G,
7. feebly regular if (I, m,p) € t = (m,n,q) €t = (I,m,n) € tforany p € G,
8. regular if t is feebly regular and (I, m,p) € t,(I,n,q) €t = (I,m,n) €,
9. feebly translative if (I,m,n) € t,(m,p,q) et = Ir € G : (I,p,r) €L,

10. translative if t is feebly translative and (I,m,n) € t = Ir € ¢t : (I,n,r) € t or
(m,n,r) €t,

11. cyclic if and only if ([, m,n) € t = (m,n,l) € t for any [, m,n in G.
12. complete if [l,m,n] € t¥l,m,n € M,
13. weakly complete if [[,m,n] € torl =m =nVl,m,n €t

Proposition 2.10. For a ternary relation t defined on a nonempty set M,
(I,m,n) €t®* < [l,m,n] €t
Proof. This can be solved as
(I,m,n) €et* & (I,m,n) et Jt!
& (I,m,n) €tor(l,m,n) et™?
< (I,m,n) € tor(n,m,l),(l,n,m), (m,n,l), (m,l,n),(n,l,m) et

& [l,m,n] €t
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3. FIXED POINT THEOREM

Now, we state and prove our main result, which is as follows.

Theorem 3.1. Let (M, G) be a complete G-metric space, t a ternary relation on M and Y
a self-mapping on M. Suppose that the following conditions hold:

(i) M(Y';t) is nonempty,

(ii)tis Y - closed,

(iii) either Y is continuous or t is G-self-closed,

(iv) there exists o € [0,1) such that G(Y1,Ym,Yn) < aG(l,m,n)¥l,m,n € M with
(I,m) e t.

Then'Y has a fixed point.

Moreover; if

(v) Y (I, m,n, t%) is nonempty, for each l,m,n € M,

then'Y has a unique fixed point.

Proof. Let [y be an arbitrary element of M (Y, t). Define the sequence [,, of Picard iterates,
ie.,l, =YP(ly) forall p € Ny. As (ly, Yo, Yly) € t, using assumption (ii), we obtain

(Yo, Y21, Yzlo), (Y2l0, Y31y, Y31, )y ooy (YPy, yrti, Yp“lo), ... €t
so that
(lpa lp+17 lerl) € tvp € NO (31)

Thus the sequence [, is t-preserving. Applying the contractivity condition (iv) to (3.1), we
deduce, for all p € N, that

Glpt1, lpras lpy2) < aG(ly, Ly, lpi),

which by induction gives that
Glpi1, lpras lpra) < PTG (1o, Yo, Yio)Vp € Np. (3.2)
Using (3.2) and rectangular inequality, for all p € Ny, q € N, q > 2, we have
Glpr1s lprgy lprg) < Gllpsr, bpra, bpr2) + Gllpra, bpiss bprs) + o+ Gllprg-1: lprgs lpra)
< (aPPt + P2 4 L+ aPP G (o, Y, V)

= aPG(ly, Y, Vi) Z?;iaj —0asp — oo,
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which implies that the sequence [, is G-Cauchy in M. As (M, ) is complete, there exists
[ € M such that

Ly gl .
Now, in lieu of (iii), assume that Y is continuous, we have
s = Y1, GY ()

Owing to the uniqueness of limit, we obtain Y (I) = [, i.e., [ is a fixed point of Y.
Alternately, let us assume that ¢ is G-self-closed. As [, is an ¢-preserving sequence and

LGl
there exists a subsequence [, of [, with
[k, 1, ] €t forall k€ Nj.
Using (iv), Proposition (2.5), [l,x, [, 1] € t and [, g [, we obtain
G(lp41, YLY) = GY i, YL, Y) < aG (L, [,1) — 0as k — oo

so that [, 11 & Y (l). Again, owing to the uniqueness of limit, we obtain Y (/) = [ so that
[ is a fixed point of Y.

To prove uniqueness, take [, m,n € F(Y), i.e.,

Y()=1LY(m)=m (3.3)

By assumption (v), there exists a path (say 2z, 21, 29, ..., 2x) of some finite length % in ¢*
from [ to m and n so that

20 = U,z = m, [24, 2i41, zip1] € tforeachi(0 <i <k —1).
As t is Y-closed, by using Proposition (2.7), we have
[YPz;,YPz4] € t foreach i(0 < i < k — 1) and for each p € N,

Making use of (3.3), (3.4), (3.5), rectangular inequality, assumption (iv) and Proposition
2.5, we obtain
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G(l,m,n) = G(YP2, YP2, YP2) < 3) G(YP2i, Y7241, YP2i41)
S « Zf:_ol G(Yp_lzi, Yp_lziJrl, Yp_lziJrl)
< a? Zf:_()l G(YpiQZZ‘, Yp722i+1, YpiQZZ‘_H)

<

k—1
<a”f Zi:o G(zi, Zit1, Zit1)
— 0asp — o0

so that [ = m. Hence Y has a unique fixed point. [

Example 3.2. Let M = R and G = max{|l — m|,|m — nl|,|n — |}, then (M,G) is a
complete G-metric space. Define a ternary relation ¢t = {(I,m,n) € R* : | — m,m —
n,n—1>0,l € Q}on M. Consider a mapping Y : M — M defined by

Y(l) =6+l

1
3
Clearly, ¢ is Y-closed and Y is continuous. Now, for [, m,n € M with (I,m,n) € t, we
have

GYL,Ym,Yn) =maz{(|6+ §l| -6+ %m\), (164 %m\ — 16+ %n\), (164 %n| -6+ %l\)}
= %G(l,m,n) < %G(Z,m,n)

i.e., Y satisfies assumption (iv) of Theorem 3.1 for o = % Thus all the conditions (i)-(iv)
of Theorem 3.1 are satisfied and Y has a fixed point in M. Moreover, here assumption (v)

of Theorem 3.1 also holds and therefore, Y has a unique fixed point [ = 9.

Example 3.3. Consider M = [0, 2] equipped with the G-metric G = max{|l — m|, |m —
n|,|n — |} so that (M, G) is a complete G-metric space. Define a ternary relation

t = {(0,0,0),(0,1,1),(1,0,0), (1,1,1), (0,2,2)}
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on M and the mapping Y -closed but Y is not continuous. Take an ¢-preserving sequence
{l.} such that

l, =1
so that (I, l,41,1,11) € t for all p € N,. Here one may notice that

(ZP> lerla lp+1) §§ {(07 27 2)}

so that
(lp7 lp—l—la lp-l-l) € {(O, 07 0)7 (07 ]-7 1)7 (17 07 0)7 (17 ]-7 1)}\V/p € NO»

which gives rise to [, C {0,1}. As {0, 1} is closed, we have [l,,,[,l] € t. Therefore, ¢
is G-self-closed. By a routine calculation, one can verify assumption (iv) of Theorem 3.1
with & = 1/3. Thus all the conditions (i)-(iv) of Theorem 3.1 are satisfied and Y has a
fixed point in M (namely, 1=0).

Notice that in Example 3.3, the binary relation ¢ is not one of the earlier known standard
ternary relations such as reflexive, irreflexive, symmetric, asymmetric, transitive, complete
and weakly complete.

Note:

By using the concept of universal relation(i.e. t = M?), Theorem 3.1 reduces to the result
proved by Mustafa and Sims. Clearly, under this relation, (i), (i), (ii1) and (v) hold trivially.
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