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Abstract

In this paper, we use the SBA method to construct the solution of Kundu-Eckhaus’s

equation in a space dimension m.
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1. INTRODUCTION

In [1], using the SBA method, has been constructed the solution of a particular case
of the Kundu-Eckhaus equation in the case of space dimension 1, here, using the
same method, we firstly examine the generalized kundu’s equation in the case of space
dimension 1 and space dimension 3, secondly, we deduct the case of space dimension
m.

2. THE KUNDU - ECKHAUS EQUATION IN THE CASE OF SPACE
DIMENSION 1

The general theory of SBA method can be found in [2], [3]

The generalized Kundu-Eckhaus equation Cauchy problem’s in the case of space
dimension 1 can be written as follows:

2
{ e + ROy (e ) ylu(x, H)]dulx, 1) =0 ¥ (B,y,d,A) € RY, £ 0

u(x,0) =aet*™* V aqaecR, xeQCR

ot 0x2
(D

where u(x, t)is the unknown complex-valued function of two real variables x and t.
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From (1), we have:

ou(x, t) 62 (x,1)

m 2 + iNu(x,t) (2)
where N
N, ) = B2 1) ytute, Ol ®
From (2), we obtain:
ulss) [
u(x, t) :u(x,0)+1J —d +1J N(u(x,s))ds 4)
o OxX 0

According to the SBA method, we suppose that the solution of (1) has the following
form:

u(x,t) = lim uf(x,t) (5)
k—+o00
where
+o00
=) uilxt) ; k>1 (6)
n=0

and, for every k > 1, we get u¥(x, t) forn > 0, through the following SBA algorithm:

uf(x,t) = uk(x,0) +if(t)N(uk_‘(x,s))ds; k> 1

7
ta “ds n>0 @

uk (x,t) = 52

For k = 1, we have the following SBA algorithm:

wh(x,t) = ul(x, 2—1—11fo u(x, s))ds -
up . (x,t) 1f0 552 nds n>0

let’s suppose that one can find u® as N (uo(x, t)) = 0, we obtain the following SBA
algorithm:

u(x,t) = ael™
¢ 0%ul (x, 8) )

1
™ ds

un-H (X t) 0
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From (9), we get:

u)(x,t) = ael™
wl(x,t) = ai®otel™
o 4t
w(x,t) = a16oc4fe“’"‘
3
|
_ 6
uz(x,t) = at’o ge“""
3 2
vot)"
ul (x,t) = a( ) etox
n!
Thus the exact solution to the first step is
— (Po’t)
1 _ iox _ iox 3ot —iotHiox
u'(x,t) = ae Z o = ae'™e = ae
k=0
For k = 2, we have the following SBA algorithm:
ud(x, t) —aei"‘"—i-if(t) ul(x,s))ds; k>1
ul . (x,t fo “ds n>0

‘We remark that

a’u1 (x t)’)\

Nu' (X» t) = ax7 u! (X> t) + ‘Y’u] (X> t)’du] (Xa t)
— Y|a’dae—ioc2t+iocx
=ylal*u!(x,t) #0

According the SBA method, we should have

Nu'(x,t) =0

We rewrite the problem (1) in the following form:

ou(x,t) = 0*u(x,t)
ot 0x?

0)=ae™ V aqacR, xcQCR

+ B () 4+ ylu(x, ) u(x, t)—
'Y| |du(x t)+‘Y|a|d ( ) =0V (B)Y) d>)\) ER4> t>0
u(x,

(10)

(11)

(12)

(13)

(14)

(15)
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From (15), we have:

ou . azu . . d
vl la—xz + iNu(x, t) + iyla/“u(x, t)

where

3 hu(x, t)l"

Nu(x,t) = B——73

u(x, t) + yhu(x, t)*ulx, t) — vlal*u(x, t)

From (16), we obtain

t

u(x,t) =u(x,0) + th M

2
o 0x 0 0

and we have the following SBA algorithm:

us(x,t) = ae'™ + J"(t) iNuMT(x,s)ds; k>1

.ot 07Uk (x,8)

uk (1) =1, 3.2 ds + iylaldf(t) uk(x,s)ds; n>0

For k = 1, we have the following SBA algorithm:

w)(x,t) = ael™ + f(t) iNu(x, s)ds
. ot aZuL(x, s)

u (1) =1 32 ds+iy|a|df;ull(x,s)ds; n>0

t
ds + J iNu(x, s)ds + J iylal®u(x, s)ds.

(16)

(17)

(18)

(19)

(20)

let’s suppose that one can find u® as N (u®(x, t)) = 0 ( we can take u® = qe it ttiox)

we obtain the following SBA algorithm:

w)(x,t) = ael™
1 . rt azuw]l(x> S)

u (1) =1 52 ds+iy|a\df;ull(x,s)ds; n>0

1)
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From (21), we obtain:

Thus the exact solution to

u'(x,t) = ae'™ Z [0 +vlal)H" —

Generalized Kundu’s Equation

u)(x,t) = ael™
1
1

w(x,t) = (—o +v|]a|!)iate™

t .
w(x,t) = (—od —i—ylald)zaiz—2|e“*X

3

t° .
ul(x,t) = (—ao +y|a|‘j‘)3ai3—3|e‘“X

[L(—a? +yla]) "

ul (x,t) = ae™ o

the first step is

n!
n=0

For k = 2, we have the following SBA algorithm:

ud(x,t) = ael™ +
aZ
t

ui (1) =1

‘We remark that:

Nu'(x,t) = B
=0+vla
=0

and (24) becomes:

Z(X,t) — aeirxx

n+1 .f

LL

ox 2

a’u1 (x,t)l)\
0x

tau yS)

ft iNu!(x, s)ds
2(x s)

u! (%, t) + yhu! (x, t)[*u (x, 1)
’dlﬂ (X) t) - ‘Y|a|du] (X) t)

We remark that (26) is the same algorithm that (21), thus

uz(x,t) _ aei[(y\a\d—ocz)t+ocx]

aei[ﬁ/\ald—ocz Jt+ox]

ds + iylaldf; u?(x,s)ds; n>0

—vyatu'(x,t)

ds+1y|a|dfo Z(x,8)ds; n>0

(22)

(23)

(24)

(25)

(26)

(27)
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Using the same the same procedure, we get:

W (x,t) = u(x,t) = ... = u¥(x, t) = qelllvlal!—a?)trend (28)

and the exact solution of (1) is:

u(x,t) = lim u®(x,t)t) = aetl(vlald—o? Jtrax] (29)

k—+o00
2.1 The Kundu-Eckhaus equation Cauchy problem’s in the case of
space dimension 3

In the case of space dimension space 3, the Kundu-Eckhaus equation Cauchy problem’s
is:

. au(XﬂJaZ»t) azu(x U)Zat) azu(x Y,z t) azu(x Y,z ) olu(x,y,z t)l
L T a%z Fras g e BRI b y, 2,0+
o2ty y 2 1) + SR 1y 2 1) -y, y, 2, Ul g, 2,8) = O
u(x,y,2,0) = aet*x+tv+z - v g « € R, (x,y,z) € R3
(30)
From (30), we have:
ou o*u o*u o*u
— =1 +1 +1 +iNu 31
ot~ W32 Mzayz W37 (31)
where
ot o u/* ot
Nu=_ | |u+0 | |u+6 | |u+yluldu (32)
0x oy 0z

From (31), we obtain:

0’u o’u 0%u

t
u(x,y,z,t) = u(x,y,z,O) +J (llJ'l Ox 2 +1H2 ayz +iu3 Oz 2 +1Nu)d (33)

According to the SBA method, we suppose that the solution of (30) has the following
form:
u(X)y)Z»t) = lim uk(x,y,z,t) (34)

k—+00
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where

*(x,y,z, Zu xY,z,t) 3 k>1

and, for every k > 1, we get uﬁ(x,y,z,t) for n > 0, through the following SBA
algorithm:

u§(x,y,z,t) = u(x, y,zz, +if; (x,y,2,8))ds; k> 1
u (x,y,z,t) folmaa 5 ds+f01uza;y;ds+ ugfo aaz ’Eds n>0
(35)
For k = 1, we have the following SBA algorithm:
w)(x,y,z,t) = u!(x, y,zz, +1fo 2x]y,z, s))ds -
wl(x%,Y,2,t) = [ i aa . ds-l—foluzaay ds +ips [, aa :‘ds n>0
(36)

let’s suppose that one can find u® as N (uo(x,y, z, t)) = 0, we obtain the following
SBA algorithm:

w(x,y,z,t) = aet*xty+z)

o2u! o%u! o2u! (37)
1 : t .
W (x,t) = [ i 50 nds—l—foluz ay;ds+1p3f0 57 ds;n>0
From (37), we obtain:
LL} (X, Y, 2, t) — ﬂinq'us)OéziSt aqetlxty+z)
) 23 2472
1ot .
u;(XﬂJ)Z, t) = [(H] That |»13) ) aelxx+y+z)
2! (38)
...... o
1"t )
Uy (x,Y,2,t) = L + 1o —:UHS) ] aetx(xtytz)
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Thus the exact solution to the first step is

13, 241n
i t
u'(x,y,z,t) = aetelx+y+z) 57 (1 + 12 4 p3) Pt

n=0

!
— qetxtytz) ol tuatus) P ot v (39)
_ aei(oc(Hyﬂ)f(mﬂtzﬂig)(xzt)
For k = 2, we have the following SBA algorithm:
u(%, Y, 2,t) = ae ™™V 11 [ N(u! (%, 2,5))ds
aZ 2 aZ 2 aZuZ
(Y, z,t) = [ i = 52 Nds + [y i T ds + iy [ 5 ——+ds; n>0
(40)
We remark that
Nu' (% Y,z,t) =B |ax| T+ O-a‘ul u-+ 6alu‘ u+ vyt 41)
— Y|a’dae—wc t+Hiox y!a!du‘ 7£ 0
According the SBA method, we should have
Nu'(x,y,z,t) =0 42)

Let’s rewrite the problem (30) in the following form:

62 azu 62 Blu\

ou u 9Tu a|u\ a|u\ d d d
Lat+u1a 2+uzay2+ugazz+[5 u+ o—5—ufd—5—u-+vyhu/*u+vylau—vylau=0
(X y,Z,O) — qelx(x+y+z)
(43)
From (43), we have:
ou o’u o’u o*u
i— Nu du=0 44
at+u1axz+uzay2+uaaz+ +vla[u = (44)
where
ot  ut o ut
Nu =2 4 o2y s 2yt — vl (45)

0x oy 0z
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From (44), we obtain:

t a U(X»y,l» S)

0
tfu(x,y,z, )ds+1 w2 [ ds+

u(x,y,z,t) = u(x,y,z,0) + iy J.O dx2 ayz (46)

92
L OTul Y, 2,8) 4 Jo iNwx,y,z,5)ds + [o ivlalfulx,y, 2, 5)ds

afo 5,2

According to the SBA method, we suppose that the solution of (43) has the following
form:

LL(X, Y, zZ, t) - kl_igloouk(xj Y, zZ, t) (47)
where
uw(x, Y, 2, t Zu %Yz t); k> (48)

and, for every k > 1, we get uX(x,y,z,t) forn > 0, through the following SBA
algorithm:

{ uf(x,y,z,t) = aetxx+y+z) —I—ifz N(uk’;(f{,y,z,s))ds; k>1

k t. azuh t. 0 Uy . t azuh t. d. k
ws 1 (6y,z,t) = [ i st + /5 1u2st +1ius [, st + [ tvlalfu*(x,y,z,5)ds; n >0
(49)

Thus, for k = 1, we have :

ud(x,y,z,t) = aetxry+a) +if‘N °(x,y,2,5))ds;; k>12
ds—l—lugfo 32 " ds 4—f0w|a|d u'(x,y,2,8)ds; n >0
(50)

o%u) o%ul
u:wﬂ (X»Ehl» J‘o W —— Ix2 ds+_f0 2 ——— ay

Let’s suppose that one can find u® as N (uo(x,y, z, t)) = 0, we obtain the following
SBA algorithm:

{ Ll“(1) (Xayyzat) = aqet*(xFytz)

o2u! 2] 2w
ULH(X»H»Z» folu1 2 dS+J‘01},L2 a T ds + ips J'O % anS _|_J'Ol,y|a|du1ds n>0

(5D
From (51), we obtain:
[ w(%,Y,2,t) = (= + w2 + u3)o? + ylal) iatet* 0yt
Wy, 2z, t) = [Y|Cl|d — az(L;!+ H2 + li3)}2 qeloelxty+z) )

1 [(Ylal® = (1 + 2 + p3)ied)it]”
un(X,y,Z,t) =

aeioc(x+y +2z)
\ n!
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Thus the exact solution to the first step is

. ald — (w + w + ps)ed)it]"
u'(x,y,z,t) = aelelxivizs) 57 [(vlal? = (w1 + 12 + w3)o)it]

n!
— qet ety +z) g(vlal—(m +ia-His)ad)it (53)

— qetlateryta)—(mtuatus)at)

For k = 2, we have the following SBA algorithm:

u(z)(x,y#»t) = aeioc(x+y+; —Zi_l‘[‘t N (X g»é» ))dS 2
0“u 0“u
uZ ;1 (x,y,2,t) fo”“ 02 “ds+f01p.2 R nds 4+ ius fo 32 ds—|—f0w|a\d u?ds; n>0
(54)
We remark that
ofu'* ' du'
Nu'(x,y,z,t) = B ‘El;x| u'+o ‘;y| ul 48 [u'] w +yu' 4 —ylalfu! = ylalfu'—yla/fu’ =0
(55)
(54) becomes:
Ué(XﬂJ»Z»t) = aeioc(x+y+§) 2 5 2 2 2
ui g (x Ty Ty g la/du?ds; n>0
2 1(xy,z,t folm 52 s+f01u2 o2 s+ ugfo 52 48 +fowa s; n
(56)
We remark that (56) is the same algorithm that (51), thus
g
: 2
uZ(X)y) Z,t) _ ael(oc(x+y+z)f(u1+uz+u3)oc t) (57)

Using the same procedure, we get:

u(x,y,z,t) = Ui (x, Yy, z,t) = ... = uX(x,y, 2, 1) = aellabetytzl—lu tuatus)e’t)
(58)
and the exact solution of (30) is:
Ux,y,z,t) = lim u¥(x,y, z, t) = aetldruta—lutuatus)elt) (59)

k—+o00

3. MAIN RESULT

Proposition YV v, o, a, B35, b, A € R* (j = 1,2,...,m), the exact solution of the
following Kundu-ECKHAUS equation in the case of space dimension m € N:

(Xh y Xmy t) m Olu(x ,...,xm,t)l)‘
+Z] 1 M I z + 2551 Bj 1axj +

'Y|U(X1,...,Xm, )| u(xh )Xm)t):O

iau(xh vy Xy T

ot (60)
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with the following initial conditions
U(X7y eeey Xm, 0) = ael it o (61)
is:
. (*vlald . ) ]
m i m —oTpy | tox
WU(X]y eeny Xy t) = aH e VYV meN* (62)
Proof
If t = 0, from (62), we obtain (61).
If t # 0, from (62), we get:
OU(X1y eeny Xy T) = v|a =
hat) = U(X1y ey X, )1 Z — Z oty (63)
= j:]
and from (63) we have
COU(X7y eeey Xy t) =
i hat) > = —ylalMu(Xgy ey Xy T) + WXy vy Xy E) Z 1 (64)
j=1
Besides
= DXty ey Xy )
Z Bj ])ax’. : +‘Y ’u(xh"')xm) t)|du(x1,...,xm, t) :y,a’du(xh ---»Xm>t)
j=1 !
(65)
OU(XTy eeey Xy t )
( ])ax? Y = U(XTy eeey X,y t)1cX (66)
j
02U(X1y eeey Xy t
( 157(.2’ ) ) - _(qu(xh °")Xm)t) (67)
Z ’ = —ou(xm, t qu (68)
j=1 j=1
Thus
a m m
+Z LLJ ox 2 +Z B;ﬂ—mf %= —ylaldu+oc2uZ 1 — o2 U(Xm, t) Z 1 +vlal4u =0

j=1 j=1

(69)
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4. CONCLUSION

Through this example, we showed again the usefulness of the SBA method , in the
search of an approximate or the exact solution of an nonlinear differential equation.
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