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Abstract

In this paper, we use the SBA method to construct the solution of Kundu-Eckhaus’s
equation in a space dimension m.
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1. INTRODUCTION

In [1], using the SBA method, has been constructed the solution of a particular case
of the Kundu-Eckhaus equation in the case of space dimension 1, here, using the
same method, we firstly examine the generalized kundu’s equation in the case of space
dimension 1 and space dimension 3, secondly, we deduct the case of space dimension
m.

2. THE KUNDU - ECKHAUS EQUATION IN THE CASE OF SPACE
DIMENSION 1

The general theory of SBA method can be found in [2] , [3]

The generalized Kundu-Eckhaus equation Cauchy problem’s in the case of space
dimension 1 can be written as follows: i

∂u(x, t)

∂t
+
∂2u(x, t)

∂x2
+ β∂|u(x,t)|

λ

∂x
u(x, t) + γ|u(x, t)|du(x, t) = 0 ∀ (β, γ, d, λ) ∈ R4, t > 0

u(x, 0) = aeiαx ∀ a, α ∈ R, x ∈ Ω ⊂ R
(1)

where u(x, t)is the unknown complex-valued function of two real variables x and t.
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From (1), we have:

∂u(x, t)

∂t
= i
∂2u(x, t)

∂x2
+ iNu(x, t) (2)

where

Nu(x, t) = β
∂ |u(x, t)|λ

∂x
u(x, t) + γ|u(x, t)|du(x, t) (3)

From (2), we obtain:

u(x, t) = u(x, 0) + i

∫ t
0

∂2u(x, s)

∂x2
ds+ i

∫ t
0

N(u(x, s))ds (4)

According to the SBA method, we suppose that the solution of (1) has the following
form:

u(x, t) = lim
k→+∞uk(x, t) (5)

where

uk(x, t) =

+∞∑
n=0

ukn(x, t) ; k ≥ 1 (6)

and, for every k ≥ 1, we get ukn(x, t) for n ≥ 0 , through the following SBA algorithm: uk0(x, t) = u
k(x, 0) + i

∫t
0
N(uk−1(x, s))ds ; k ≥ 1

ukn+1(x, t) =
∫t
0
i
∂2ukn
∂x2

ds ; n ≥ 0
(7)

For k = 1, we have the following SBA algorithm: u10(x, t) = u
1(x, 0) + i

∫t
0
N(u0(x, s))ds

u1n+1(x, t) = i
∫t
0

∂2u1n
∂x2

ds n ≥ 0
(8)

let’s suppose that one can find u0 as N
(
u0(x, t)

)
= 0, we obtain the following SBA

algorithm:  u10(x, t) = ae
iαx

u1n+1(x, t) = i
∫t
0

∂2u1n(x, s)

∂x2
ds

(9)
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From (9), we get:



u10(x, t) = ae
iαx

u11(x, t) = ai
3α2teiαx

u12(x, t) = ai
6α4

t2

2!
eiαx

u13(x, t) = ai
9α6

t3

3!
eiαx

...

u1n(x, t) = a
(i3α2t)k

n!
eiαx

(10)

Thus the exact solution to the first step is

u1(x, t) = aeiαx
∞∑
k=0

(i3α2t)k

k!
= aeiαxei

3α2t = ae−iα
2t+iαx (11)

For k = 2, we have the following SBA algorithm:

 u20(x, t) = ae
iαx + i

∫t
0
N(u1(x, s))ds ; k ≥ 1

u2n+1(x, t) =
∫t
0
i
∂2u2n
∂x2

ds ; n ≥ 0
(12)

We remark that

Nu1(x, t) = β
∂|u1(x,t)|

λ

∂x
u1(x, t) + γ|u1(x, t)|du1(x, t)

= γ|a|dae−iα
2t+iαx

= γ|a|du1(x, t) 6= 0
(13)

According the SBA method, we should have

Nu1(x, t) = 0 (14)

We rewrite the problem (1) in the following form:


i
∂u(x, t)

∂t
+
∂2u(x, t)

∂x2
+ β∂|u(x,t)|

λ

∂x
u(x, t) + γ|u(x, t)|du(x, t)−

γ|a|du(x, t) + γ|a|du(x, t) = 0 ∀ (β, γ, d, λ) ∈ R4, t > 0

u(x, 0) = aeiαx ∀ a, α ∈ R, x ∈ Ω ⊂ R

(15)



8 BOUKARY Béyi, et al.

From (15), we have:

∂u

∂t
= i
∂2u

∂x2
+ iNu(x, t) + iγ|a|du(x, t) (16)

where

Nu(x, t) = β
∂ |u(x, t)|λ

∂x
u(x, t) + γ|u(x, t)|du(x, t) − γ|a|du(x, t) (17)

From (16), we obtain

u(x, t) = u(x, 0) + i

∫ t
0

∂2u(x, s)

∂x2
ds+

∫ t
0

iNu(x, s)ds+

∫ t
0

iγ|a|du(x, s)ds. (18)

and we have the following SBA algorithm:

 uk0(x, t) = ae
iαx +

∫t
0
iNuk−1(x, s)ds ; k ≥ 1

ukn+1(x, t) = i
∫t
0

∂2ukn(x, s)

∂x2
ds+ iγ|a|d

∫t
0
ukn(x, s)ds ; n ≥ 0

(19)

For k = 1, we have the following SBA algorithm:

 u10(x, t) = ae
iαx +

∫t
0
iNu0(x, s)ds

u1n+1(x, t) = i
∫t
0

∂2u1n(x, s)

∂x2
ds+ iγ|a|d

∫t
0
u1n(x, s)ds ; n ≥ 0

(20)

let’s suppose that one can find u0 as N
(
u0(x, t)

)
= 0 ( we can take u0 = ae−iα2t+iαx),

we obtain the following SBA algorithm:

 u10(x, t) = ae
iαx

u1n+1(x, t) = i
∫t
0

∂2u1n(x, s)

∂x2
ds+ iγ|a|d

∫t
0
u1n(x, s)ds ; n ≥ 0

(21)
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From (21), we obtain:



u10(x, t) = ae
iαx

u11(x, t) = (−α2 + γ|a|d)iateiαx

u12(x, t) = (−α2 + γ|a|d)2ai2
t2

2!
eiαx

u13(x, t) = (−α2 + γ|a|d)3ai3
t3

3!
eiαx

...

u1n(x, t) = ae
iαx [i(−α

2 + γ|a|d)t]n

n!

(22)

Thus the exact solution to the first step is

u1(x, t) = aeiαx
∞∑
n=0

[i(−α2 + γ|a|d)t]n

n!
= aei[(γ|a|

d−α2)t+αx] (23)

For k = 2, we have the following SBA algorithm:

 u20(x, t) = ae
iαx +

∫t
0
iNu1(x, s)ds

u2n+1(x, t) = i
∫t
0

∂2u2n(x, s)

∂x2
ds+ iγ|a|d

∫t
0
u2n(x, s)ds ; n ≥ 0

(24)

We remark that:

Nu1(x, t) = β
∂|u1(x,t)|

λ

∂x
u1(x, t) + γ|u1(x, t)|du1(x, t) − γadu1(x, t)

= 0+ γ|a|du1(x, t) − γ|a|du1(x, t)

= 0

(25)

and (24) becomes:

 u20(x, t) = ae
iαx

u2n+1(x, t) = i
∫t
0

∂2u2n(x, s)

∂x2
ds+ iγ|a|d

∫t
0
u2n(x, s)ds ; n ≥ 0

(26)

We remark that (26) is the same algorithm that (21), thus

u2(x, t) = aei[(γ|a|
d−α2)t+αx] (27)
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Using the same the same procedure, we get:

u1(x, t) = u2(x, t) = ... = uk(x, t) = aei[(γ|a|
d−α2)t+αx] (28)

and the exact solution of (1) is:

u(x, t) = lim
k→+∞uk(x, t)t) = aei[(γ|a|

d−α2)t+αx] (29)

2.1 The Kundu-Eckhaus equation Cauchy problem’s in the case of
space dimension 3

In the case of space dimension space 3, the Kundu-Eckhaus equation Cauchy problem’s
is:


i
∂u(x, y, z, t)

∂t
+ µ1

∂2u(x, y, z, t)

∂x2
+ µ2

∂2u(x, y, z, t)

∂y2
+ µ3

∂2u(x, y, z, t)

∂z2
+ β∂|u(x,y,z,t)|

λ

∂x
u(x, y, z, t)+

σ
∂|u(x,y,z,t)|λ

∂y
u(x, y, z, t) + δ∂|u(x,y,z,t)|

λ

∂z
u(x, y, z, t) + γ|u(x, y, z, t)|du(x, y, z, t) = 0

u(x, y, z, 0) = aeiα(x+y+z) ; ∀ a, α ∈ R, (x, y, z) ∈ R3
(30)

From (30), we have:

∂u

∂t
= iµ1

∂2u

∂x2
+ iµ2

∂2u

∂y2
+ iµ3

∂2u

∂z2
+ iNu (31)

where

Nu = β
∂ |u|

λ

∂x
u+ σ

∂ |u|
λ

∂y
u+ δ

∂ |u|
λ

∂z
u+ γ|u|du (32)

From (31), we obtain:

u(x, y, z, t) = u(x, y, z, 0) +

∫ t
0

(iµ1
∂2u

∂x2
+ iµ2

∂2u

∂y2
+ iµ3

∂2u

∂z2
+ iNu)ds (33)

According to the SBA method, we suppose that the solution of (30) has the following
form:

u(x, y, z, t) = lim
k→+∞uk(x, y, z, t) (34)
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where

uk(x, y, z, t) =

+∞∑
n=0

ukn(x, y, z, t) ; k ≥ 1

and, for every k ≥ 1, we get ukn(x, y, z, t) for n ≥ 0 , through the following SBA
algorithm:

 uk0(x, y, z, t) = u
k(x, y, z, 0) + i

∫t
0
N(uk−1(x, y, z, s))ds ; k ≥ 1

ukn+1(x, y, z, t) =
∫t
0
iµ1
∂2ukn
∂x2

ds+
∫t
0
iµ2
∂2ukn
∂y2

ds+ iµ3
∫t
0

∂2ukn
∂z2

ds ; n ≥ 0
(35)

For k = 1, we have the following SBA algorithm:

 u10(x, y, z, t) = u
1(x, y, z, 0) + i

∫t
0
N(u0(x, y, z, s))ds

u1n+1(x, y, z, t) =
∫t
0
iµ1
∂2u1n
∂x2

ds+
∫t
0
iµ2
∂2u1n
∂y2

ds+ iµ3
∫t
0

∂2u1n
∂z2

ds ; n ≥ 0
(36)

let’s suppose that one can find u0 as N
(
u0(x, y, z, t)

)
= 0, we obtain the following

SBA algorithm:

 u10(x, y, z, t) = ae
iα(x+y+z)

u1n+1(x, t) =
∫t
0
iµ1
∂2u1n
∂x2

ds+
∫t
0
iµ2
∂2u1n
∂y2

ds+ iµ3
∫t
0

∂2u1n
∂z2

ds ; n ≥ 0
(37)

From (37), we obtain:



u11(x, y, z, t) =
(µ1+µ2+µ3)α

2i3t

1!
aeiα(x+y+z)

u12(x, y, z, t) =
[(µ1 + µ2 + µ3)i

3α2t]2

2!
aeiα(x+y+z)

......

u1n(x, y, z, t) =
[(µ1 + µ2 + µ3)i

3α2t]n

n!
aeiα(x+y+z)

(38)
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Thus the exact solution to the first step is


u1(x, y, z, t) = aeiα(x+y+z)

∑∞
n=0

[(µ1 + µ2 + µ3)i
3α2t]n

n!
= aeiα(x+y+z)e(µ1+µ2+µ3)i

3α2t

= aei(α(x+y+z)−(µ1+µ2+µ3)α
2t)

(39)

For k = 2, we have the following SBA algorithm:

 u20(x, y, z, t) = ae
iα(x+y+z) + i

∫t
0
N(u1(x, y, z, s))ds

u2n+1(x, y, z, t) =
∫t
0
iµ1
∂2u2n
∂x2

ds+
∫t
0
iµ2
∂2u2n
∂y2

ds+ iµ3
∫t
0

∂2u2n
∂z2

ds; n ≥ 0
(40)

We remark that

Nu1(x, y, z, t) = β
∂|u1|

λ

∂x
u1 + σ∂|u|

λ

∂y
u+ δ∂|u|

λ

∂z
u+ γ|u1|du1

= γ|a|dae−iα
2t+iαx = γ|a|du1 6= 0

(41)

According the SBA method, we should have

Nu1(x, y, z, t) = 0 (42)

Let’s rewrite the problem (30) in the following form:

 i
∂u

∂t
+ µ1

∂2u

∂x2
+ µ2

∂2u

∂y2
+ µ3

∂2u

∂z2
+ β∂|u|

λ

∂x
u+ σ∂|u|

λ

∂y
u /+δ∂|u|

λ

∂z
u+ γ|u|du+ γ|a|du− γ|a|du = 0

u(x, y, z, 0) = aeiα(x+y+z)

(43)

From (43), we have:

i
∂u

∂t
+ µ1

∂2u

∂x2
+ µ2

∂2u

∂y2
+ µ3

∂2u

∂z2
+Nu+ γ|a|du = 0 (44)

where

Nu = β
∂ |u|

λ

∂x
u+ σ

∂ |u|
λ

∂y
u /+δ

∂ |u|
λ

∂z
u+ γ|u|du− γ|a|du (45)
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From (44), we obtain:

u(x, y, z, t) = u(x, y, z, 0) + iµ1
∫t
0

∂2u(x, y, z, s)

∂x2
ds+ iµ2

∫t
0

∂2u(x, y, z, s)

∂y2
ds+

iµ3
∫t
0

∂2u(x, y, z, s)

+∂z2
ds

∫t
0
iNu(x, y, z, s)ds+

∫t
0
iγ|a|du(x, y, z, s)ds

(46)

According to the SBA method, we suppose that the solution of (43) has the following
form:

u(x, y, z, t) = lim
k→+∞uk(x, y, z, t) (47)

where

uk(x, y, z, t) =

+∞∑
n=0

ukn(x, y, z, t); k ≥ 1 (48)

and, for every k ≥ 1, we get ukn(x, y, z, t) for n ≥ 0 , through the following SBA
algorithm: uk0(x, y, z, t) = ae

iα(x+y+z) + i
∫t
0
N(uk−1(x, y, z, s))ds ; k ≥ 1

ukn+1(x, y, z, t) =
∫t
0
iµ1

∂2ukn
∂x2

ds+
∫t
0
iµ2

∂2ukn
∂y2

ds+ iµ3
∫t
0

∂2ukn
∂z2

ds +
∫t
0
iγ|a|duk(x, y, z, s)ds; n ≥ 0

(49)

Thus, for k = 1, we have :

 u10(x, y, z, t) = ae
iα(x+y+z) + i

∫t
0
N(u0(x, y, z, s))ds ; k ≥ 1

u1n+1(x, y, z, t) =
∫t
0
iµ1

∂2u1n
∂x2

ds+
∫t
0
iµ2

∂2u1n
∂y2

ds+ iµ3
∫t
0

∂2u1n
∂z2

ds +
∫t
0
iγ|a|du1(x, y, z, s)ds; n ≥ 0

(50)

Let’s suppose that one can find u0 as N
(
u0(x, y, z, t)

)
= 0 , we obtain the following

SBA algorithm:

 u10(x, y, z, t) = ae
iα(x+y+z)

u1n+1(x, y, z, t) =
∫t
0
iµ1

∂2u1n
∂x2

ds+
∫t
0
iµ2

∂2u1n
∂y2

ds+ iµ3
∫t
0

∂2u1n
∂z2

ds +
∫t
0
iγ|a|du1ds; n ≥ 0

(51)

From (51), we obtain:



u11(x, y, z, t) = (−(µ1 + µ2 + µ3)α
2 + γ|a|d)iateiα(x+y+z)

u12(x, y, z, t) =

[
γ|a|d − α2(µ1 + µ2 + µ3)

]2
2!

aeiα(x+y+z)

......

u1n(x, y, z, t) =

[
(γ|a|d − (µ1 + µ2 + µ3)iα

2)it
]n

n!
aeiα(x+y+z)

(52)
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Thus the exact solution to the first step is

u1(x, y, z, t) = aeiα(x+y+z)
∑∞

n=0

[
(γ|a|d − (µ1 + µ2 + µ3)α

2)it
]n

n!
= aeiα(x+y+z)e(γ|a|

d−(µ1+µ2+µ3)α
2)it

= aei(α(x+y+z)−(µ1+µ2+µ3)α
2t)

(53)

For k = 2, we have the following SBA algorithm: u20(x, y, z, t) = ae
iα(x+y+z) + i

∫t
0
N(u1(x, y, z, s))ds

u2n+1(x, y, z, t) =
∫t
0
iµ1

∂2u2n
∂x2

ds+
∫t
0
iµ2

∂2u2n
∂y2

ds+ iµ3
∫t
0

∂2u2n
∂z2

ds+
∫t
0
iγ|a|du2ds ; n ≥ 0

(54)

We remark that

Nu1(x, y, z, t) = β
∂
∣∣u1∣∣λ
∂x

u1+σ
∂
∣∣u1∣∣λ
∂y

u1 /+δ
∂
∣∣u1∣∣λ
∂z

u1+γ|u1|du1−γ|a|du1 = γ|a|du1−γ|a|du1 = 0

(55)

(54) becomes: u20(x, y, z, t) = ae
iα(x+y+z)

u2n+1(x, y, z, t) =
∫t
0
iµ1

∂2u2n
∂x2

ds+
∫t
0
iµ2

∂2u2n
∂y2

ds+ iµ3
∫t
0

∂2u2n
∂z2

ds +
∫t
0
iγ|a|du2ds; n ≥ 0

(56)

We remark that (56) is the same algorithm that (51), thus

u2(x, y, z, t) = aei(α(x+y+z)−(µ1+µ2+µ3)α
2t) (57)

Using the same procedure, we get:

u1(x, y, z, t) = u2(x, y, z, t) = ... = uk(x, y, z, t) = aei(α(x+y+z)−(µ1+µ2+µ3)α
2t)

(58)
and the exact solution of (30) is:

u(x, y, z, t) = lim
k→+∞uk(x, y, z, t) = aei(α(x+y+z)−(µ1+µ2+µ3)α

2t) (59)

3. MAIN RESULT

Proposition ∀ γ, α, a, βj, µj, λ ∈ R∗ (j = 1, 2, ...,m), the exact solution of the
following Kundu-ECKHAUS equation in the case of space dimensionm ∈ N:

i
∂u(x1, ..., xm, t)

∂t
+
∑m

j=1 µj
∂2u(x1, ..., xm, t)

∂x2j
+
∑m

j=1 βj
∂|u(x1,...,xm,t)|

λ

∂xj
+

γ |u(x1, ..., xm, t)|
d
u(x1, ..., xm, t) = 0

(60)
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with the following initial conditions

u(x1, ..., xm, 0) = ae
∑m
j=1 iαxj (61)

is:

u(x1, ..., xm, t) = a

m∏
j=1

e

i


γ|a|d
m

−α2µj

t+αxj

∀ m ∈ N∗ (62)

Proof

If t = 0, from (62), we obtain (61).
If t 6= 0, from (62), we get:

∂u(x1, ..., xm, t)

∂t
= u(x1, ..., xm, t)i

[
m∑
j=1

γ|a|d

m
−

m∑
j=1

α2µj

]
(63)

and from (63) we have

i
∂u(x1, ..., xm, t)

∂t
= −γ|a|du(x1, ..., xm, t) + α

2u(x1, ..., xm, t)

m∑
j=1

µj (64)

Besides

m∑
j=1

βj
∂ |u(x1, ..., xm, t)|

λ

∂xj
+γ |u(x1, ..., xm, t)|

d
u(x1, ..., xm, t) = γ|a|

du(x1, ..., xm, t)

(65)
∂u(x1, ..., xm, t)

∂xj
= u(x1, ..., xm, t)iα (66)

∂2u(x1, ..., xm, t)

∂x2j
= −α2u(x1, ..., xm, t) (67)

m∑
j=1

µj
∂2u(xm, t)

∂x2j
= −α2u(xm, t)

m∑
j=1

µj (68)

Thus

i
∂u

∂t
+

m∑
j=1

µj
∂2u

∂x2j
+

m∑
j=1

βj
∂ |u|

λ

∂xj
+γ |u|

d
u = −γ|a|du+α2u

m∑
j=1

µj−α
2u(xm, t)

m∑
j=1

µj+γ|a|
du = 0

(69)
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4. CONCLUSION

Through this example, we showed again the usefulness of the SBA method , in the
search of an approximate or the exact solution of an nonlinear differential equation.
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