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Abstract 

In this method to Explain the Euler’s theorem of second degree homogeneous 

function. This method. It is alternative method of Euler’s theorem on second 

degree function.  This method is very short method of Euler’s theorem. Euler’s 

theorem explain this method is very long terms. But I explain that this method 

is very short terms. I use only the differentiation and Trignometric functions. I 

don’t derivative every step. I derivative only nu. n – is constant u is a function.          
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Introduction – 1  

Euler’s Theorem on Homogenous Functions 

Previous Result  

Statement  

 If  𝑢 is a homogenous function of degree 𝑛 in 𝑥 & 𝑦 then 𝑥 
𝜕𝑢

𝜕𝑥
+ 𝑦

𝜕𝑢

𝜕𝑦
= 𝑛𝑢   

Proof  

 since u is  a homogenous functions of degree 𝑛 in 𝑥 & 𝑦 

 𝑢 = 𝑥𝑛 𝑓 (
𝑦

𝑥
) 

 
𝜕𝑢

𝜕𝑥
 = 𝑛𝑥𝑛−1 𝑓 (

𝑦

𝑥
) +  𝑓′ (

𝑦

𝑥
) (−

𝑦

𝑥2) 𝑥𝑛 
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 𝑥
𝜕𝑢

𝜕𝑥
 = 𝑛𝑥𝑛 𝑓 (

𝑦

𝑥
) −  𝑦𝑓′ (

𝑦

𝑥
) 𝑥𝑛−1 -- (1)  

 
𝜕𝑢

𝜕𝑦
 = 𝑥𝑛 𝑓′ (

𝑦

𝑥
)

1

𝑥
  

 𝑦
𝜕𝑢

𝜕𝑦
 = 𝑥𝑛−1 𝑓′ (

𝑦

𝑥
) 𝑦   -- (2)  

(1) + (2)  

 𝑥 
𝜕𝑢

𝜕𝑥
+ 𝑦 

𝜕𝑢

𝜕𝑦
 = 𝑛𝑥𝑛 𝑓 (

𝑦

𝑥
) 

   = 𝑛𝑢 

Previous Proof  

 Euler’s theorem on homogenous functions of second degree (or) 

deduction form of homogenous functions.  

Statement Previous Proof  

 If  𝑢 is a homogenous function of degree 𝑛 in 𝑥 & 𝑦 S.T 𝑥2  
𝜕2𝑢

𝜕𝑥2 +

+ 2𝑥𝑦 
𝜕2𝑢

𝜕𝑥𝜕𝑦
+  𝑦2  

𝜕2𝑢

𝜕𝑦2 = 𝑛(𝑛 − 1)𝑢   

Proof  

 By Euler’s thereon 𝑥 
𝜕𝑢

𝜕𝑥
+ 𝑦

𝜕𝑢

𝜕𝑦
= 𝑛𝑢    -- (1)  

Differentiating (1) partially w.r. to x we get  

   𝑥 
𝜕2𝑢

𝜕𝑥2 +  1 −  
𝜕𝑢

𝜕𝑥
+ y 

𝜕2𝑢

𝜕𝑥𝜕𝑦
= 𝑛.

𝜕𝑢

𝜕𝑥
 

  𝑥 
𝜕2𝑢

𝜕𝑥2 + y 
𝜕2𝑢

𝜕𝑥𝜕𝑦
= (𝑛 − 1)

𝜕𝑢

𝜕𝑥
    -- (2)  

Differentiating (1) partially w.r. to y we get  

   𝑥 
𝜕2𝑢

𝜕𝑦𝜕𝑥
+ y 

𝜕2𝑢

𝜕𝑦2
+  1.  

𝜕𝑢

𝜕𝑦
= 𝑛 

𝜕𝑢

𝜕𝑦
 

  𝑥2  
𝜕2𝑢

𝜕𝑦𝜕𝑥
+ y 

𝜕2𝑢

𝜕𝑦2 = (𝑛 − 1)
𝜕𝑢

𝜕𝑦
    -- (2)  

Equ (2)  x 𝒙 + (3) x 𝒚 

  𝑥 
𝜕2𝑢

𝜕𝑥2 +  𝑥𝑦 
𝜕2𝑢

𝜕𝑥𝜕𝑦
+   𝑦2  

𝜕2𝑢

𝜕𝑦2 +  𝑥𝑦 
𝜕2𝑢

𝜕𝑥𝜕𝑦
 

  = (𝑛 − 1)𝑥 
𝜕𝑢

𝜕𝑥
+  (𝑛 − 1)𝑦 

𝜕𝑢

𝜕𝑦
 

  = (𝑛 − 1)(𝑛𝑢) 

  = 𝑛 (𝑛 − 1)𝑢  
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Euler’s theorem on homogenous function prove by New method  

Statement  

 If u is a homogenous functions of degree 𝑛 in 𝑥 & 𝑦 S.T 𝑥 
𝜕𝑢

𝜕𝑥
+  𝑦 

𝜕𝑢

𝜕𝑦
= 𝑛𝑢   

  Proof  

 Leg  𝑢 = 𝑥𝑛 𝑓 (
𝑦

𝑥
) = 𝑓 (𝑥, 𝑦) 

 Put  𝑥 = 𝑥𝑡,     𝑦 = 𝑦𝑡  

   𝑢 = (𝑥𝑡) 𝑛 𝑓 (
𝑦𝑡

𝑥𝑡
) 

  𝑢 = 𝑥 𝑛 𝑡 𝑛𝑓 (
𝑦

𝑥
) 

  𝑢 =  𝑡 𝑛 (𝑥 𝑛𝑓 (
𝑦

𝑥
)) =   𝑡 𝑛𝑓 (𝑥, 𝑦) 

𝑢 is a homogenous of functions of degree in 𝑥 & 𝑦   

  ∴  𝑥 
𝜕𝑡

𝜕𝑥
+  𝑦  

𝜕𝑢

𝜕𝑦
= 𝑛𝑓   𝑓 = 𝑢 

 

 

Euler’s theorem of second degree homogenous functions (or) Deduction form of 

Euler’s theorem  

Prove by New Method  

Statement 

 If   𝑢 is a homogenous  functions of degree in 𝑥 & 𝑦  then  

𝑥2  
𝜕2𝑢

𝜕𝑥2
+ + 2𝑥𝑦 

𝜕2𝑢

𝜕𝑥𝜕𝑦
+  𝑦2  

𝜕2𝑢

𝜕𝑦2
= ∅ (𝑢)[ ∅′(𝑢) − 1] 

Proof  

 By Euler’s theorem  

 𝑥 
𝜕𝑡

𝜕𝑥
+  𝑦  

𝜕𝑢

𝜕𝑦
= 𝑛𝑢 

 Put  𝑢 = 𝐹 (𝑢) 

 𝑥 
𝜕

𝜕𝑥
𝐹(𝑢) +  𝑦  

𝜕

𝜕𝑦
 𝐹(𝑢) = 𝑛 𝐹(𝑢)   -- (1)  

 

 

𝑥 
𝜕𝑢

𝜕𝑥
+  𝑦  

𝜕𝑢

𝜕𝑦
= 𝑛𝑢 
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Differentiating (1) Partially w.r. to 𝑥 & 𝑦   

 𝑥 𝐹′(𝑢)
𝜕

𝜕𝑥
(𝑢) +  𝑦  𝐹′(𝑢)

𝜕

𝜕𝑦
 = 𝑛 𝐹(𝑢)  -- (1)  

 𝑥 
𝜕𝑢

𝜕𝑥
+  𝑦  

𝜕𝑢

𝜕𝑥
= 𝑛 

𝐹(𝑢)

𝐹′(𝑢)
  

Let 𝑛 
𝐹(𝑢)

𝐹′(𝑢)
=  ∅ (𝑢) 

∴ 𝑥 
𝜕𝑢

𝜕𝑥
+  𝑦  

𝜕𝑢

𝜕𝑥
= ∅ (𝑢)       -- (2)  

Differentiating (1) Partially w.r. to x    

 𝑥 
𝜕2𝑢

𝜕𝑦𝜕𝑥
+ y 

𝜕2𝑢

𝜕𝑦2 +  1.  
𝜕𝑢

𝜕𝑦
= ∅′(𝑢) 

𝜕𝑢

𝜕𝑦
 

 𝑥2  
𝜕2𝑢

𝜕𝑦𝜕𝑥
+ y 

𝜕2𝑢

𝜕𝑦2 = (∅′(𝑢) − 1)
𝜕𝑢

𝜕𝑦
    -- (3)  

Differentiating (1) partially w.r. to y we set  

  𝑥 
𝜕2𝑢

𝜕𝑦𝜕𝑥
+ y 

𝜕2𝑢

𝜕𝑦2 +  1.  
𝜕𝑢

𝜕𝑦
= ∅′(𝑢) 

𝜕𝑢

𝜕𝑦
 

 𝑥2  
𝜕2𝑢

𝜕𝑥𝜕𝑦
+ y 

𝜕2𝑢

𝜕𝑦2 = (∅′(𝑢) − 1)
𝜕𝑢

𝜕𝑦
    -- (4)  

Equ (2)  x 𝒙 + (3) x 𝒚 

  𝑥 
𝜕2𝑢

𝜕𝑥2 +  𝑥𝑦 
𝜕2𝑢

𝜕𝑥𝜕𝑦
+  𝑥𝑦 

𝜕2𝑢

𝜕𝑥𝜕𝑦
+  𝑦2  

𝜕2𝑢

𝜕𝑦2 

  = (∅′(𝑢) − 1) (𝑥 
𝜕𝑢

𝜕𝑥
+ 𝑦 

𝜕𝑢

𝜕𝑦
) 

  = (∅′(𝑢) − 1)(∅ (𝑢)) 

  = (∅′(𝑢) − 1)[∅ (𝑢) ] 

Introduction -2  

Problem :1  Previous Method  

 If 𝑢 =  𝑠𝑖𝑛−1  [
𝑥2+𝑦2

𝑥+𝑦
] P.T  

 𝑥 
𝜕2𝑢

𝜕𝑥2 +  2𝑥𝑦 
𝜕2𝑢

𝜕𝑥𝜕𝑦
+   𝑦2  

𝜕2𝑢

𝜕𝑦2 = 𝑡𝑎𝑛3𝑢 

Sol  

 𝑠𝑖𝑛𝑢 = [
𝑥2+𝑦2

𝑥+𝑦
] = 𝑓(𝑥, 𝑦) 

𝑓(𝑥, 𝑦) is homogenous function of degree 1 with 𝑥 & 𝑦  

 = 𝑥 
𝜕

𝜕𝑥
 (𝑠𝑖𝑛𝑢) +  𝑦 

𝜕

𝜕𝑦
 (𝑠𝑖𝑛𝑢) = 1. 𝑠𝑖𝑛𝑢 
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  𝑥 𝑐𝑜𝑠𝑢 
𝜕𝑢

𝜕𝑥
+  𝑦 𝑐𝑜𝑠𝑢 

𝜕𝑢

𝜕𝑦
= 𝑠𝑖𝑛𝑢  

  = 𝑥  
𝜕𝑢

𝜕𝑥
+  𝑦

𝜕𝑢

𝜕𝑦
=

𝑠𝑖𝑛𝑢

𝑐𝑜𝑠𝑢
  

  = 𝑥  
𝜕𝑢

𝜕𝑥
+  𝑦

𝜕𝑢

𝜕𝑦
= 𝑡𝑎𝑛𝑢    -- (1)  

 𝑥2  
𝜕2𝑢

𝜕𝑦2 +  2𝑥𝑦 
𝜕2𝑢

𝜕𝑥𝜕𝑦
+   𝑦2  

𝜕2𝑢

𝜕𝑦2 = 𝑛 (𝑛 − 1)𝑢 

  = 𝑛(𝑛 − 1) 𝑢   𝑛 = 1, 𝑢 =  𝑡𝑎𝑛u 

  = 1 (1 − 1) 𝑡𝑎𝑛𝑢  

  = 0  

This method is not satisfy the above results  

Proof by New Method  

  𝑢 =  𝑠𝑖𝑛−1 [
𝑥2+𝑦2

𝑥+𝑦
] P.T  

 𝑥 
𝜕2𝑢

𝜕𝑥2 +  2𝑥𝑦 
𝜕2𝑢

𝜕𝑥𝜕𝑦
+   𝑦2  

𝜕2𝑢

𝜕𝑦2 = 𝑡𝑎𝑛3𝑢 

Proof  

 𝑠𝑖𝑛𝑢 = [
𝑥2+𝑦2

𝑥+𝑦
] = 𝑓(𝑥, 𝑦) 

 𝑢 is homogenous function of degree 1 with 𝑥 & 𝑦  

 = 𝑥 
𝜕

𝜕𝑥
 (𝑠𝑖𝑛𝑢) +  𝑦 

𝜕

𝜕𝑦
 (𝑠𝑖𝑛𝑢) = 1. 𝑠𝑖𝑛𝑢 

  𝑥 𝑐𝑜𝑠𝑢 
𝜕𝑢

𝜕𝑥
+  𝑦 𝑐𝑜𝑠𝑢 

𝜕𝑢

𝜕𝑦
= 𝑠𝑖𝑛𝑢  

 = 𝑥  
𝜕𝑢

𝜕𝑥
+  𝑦

𝜕𝑢

𝜕𝑦
=

𝑠𝑖𝑛𝑢

𝑐𝑜𝑠𝑢
  

 = 𝑥  
𝜕𝑢

𝜕𝑥
+  𝑦

𝜕𝑢

𝜕𝑦
= 𝑡𝑎𝑛𝑢    -- (1)  

 𝑥2  
𝜕2𝑢

𝜕𝑦2 +  2𝑥𝑦 
𝜕2𝑢

𝜕𝑥𝜕𝑦
+   𝑦2  

𝜕2𝑢

𝜕𝑦2 = ∅ (𝑢) (∅′(𝑢) − 1) 

  = ∅ (𝑢)  = 𝑡𝑎𝑛𝑢  

  = ∅ (𝑢) =  𝑠𝑒𝑐2𝑢 

  = tan 𝑢 ( 𝑠𝑒𝑐2𝑢 1)  

  = 𝑡𝑎𝑛𝑢 (𝑡𝑎𝑛2𝑢) 

  = 𝑡𝑎𝑛3𝑢 

This method is satisfy by the above result.  
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CONCLUSION 

This method is very useful to school students, Arts and Science students and 

Engineering students. It is very easily understanding methods. This method is useful 

to competitive exams, gate exams and any other entrance examinations.     
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