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Abstract

In this paper the author emphasizes the relation between Mellin and right sided
Laplace transform with a view to utilize as a basic tool to solve Bessel and Legen-
der equation.
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1. Introduction

As we know from Mellin transform,
o
MIf(x); 5] = F(s) = / £~ dx
0

As per [1] we have

00 0
L(g(1); s] =/ g)e 'dt = —/ fx* " dx

—00

= M[f(x);s]

So the Mellin transform of f(x) is the two-sided Laplace transform of g(¢) where t =
—logx and it converges absolutely.

Keeping in view of this the author desires to have a relation between Mellin transform
and right sided laplace transform as follows. Now

LT [g(t); s] =f0 e *g(t)dt
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Using x = e'andt = —Inx,wehaver =0 = Inx =0 =1In1 = 2n7i = 00, no
finite value by extending for complex plane.
Again fort = oo, x =0, So

0 o0
Lt[g(t); s] = —/ xsg(lnx)ldx = / FOx ldx = M[f(x);s] = F(s) (1)
00 X 0
2. Some important properties of Mellin Transform
Scaling Property:

M{f(at); s} = foo flane 'dr =a™* /oo FO)x* " ldx =a " F(s)
0 0

Multiplication by ¢“:

M{t? f(1); s} = /Oo fFOtST97dt = F(s + a)
0

Derivative: S
M{ f(t) s} = (=D¥(s — k) F(s — k)
where
— 1)
s—kir=G6—-ks—-k+1)—————— (s—1) = (s—1!  T(s)

(s—k—1! T(s—k)
Derivative Multiplied by Independent Variable:

M{t f(t) s} = (DA F(s) = (—1DF (§(+)k)F<s>,

k=66 +D)—————— (s+k—1)
So 5
2d7f (1) _de(t)

2
=s“F
dt? dt $) = s"F(s)

Mt

3. Main Work

Using (1) and the properties of Mellin Transform, we solve the Bessel equation and
Legender equation as well.

Solving Bessel Equation: Solve t>y” + 1y’ + (> — y*)y =0

Taking Mellin Transform both the sides, we have

M@2y") + M(ty") + M(#* — y?)y =0
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:>(s—l—l)sF(s)—sF(s)+F(s+2)—y2F(s):O

Hence
s2F(s) — y?F(s) = —F(s + 2)
—F(s+2)
So
F(s) —1

F(s+2) s2—2
Taking inverse Laplace transform both sides. Hence

L F(s+2)
(5)% — y?
= —(e ()« (l sinh t)

t
— _l/ e 2" f(u)sinhy (t — u)du
v Jo

f@ = —(LH”

1 t
= ——[f eC2UY £ (u)du
Y -Jo

t
_/ e(_2+y)”e_lyf(u)du]
0

= _i[ — H@®)e” + k(e + A],

Where A = H(0) — K(0).
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This may be the solution of Bessel equation with a particular value of H(¢), and

K(1).

Here the author desires to find the particular solution instead of general solution,

satisfying the oscillatory property as well.

Solving Legender Equation:
Solve (1 — 2)y" — 2ty' + n(n + 1)y = 0.
Taking transform both sides we have,

M((1 —tHy") — MQ2ty') + M(n(n + 1)y) =0

M) — M@t2y") = 2M(ty") + n(n + HM(y) =0
So,

(—1)2(s 2D —DFG6—-—2)—(G+1)sF(Gs)—25FG)+nn+1)F(s) =0

_(s2 — _
F(s) = (s 3s +2)5(s 2)
nn+1) —s+—3s
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Hence,
F(s—2)_52—3s—|—2—|—6s—2—11(11—|—1)_1 6s—2—nn+1)
F(s) s2—3s+2 N (s —1D(s—2)
Now,
6s—2—n(n—|—1)_n2+n—4+10—n2—n
s—DE—-2  s—1 s—2
So,

F(s—2) n“+n—4 10—n?>—n
— =1+ + .
F(s) s—1 s—2
Using Taylor’s expansion we have,

F(s) —2F'(s) + — — — — —— n?+n—4 10—n?>—n
=1+ +
F(s) s—1 s—2
In particular forn =1,
F’ -2
) (s): + 8 ,
F(s) s—1 s-=2

by neglecting the higher degree terms.

Integrating,
InF(s) =In(s — 1) —4In(s — 2)
So,
(s—1)
F =
(s) s 2)
—2+1 1 1
F(s) = s +

G-2F T -2 -2
Taking the inverse Laplace transform both sides,

1

-1
1O = WG oo
= e2’ﬁ+e2’£=(1+2t+2t2+————)(ﬁ+£>
2 6 2 6
27
S 2t e T

1 2 1 3
= A+B(5) G =D+ C60 =3+ -~~~ ——

So,
f@&)=Ap1t)+ Bp2(t) + Cp3(t) + — — — — — — — ,

2)
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for any finite value of A,B,C.
Similarly for n = 0, we have the equation (2) becomes

F(s) —2F'(s)+— — — — —— _ 4,10
F(s) Cs—1 s-=2
So,
InF(s) = 2In(s — 1) —5In(s — 2)
Fes) (s — 1)? 1 N 1 N 2
S = =
(s—20° (s—27° (-2 (s—2)3

= t2+t4+t3 =((1+2t+2% + ) t2+l4+t3

-\ 3)7 2 "3
Hence,

Fay = t> N rt N 413 N
2 24 3

So in particular we may claim this as solution of Legender equation.
The author desires to have particular solution for different values of n.

4. Conclusion

Here the author exhibits a relation between Mellin and Right sided Laplace transform
which we can use to solve a differential equation with variable and constant coeffi-
cients.Like Bessel’s and legender’s equation we may apply the process to solve partial
differential equation with the relevant initial and boundary conditions.
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