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Abstract

This paper is concerned with the study of an unsteady, MHD natural
convective boundary layer flow of a viscous, incompressible and electrically
conducting, non-newtonian Jeffrey fluid over a semi-infinite vertically
inclined permeable moving plate embedded in a porous medium in the
presence of heat absorption, heat and mass transfer. The fundamental
governing equations for this investigation are solved numerically using the
finite difference technique. Numerical evaluation of the numerical results is
performed and graphical results for the wvelocity, temperature and
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concentration profiles within the boundary layer are presented graphically and
discussed. Also, the expressions for the skin-friction coefficient, rate of heat
and mass transfer coefficients have been derived and plotted for different
values of the governing parameters. The obtained numerical results reduce to
previously published results on a special case of the problem.

Keywords: Jeffrey fluid; MHD; Natural Convection flow; Heat and Mass
transfer; Finite difference method;

NOMENCLATURE:
List of VVariables:

'
X,y

)

Bo
CP

0Q

Co-ordinate system (m)

Origin

Magnetic field component along ' — axis (Tesla)
Specific heat at constant pressure (J-K/Kg)
Acceleration of gravity, 9.81 (m/s°)

Chemical molecular diffusivity (m” s™)

Concentration of fluid near the plate (mol m™)
Hartmann number

Heat absorption parameter

Nusselt number (or) Rate of heat transfer

Plate Velocity (m/s)

Prandtl number

Grashof number for mass transfer
Concentration of the fluid at infinity (mol m™)
Dimensionless coordinates ()

Components of velocities along and perpendicular to the plate respectively,
x" —direction (m/s)
Dimensional Heat absorption parameter

Reference velocity (m/s)
Reynold’s number

Non-dimensional components of velocities along and perpendicular to the
plate respectively, x"—direction (m/s)
Grashof number for heat transfer
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C,
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Sc
Sh
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Concentration of the fluid far away of the fluid from the plate (mol m™)

Dimensional time (second)
Schmidt number
Sherwood number (or) Rate of mass transfer

Suction velocity (m/s)
Free stream velocity (m/s)
Dimensional Plate Velocity (m/s)

Dimensional exponential index

An exponential index

The permeability of medium (m?)
Temperature of fluid near the plate (K)

Temperature of the fluid at infinity (K)
Temperature of the fluid far away of the fluid from the plate (K)

Velocity component in x’ —direction (m/s)
The permeability parameter (m°)

Time (second)

Dimensionless coordinate (1)

Greek symbols

T AN S Y, ow

o N ] X N

Coefficient of volume expansion for heat transfer (K ’1)
Coefficient of volume expansion for mass transfer (m® Kg™)
Concentration of the fluid (mol m™)

Density of the fluid (kg/m )

Electrical conductivity of the fluid (Q'm™)

Kinematic viscosity (m*s™)

Non-dimensional temperature (K)

Phase angle (degrees)

Skin-friction (N /m?)

Thermal conductivity of the fluid (W/mK)

Angle of inclination (degrees)

Jeffrey fluid parameter
A positive constant
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Superscripts
! Dimensionless properties

Subscripts
p Plate

w Wall condition
0 Free stream condition

1. INTRODUCTION:

MHD is the science of motion of electrically conducting fluids in presence of
magnetic field. It concerns with the interaction of magnetic field with the fluid
velocity of electrically conducting fluid. MHD generators, MHD pumps and MHD
flow meters are some of the numerous examples of MHD principles. Dynamo and
motor are classical examples of MHD principle. Convection problems of electrically
conducting fluid in presence of magnetic field have got much importance because of
its wide applications in Geophysics, Astrophysics, Plasma Physics, Missile
technology, etc. MHD principles also find its applications in Medicine and Biology.
Magnetohydrodynamics has many industrial applications such as physics, chemistry
and engineering, crystal growth, metal casting and liquid metal cooling blankets for
fusion reactors. The convective heat transfer over a stretching surface with applied
magnetic field was presented by Vajravelu et al. [1]. Pop and Na [2] studied the
influence of magnetic field flow over a stretching permeable surface. Xu et
al. [3] presented a series solutions of the unsteady three-dimensional MHD flow and
heat transfer over an impulsively stretching plate. Nazar et al. [4] analyzed the hydro
magnetic flow and heat transfer over a vertically stretched sheet and found that an
increase in the magnetic parameter local skin friction and heat flux at the wall
decreases. The effect of MHD stagnation point flow towards a stretching sheet was
investigated by Ishak et al. [5]. Kiran Kumar et al. [6] and [7] analyzed the study of
heat and mass transfer enhancement in free convection flow with chemical reaction
and thermo-diffusion in nanofluids through porous medium in a rotating frame.
Venkateswarlu and Satyanarayana [8] have studied the effects of chemical reaction
and radiation absorption on the heat and mass transfer flow of nanofluid in a rotating
system. Some of them are Mansour [9], Ganesan and Loganathan [10], Mbeledogu et
al. [11], Makinde [12], Samad and Rahman [13], Orhan and Ahmet [14], Prasad et al.
[15], Takhar et al. [16], Gebhart et al. [17], Ali et al. [18], Hossain et al. [19], Hossain
et al. [20], Ghaly [21], Muthucumaraswamy and Janakiraman [22],
Muthucumaraswamy and Sivakumar [23], Ahmed and Dutta [24], Ahmed [25],
Muthucumaraswamy et al. [26], Chamkha [27], Srinivasa Raju [28], Srinivasa Raju et
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al. [29], Srinivasa Raju et al. [30], Srinivasa Raju et al. [31], Srinivasa Raju et al. [32],
Srinivasa Raju [33], Jithender Reddy et al. [34].

The present objective is to attempt a mathematical model of heat and mass transfer in
Jeffrey fluid flow over a permeable moving plate with heat and mass transfer in the
presence of applied magnetic field and heat absorption. The study has importance in
many metallurgical processes including magma flows, polymer and food processing,
and blood flow in micro-circulatory system etc. Similarity variables are employed to
convert the non-linear coupled partial differential equations into linear coupled partial
differential equations. The transformed linear partial differential equations are solved
numerically using finite difference technique. Graphs for various pertinent parameters
on the velocity, temperature and concentration profiles are presented and analyzed in
detail. The numerical values of friction factor, local Nusselt and Sherwood numbers
are tabulated and examined. Also, a comparison of current study to the previous ones
is provided to validate our solutions.

2. MATHEMATICAL FORMULATION:

The effect of heat and mass transfer on an unsteady free convective, incompressible,
viscous, electrically conducting Jeffrey fluid flow past a semi-infinite vertically
inclined permeable moving plate embedded in a uniform porous medium and
subjected to a uniform transverse magnetic field is studied. The physical model and
the coordinate system are shown in Fig. 1. For this study, In cartesian coordinate
system, let x" —axis is taken to be along the plate and the y'—axis normal to the plate.

Since the plate is considered infinite in x"—direction, hence all physical quantities
will be independent of x’—direction. A uniform magnetic field of magnitude B, is
applied normal to the plate. The transverse applied magnetic field and magnetic
Reynold’s number are assumed to be very small, so that the induced magnetic field is
negligible. The wall is maintained at constant temperature (7) and concentration

(C!) higher than the ambient temperature (7) and concentration (C’,) respectively.

The fluid properties are assumed to be constant except that the influence of density
variation with temperature has been considered only in the body-force term. The fluid
has constant kinematic viscosity and constant thermal conductivity, and the
Boussinesq’s approximation have been adopted for the flow. At time ¢' >0 the plate
IS given an impulsive motion in the direction of flow i.e. along x'—axis against the

gravity with constant velocity U, . It is assumed that there is no applied voltage
which implies the absence of an electric field. In addition, it is assumed that the

temperature and the concentration at the wall as well as the suction velocity are
exponentially varying with time.
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X U

Fig. 1. Physical configuration and coordinates system

The Cauchy stress tensor, S , of a Jeffrey’s non-Newtonian fluid [35] takes the form
as follows:
ﬂ L] (1]
1+/1(y A7 J @)
where x is the dynamic viscosity, A, is the ratio of relaxation to retardation times,
dot above a quantity denotes the material time derivative and y is the shear rate. The

Jeffrey’s model provides an elegant formulation for simulating retardation and
relaxation effects arising in non-Newtonian polymer flows. The shear rate and
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gradient of shear rate are further defined in terms of velocity vector, 7, as follows:
where y =VV +(VI7 ) )

and }’:i[}}(r?.v)} 3
dt

Under these assumptions, the equations that describe the physical situation are given

by (Chamkha [27]):

Equation of Continuity:

o'

oy’

0 (4)
Momentum Equation:

' ' i 2. 2
alJrvrai:_l(ap]Jr[ Y ]auz— 9B, u’{i}uwgﬂ(T'—T;)(cosa)
ot’ oy’ p\ox’' 1+ 4/ 0y P K’

+gf (C'-C.)(cosa)

Energy Equation:
' ' 21
TS L o) ©
a e, et e,
Species Diffusion Equation:
’ ' 2,
oC Y oc’  0°C )

=D—
ﬁt' 8yi a)/l
It is assumed that the permeable plate moves with a constant velocity in the direction

of fluid flow and the free stream velocity follows the exponentially increasing small
perturbation law. The corresponding initial and boundary conditions are

t'<0:u'=0, T'=T,, C'=C. for all y'
0 u=u, T'=T,+&(T,-T.)"", C'=C,+&(C,—C.)"" at y'=0 8
t'>0: "
u' —>U" =U0(1+5e'” ) T'—>0, C">0 as y >
From Eq. (4), it is clear that the suction velocity at the plate is either a constant or a

function of time. Hence the suction velocity normal to the plate is assumed in the
form

v = [+ ede™) (9)

Where 4 is a real positive constant, ¢ is a positive constant and &4 is small values
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less than unity, and V, is scale of suction velocity which is non-zero positive constant.

The negative sign indicates that the suction is towards the plate. Outside the boundary
layer, Eq. (5) gives

_ i(aﬁj _du, | {L}Ué +2BU (10)
plox' dt’ K' o,

In order to write the governing equations and the boundary conditions in
dimensionless from, the following non-dimensional quantities are introduced.

’ 1772 ' ’ r_ g [(Bali ’ u/ 2
e B LA/ i A R
v v v, 7 r.-r. C-C¢ 7 ; P )V,
r_ * " v 172 ’
Gr:gﬂv(z«wzToc),GCZgﬂV(sz C°°),PI’= m}’, C:L,K:K? ,S: VQUZIUQCZQ
Uy, Uy, K D v pCV; U,
1)

In view of Eqs (9), (10) and (11), Egs (5) to (7) reduce to the following dimensional
form:

% (14 gt = 9V +( L ja—zu+(Gr)(COSa)9+(Gc)(COSa)¢+N(Uw —u)  (12)

ot o dt \1+1)o°

00 00 1 6%

oo OV L _ 13

= (L+ ede )ay Sy S0 (13)
2

% 1+ me"f)%f - é% (14)

Where N:M+%. The corresponding initial and boundary conditions in

dimensionless form are:

t<0: u=0, 6=0 ¢=0 for all y

t>0'{u:Up’ 0=1+g", p=1+g" at y=0 (15)
u—U, =1+g", 650, ¢—>0 as y—>o

For practical design purposes in MHD energy systems a number of engineering
parameters provide important descriptions of the wall transport processes. The skin-
friction at the plate can be obtained in non-dimensional form is given by

o :{5_”} (16)
pUV, [oy]




Jeffrey Fluid Performance on MHD Convective Flow Past a Semi-Infinite... 181

The rate of heat transfer coefficient in the non-dimensional form, in terms of the
Nusselt number, is given by

Nu = {(T'X’T 3 Z } = Nu(Re;){‘Z—ﬂ (17)
yV =0

The rate of mass transfer coefficient in the non-dimensional form, in terms of the
Sherwood number, is given by

Sh= { — ac} Sh(Re;l)z{%} (18)
(C.-C.) o Y 1,
Where Re, =—-—2 s number.
14

3. NUMERICAL SOLUTION BY FINITE DIFFERENCE METHOD:

The non-linear momentum, energy and concentration equations given in equations
(12), (13) and (14) are solved under the appropriate initial and boundary conditions
(15) by the implicit finite difference method. The transport equations (12), (13) and
(14) at the grid point (i, j) are expressed in difference form using Taylor’s expansion.

M i i _oyd 4yl _ .
[ui = u; j_(lJr gAent{”fﬂA Ui j: d;]tw +[1j,1)(u”1 2u; +uilj+(Gr)(COS a)f! +(Gc)cos a )p/
Y

(ay)y
+N(U, —uf)
(19)
(Pr{%] s cte mxpr{ i yexJ (aal —(iz;w J b e

4" Ysof $a=9 | [ #a=20 +4),
2 ek 5 S e

Where the indices i and ;j refer to y and ¢ respectively. The initial and boundary
conditions (15) yield.

ulo =0, 0,.0 =0, ¢i° =0for all i,
u! =U,, 0! =1+ge", ¢/ =1+g"” ati=0 (22)
ul, >0, 6/ -0, ¢/, >0

Thus the values of u, 6 and ¢ at grid point z = 0 are known; hence the temperature
field has been solved at time ¢,,, =¢, + Ar using the known values of the previous
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time r=¢ forall i=1 2, ........ , N —1. Then the velocity field is evaluated using the
already known value of temperature and concentration fields obtained at ¢,,, =¢, + Az.

These processes are repeated till the required solution of u, # and ¢ is gained at

convergence criteria.

abS|(u) 9; ¢)exac[_(u’ 9’ ¢)numeric’al

<10

4. CODE VALIDATION OF PROGRAMME:

(23)

Table-1: Comparison of present skin-friction results with the skin-friction results of
Chamkha [27] for different values of Grashof number for mass transfer, Heat
absorption and Schmidt number

Present Skin-friction Present Skin-friction Present Skin-friction

S results of o results of o results of
Ge | skin-friction Chamkha ¢ | skin-friction Chamkha Sc | skin-friction Chamkha

results [27] results [27] results [27]
0.0 | 2.71896245 2.7200 0.0 | 3.45862241 3.4595 0.16 | 3.43251604 3.4328
1.0| 3.27658424 3.2772 1.0| 3.27658424 3.2772 0.60 | 3.27658424 3.2772
2.0| 3.83501624 3.8343 2.0 | 3.19324628 3.1933 1.00 | 3.18462398 3.1847
3.0| 4.39214668 4.3915 3.0| 3.13791632 3.1378 2.00 | 3.04781362 3.0481

Table-2: Comparison of present Nusselt number results with the Nusselt number
results of Chamkha [27] for different values of Grashof number for mass transfer,

Heat absorption and Schmidt number

Nusselt Nusselt Nusselt
Ge Nusselt resultsof | ¢ Nusselt results of | Sc Nusselt results of
number results| Chamkha number results| Chamkha number results| Chamkha
[27] [27] [27]
0.0|-1.70593247 | -1.7167 |0.0|-1.06885341| -1.0699 |0.16|-1.70593247 | -1.7167
1.0|-1.70593247 | -1.7167 |1.0|-1.70593247 | -1.7167 |0.60|-1.70593247 | -1.7167
2.0|-1.70593247 | -1.7167 |2.0|-2.11920647 | -2.1193 |1.00|-1.70593247 | -1.7167
3.0|-1.70593247 | -1.7167 |3.0|-2.43881304 | -2.4388 |2.00|-1.70593247 | -1.7167
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Tables 1, 2 and 3 present the comparison of skin-friction, rate of heat and mass
transfer coefficients for the various values of Grashof number for mass transfer, Heat
absorption and Schmidt number with previous published results of Chamkha [27] in
absence of angle of inclination and Jeffrey fluid. From these tables, It is observed that
our present results are in good agreement with the published results of Chamkha [27]
in limiting sense.

Table-3: Comparison of present Sherwood number results with the Sherwood number
results of Chamkha [27] for different values of Grashof number for mass transfer,
Heat absorption and Schmidt number

Present SherV\éood Present Shervxéood Present Shervxf)ood

number number number

Gc| Sherwood | reguitsof | ¢ | Sherwood | resyitsof | Sc | Sherwood | yegyits of

number Chamkha number Chamkha number Chamkha
results [27] results [27] results [27]

0.0|-0.80975314 | -0.8098 |[0.0|-0.80975314 | -0.8098 |0.16|-0.22315462 | -0.2231

1.0|-0.80975314 | -0.8098 |1.0|-0.80975314| -0.8098 |0.60|-0.80975314 | -0.8098

2.0|-0.80975314 | -0.8098 |2.0|-0.80975314| -0.8098 |1.00|-1.33960423 | -1.3425

3.0|-0.80975314 | -0.8098 |3.0|-0.80975314| -0.8098 |2.00|-2.66350862 | -2.6741

5. RESULTS AND DISCUSSION:

In this section, the influence of various physical parameters like Grashof number for
heat transfer (Gr), Grashof number for mass transfer (Gc), Magnetic field parameter
(M), Permeability parameter (K), Prandtl number (Pr), Schmidt number (Sc), Heat
absorption parameter (S), Angle of inclination parameter («) and Jeffrey fluid
parameter (1) on velocity, temperature and concentration profiles have been analyzed.
In the present study following default parameter values are adopted for computations:
Pr=0.71,M=05,Gr=10,Gc=10,2=05K=05,8 =022, 8§=05n=0.1,1¢
= 1.0, 4 = 0.5, ¢ = 0.001, U, = 0.5 and o = 30°. All graphs therefore correspond to
these values unless specifically indicated on the appropriate graph.
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Fig. 3. Grashof number for mass transfer effect on velocity profiles
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Fig. 4. Magnetic field parameter effect on velocity profiles

% Figs. 2 and 3 exhibit the effect of Grashof number for heat and mass transfer on
the velocity profile with other parameters are fixed. The Grashof number for
heat transfer signifies the relative effect of the thermal buoyancy force to the
viscous hydrodynamic force in the boundary layer. As expected, it is observed
that there is a rise in the velocity due to the enhancement of thermal buoyancy
force. Also, as Gr increases, the peak values of the velocity increases rapidly
near the porous plate and then decays smoothly to the free stream velocity. The
Grashof number for mass transfer defines the ratio of the species buoyancy
force to the viscous hydrodynamic force. As expected, the fluid velocity
increases and the peak value is more distinctive due to increase in the species
buoyancy force. The velocity distribution attains a distinctive maximum value
in the vicinity of the plate and then decreases properly to approach the free
stream value. It is noticed that the velocity increases with increasing values of
the Grashof number for mass transfer.
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Fig. 5. Permeability parameter effect on velocity profiles
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Fig. 6. Prandtl number effect on velocity profiles

% The effect of Magnetic field parameter (Hartmann number) on the velocity is
shown in Fig. 4. The velocity decreases with an increase in the Hartmann
number. It is because that the application of transverse magnetic field will result
a resistive type force (Lorentz force) similar to drag force which tends to resist
the fluid flow and thus reducing its velocity. Also, the boundary layer thickness
decreases with an increase in the Hartmann number.

% Fig. 5 shows the effect of the permeability of the porous medium parameter on
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the velocity distribution. As shown, the velocity is increasing with the
increasing dimensionless porous medium parameter. Physically, this result can
be achieved when the holes of the porous medium may be neglected.

1

Pr=0025071,7.0,11.62

0

0 2 y 4 6

Fig. 7. Prandtl number effect on temperature profiles

12

Se=0.22,030,0.60,0.78

122

0.5 . .
0 2 v 4 6

Fig. 8. Schmidt number effect on velocity profiles

% Fig. 6 depicts the effect of Prandtl number on velocity profiles in presence of
foreign species such as Mercury (Pr = 0.025), Air (Pr = 0.71), Water (Pr = 7.00)
and Methanol (Pr = 11.62). From this figure, we observed that , the velocity
decreases with increasing of Prandtl number.
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In Fig. 7, we depict the effect of Prandtl number on the temperature field. It is
observed that an increase in the Prandtl number leads to decrease in the
temperature field. Also, temperature field falls more rapidly for water in
comparison to air and the temperature curve is exactly linear for mercury, which
is more sensible towards change in temperature. From this observation it is
conclude that mercury is most effective for maintaining temperature differences
and can be used efficiently in the laboratory. Air can replace mercury, the
effectiveness of maintaining temperature changes are much less than mercury.
However, air can be better and cheap replacement for industrial purpose. This is
because, either increase of kinematic viscosity or decrease of thermal
conductivity leads to increase in the value of Prandtl number. Hence
temperature decreases with increasing of Prandtl number.

Figs. 8 and 9 display the effects of the Schmidt number Sc on the velocity and
concentration profiles at ¢+ = 1, respectively. As the Schmidt number increases,
the concentration decreases. This causes the concentration buoyancy effects to
decrease yielding a reduction in the fluid velocity. The reductions in the velocity
and concentration profiles are accompanied by simultaneous reductions in the
velocity and concentration boundary layers. These behaviours are clearly shown
in Figs. 8 and 9.

1

Se=0.22,0.30,0.60,0.78

0 2 V 4 0

Fig. 9. Schmidt number effect on concentration profiles
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Fig. 10. Jeffrey fluid parameter effect on velocity profiles
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a=30°45°60° 90°

Fig. 11. Angle of inclination parameter effect on velocity profiles
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Fig. 12. Heat absorption parameter effect on velocity profiles

The influence of Jeffrey fluid parameter on velocity profiles is as shown in the
Fig. 10. It is observed that velocity profiles increases as Jeffrey fluid parameter
increases.

Fig. 11 demonstrates the influence of angle of inclination parameter on velocity
profiles. From this figure, we observed that the velocity profiles is decreasing
with increasing values of angle of inclination parameter.

Figs. 12 and 13 illustrate the influence of the heat absorption coefficient S on
the velocity and temperature profiles at ¢ = 1.0, respectively. Physically
speaking, the presence of heat absorption (thermal sink) effects has the tendency
to reduce the fluid temperature. This causes the thermal buoyancy effects to
decrease resulting in a net reduction in the fluid velocity. These behaviours are
clearly obvious from Figs. 12 and 13 in which both the velocity and temperature
distributions decrease as S increases. It is also observed that both the
hydrodynamic (velocity) and the thermal (temperature) boundary layers
decrease as the heat absorption effects increase.
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0 2 yooo4 G

Fig. 13. Heat absorption parameter effect on temperature profiles

% The effects of various engineering governing parameters Grashof number for
heat transfer, Magnetic field parameter, Permeability parameter, Prandtl
number, Angle of inclination parameter, Jeffrey fluid parameter and time on the
skin-friction coefficient is shown in table 4. It is observed that as the Grashof
number for heat transfer or Permeability parameter or Jeffrey fluid parameter or
time increases the skin-friction coefficient increases. It is found that as the
Magnetic field parameter or Prandtl number or Angle of inclination parameter
increases the skin-friction coefficient decreases.

Table-4: Skin-friction values for different values of Gr, M, K, Pr, o, 1 and ¢

Gr M K Pr o A t T

1.0 0.5 0.5 0.71 30° 0.5 1.0 3.24036417
2.0 0.5 0.5 0.71 30° 0.5 1.0 3.26248862
1.0 1.0 0.5 0.71 30° 0.5 1.0 3.17136654
1.0 0.5 1.0 0.71 30° 0.5 1.0 3.26554821
1.0 0.5 0.5 7.00 30° 0.5 1.0 3.19244783
1.0 0.5 0.5 0.71 45° 0.5 1.0 3.20477853
1.0 0.5 0.5 0.71 30° 1.0 1.0 3.25933461
1.0 0.5 0.5 0.71 30° 0.5 2.0 3.27631428
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6. CONCLUSIONS:

The

problem of influence of heat absorption on free convective of a

magnetohydrodynamic Jeffrey fluid flow and over a vertically inclined plate in the
presence of heat and mass transfer has been analyzed. The fundamental coupled
partial differential equations were solved by applying finite difference method. The
numerical results were obtained and compared with previously reported cases
available in the literature and they were found to be in good agreement. Graphical
results for various parametric conditions were presented and discussed for different
values. From the present calculations, we may arrive at the following conclusions.

1. The magnetic field parameter retards the velocity of the flow field at all points,

due to the magnetic pull of the Lorentz force acting on the flow field.

2. An increase in Prandtl number leads to an decrease of both velocity and

temperature profiles.

3. An increase in the Grashof number for heat and mass transfer leads to an

increase in the velocity profiles.

4. Velocity profiles as well as the concentration profiles decreases with an increase

in the Schmidt number.

5. Both the velocity and temperature profiles decrease with an increase in the heat

absorption.

6. Velocity profiles increases with an increase in Jeffrey fluid parameter while it

decreases with an increase in Angle of inclination parameter.

7. The skin-friction coefficient increases for rising values of Grashof number for

heat and mass transfer, Jeffrey fluid parameter and time.

8. In the absence of Jeffrey fluid and Angle of inclination observation of the

present study coincides with published work of Chamkha [27].
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