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Abstract

In this paper we propose a finite difference scheme for temporal discretization
of the time-fractional thermistor problem, which is obtained from the so-called
thermistor problem by replacing the first-order time derivative with a fractional
derivative of order o (0 < o < 1). An existence result is established for the semi-
discrete problem. Stability and error analysis are then provided, showing that the
temporal accuracy is of order 2 — a.
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1 Introduction

Thermistor is a generic name for a device made from materials whose electrical conduc-
tivity is highly dependently on temperature. The thermistor problem consists of a system
of nonlinear parabolic-elliptic partial differential equations with quadratic growth in the
gradient and with appropriate boundary conditions,

‘?)_1; — Au=o(w)|Vel? inQx (0,7), (1.1)

div(o(u)Ve) =0 inQ x (0,7), (1.2)
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which model the coupling of the thermistor to its surroundings. To complete the model,
we prescribe the boundary conditions and the initial condition for the temperature:

ou

a—:Ooru:O, on 92 x (0,7),
n
=@y ondQx(0,T), (-

u(z,0) = ug(x) in€Q,

where 2 C R"(n > 1) is a bounded open domain with Lipschitz boundary, u(x) is
the temperature inside the conductor, () is the electrical potential, and o (u) is the
temperature dependent electrical conductivity. Here n denotes the outward unit normal

and — = n - V is the normal derivative on 0€2. The first equation describes the

diffusign of heat in the presence of Joule effect due to the electrical current, while the
second equation represents the conservation of electrical charges [6,8,17]. Joule heating
is generated by the resistance of materials to electrical current and is present in any
electrical conductor operating at normal temperatures. The advantages of thermistors as
temperatures measurement devices include their low cost, high resolution, and flexibility
in size and shape. For their concrete applications we refer the interested reader to [11,
14].

Theoretical analysis of both steady-state and time dependent thermistor equations,
with various aspects and with different types of boundary and initial conditions, has
received a lot of interest. For existence of weak solutions, uniqueness and related reg-
ularity results in several settings with different assumptions on the coefficients, we can
see [2,18,19]. Existence of weak solutions to the stationary problem of (1.1)—(1.2) with
Dirichlet boundary conditions was proven in [4]. Cimatti [5] was the first to consider
the time dependent case in two dimensions. In [17], the problem without restrictions
on the space dimension was considered. Asymptotic results for (1.1)—(1.2) were estab-
lished in [6]. Optimal control problem for the time-dependent thermistor problem can
be found in [12], where the source is taken to be the control. A result on optimal control
of the thermistor problem for the steady-state case can be found in [9], where a connec-
tive boundary coefficient is taken as the control. Recently, [20] was concerned with the
optimal control problem of the nonlocal thermistor problem.

In recent years, it has been shown that fractional differential equations can be used
successfully to model many phenomena in various fields, such as fluid mechanics, vis-
coelasticity, chemistry and engineering [1,10, 15, 16]. In [19], existence and uniqueness
of a positive solution to a generalized nonlocal thermistor problem with fractional-order
derivatives was proved. Our aim here is to study the time fractional thermistor system.
We are not aware of any similar result, and we believe that this work provides the first
results on the time-dependent thermistor problem with fractional order derivatives.

The outline of the paper is as follows. In Section 2 we formulate the fractional prob-
lem, and we specify the hypotheses under consideration. In Section 3, a finite difference
scheme for the temporal discretization of the problem in consideration is given. We ob-
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tain existence of weak solutions to the discretized problem. In Section 4, stability results
are derived and error estimates are provided for the semi-discrete problem, showing that
the temporal accuracy is of order 2 — a.

2 Formulation and Statement of the Problem

We consider the following time-fractional thermistor problem, which is obtained from
(1.1)—(1.2) by replacing the first-order time derivative with a fractional derivative of
Caputo type:

o t
% — Au=o(u)|Ve]2 inQx(0,T),
div(o(u)Ve) =0 inQ x (0,7,
subject to the initial and boundary conditions (1.3) and where o, 0 < v < 1, is the order
0%u(z,t)
order « as defined in [7] and given by

0%u(w,t) 1 /t ou(z,s) ds
ot T'(l—-a))y, 0s (t—s)

2.1)

of the time-fractional derivative, denotes the Caputo fractional derivative of

O<ac<l.

Problem (2.1) covers (1.1)—(1.2) and extends it to more general cases. When o = 1,
the system (2.1) is the classical parabolic-elliptic thermistor problem. In fact the time
derivative of integer order in (1.1)—(1.2) can be obtained by taking the limit & — 1
in (2.1). The case a = 0 corresponds to the steady state thermistor problem. In the
case 0 < a < 1, the Caputo fractional derivative depends on and uses the information
of the solutions at all previous time levels (non-Markovian process). In this case the
physical interpretation of fractional derivative is that it represents a degree of memory
in the diffusing material [21].

In the analysis of the numerical method, we will assume that problem (2.1) has a
unique and sufficiently smooth solution, which can be established by assuming more
hypotheses and regularity on the data (see [2,20]). We need the following assumptions:

(H1) o(-) is a continuous function such that there exists o5 > 0y > 0 such that 0 <
o1 <o(-) < os.

(H2) g, o € WH(Q) N C(Q).
(H3) o(-) is a continuous Lipschitzian function.

We define some functional spaces endowed with standard norms and inner products that
will be used hereafter:

dFv

H™(Q) = {v € L*(9), "

€ L*(Q) for all positive integers k < m} ,
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HY(Q) = {v e H\(Q),0/09 = 0}.

The inner product of L*(12) is defined by

(u,v) :/qudx.

The norm || - ||,,, of the space H™(£2) is defined by

1
m dk’U 2
\MW:(ZNEﬂﬁ
k=0

It can be shown that the quantity
2\ 2
, (2.2)
2

where « is given below, defines a norm on H'((2) that is equivalent to the || - || H(Q)
norm (see, e.g., [3,22]).

du

_ 2
IMh—me+% -

3 Time Discretization: A Finite Difference Scheme

We introduce a finite difference approximation to discretize the time-fractional deriva-

T
tive. Let 0 = — be the length of each time step, for some large N, t, = ko, k =
0,1,..., N. We use the following formulation: forall0 <k < N — 1,

k

0%u(x,t) 1 /tj“ Ju(zx, s) ds

o T(l—a) =), 95 (tps —5)°

j=0

(3.1

k )
! 3 u(@, tj) —u(,t)) /tﬂ+1 _ds rht
I~ a) & 5 A p—

where r§*! is the truncation error. It can be seen from [13] that the trunction error

verifies

ritt < et 3.2)
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where ¢, is a constant depending only on u. On the other hand, by a change of variables,
we have

1 iu(m,tﬁl) —u(x,t;) /tj”rl ds
I(1-a)4 0 o ( °
7=0

;o (ke —s)

1
Il —«)

u(x, tj+1) — u(xv tj) /tk“i @
o

tOé

M-

<
Il
o

tie—j

w(x, tpr1—j) — w(x, tp—)) /tj“ dt

1
Il —«)

-

0 J

<
= |

1 w(x, tpr1—j) — w(x, tp—)) (

la
r2-a) & 5 j+ 1) s

<
o

Let us denote b; = (j +1)'"* — j'7* j = 0,1, ...k, and define the discrete fractional
differential operator L;" by

t th_i
Lou(z, tpsr) = 2_@ Zb (z, k—l—lj (%ka)'

Then (3.1) becomes
O*u(, ty1)
ot

Using this approximation, we arrive to the following finite difference scheme to (1.1)-
(1.2):fork=1,...,N —1,

L?ukJrl(:L‘) . AukJrl — U(ukJrl)‘VngJrl‘Z in Q,
div(o(u" ™) V™) =0 inQ,

= Lou(w, tyyq) + it

(3.3)

k+1 (l’) k+1(

where u and """ () are approximations to u(z,tx41) and p(z,tx41), respec-
tively. The scheme (3.3) can be reformulated to the form

bou T —T'(2 — a)§* Auft?

k
= bou* — Z b {uFT T —uF Y T2 — )% (uF ) [Vt

k—1
3.4
= 3 b 3 bt 412 - o OO
Jj=0 j=1

= bou" +Z by )ub T + T(2 — ) 6% (uh )| Viph 1 2,
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div(o(u" ™) V*) = 0. (3.5)
To complete the semi-discrete problem, we consider the boundary conditions
auk—i-l

_ k41 _
o = 0, oru""" =0 on 02, (3.6)

P =y ondQ,

and the initial condition u° = u,. Note that

b >0, j=0,1,.. .k

1=0g>by>...>0by,bp > 0ask — oo,
k-1 (3.7)

bjv1) + b1 = (1 —=by) + Z —bjp1) +bp =1

]:1 :

M»

If we set
ap =T'(2 — a)d”,

then (3.4) can be rewritten in the form
k—1
Pt — g AuFT = (1-b))u” Z(bj—bj+1)uk_j+bku0+aoa(uk+1)|Vgpk+1|2 (3.8)
j=1

for all £ > 1. When k& = 0, scheme (3.4) reads
u' — apAu' = u’ + apo(u)| V! 2.
When k = 1, scheme (3.4) becomes
2

u? — apAu? = (1 — by)u' + by’ + o (u?)|Vp?)?.

We define the error term "1 by

O‘ t
P = o7y {‘8 U(gt’a ki) — Liu(z, tk+1)} :

Then we get from (3.2) that
PP = T(2 — )§*ritt] < 6% 3.9

3.1 Ecxistence: The Semi-discrete Scheme

One of the interesting points of the problem is the quadratic term |V|*. Since two
is a critical exponent, this term creates a difficulty and makes the usual compactness
arguments to fail, which makes the necessary estimates on the time discretized sequence
of solutions, stability results and error analysis technical and somehow delicate. We are
able to overcome this difficulty thanks to the following lemma.
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Lemma 3.1. Letu € L'(Q) and o — ¢y € Hy(S2). If the pair (u, o) satisfies
/Qa(u)Vgo Vi dr =0 forally € Hy(S),
then Vv € H'(2) N L>(Q)
/Qa(u)\V<p]2v dr = /Q(goo —@)o(u)Ve.Vudr + /Q (o(u)Ve - Vo) vdr. (3.10)

Moreover, p € H'(Q) N L>®(Q), and the following estimates hold:

[l Loy < sup [eol, (3.11)
eI

1
0' 5
HVMhé(f)IWmM- G.12)

Proof. Equation (3.10) follows by choosing 1 = (¢ — pg)v,v € C*(Q) as the test
function. The estimate (3.11) comes from the weak maximum principle [17]. On the
other hand, (3.12) is obtained by choosing ¢ = ¢ — @y € H; (). By the Cauchy-
Schwartz inequality,

01/ \V@]deg/a(uﬂch]Qdm
0 0

<

/ o(u)VeVpdx
Q

Sag/ (Vol|Voldx
Q

< 02| Veoll2l| Vipolf2-

Then,
oo\ 2
Ivell < (22) 190l
01
This concludes the proof. 0
Definition 3.2. We say that a couple (v, ©*) is a weak solution of (3.3) if
(W vy + ao/ VuF Vo dr
0
= (f*,v) + a0/ o (U YV IV pgv da (3.13)
Q

- ao/ o (U™ (PP — ) VP Vo dz,  forallv € V N CY(Q),
Q
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and

/ o(uFTYVF VY dr =0,  forally € Hy(Q), (3.14)
Q

k—1
where f* = (1 — by)u” + Z(bj — b )uF I 4 b

j=1

At each time step we solve a discretized fractional thermistor problem.

Theorem 3.3. If hypotheses (HI)—(H2) are satisfied, then there exists at least a weak
solution (u*, %) of (3.4)—(3.5) such that

ub e HY(Q), oF € HY(Q) N L>®(Q).

Before beginning the proof of Theorem 3.3, we proceed with the derivation of a
priori estimates. From now on we denote by c a generic constant, which may not be the
same at different occurrences.

3.2 A Priori Estimates
We search a priori estimates for solutions.

Lemma 3.4. One has
" M o) < ¢,

where c is a positive constant independent of k.

Proof. We prove this result by recurrence. When k = 0, we have for v € H; () that

/ulvdx—f—ao/Vu1Vvdx:/u0vdx+oz0/0(u1)|Vg01|2vdx.
Q Q Q Q

Note that u® € L>®(Q) C L*(Q), 0y € W'*(Q) and by Lemma 3.1 we have ¢* €
HY(Q)N L>®(Q) V k > 1. Taking v = u" and using Lemma 3.1,

HungjLonHVulH%:/Quouldx—i—ozg/Qa(ul)\Vgpl\Quldx
< ||u1||2||u0||2Jrao/(@o—SOI)U(UI)VQDI.Vuldx
Q

—l—ozo/a(ul)Vgpl.V(pouldx
0

< cllullla + e Ve [ol| V' |2 + +c[[ Vo' [l2]lu' |2
< cllullls + ¢ Ve[| + cllu |5
< cllu'llz + ¢ Va5

1 Q
< Sl + e+ IVl +c
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Then,

13 + o V' [l5 < c.
Hence, since the standard H'-norm and the norm || - ||, defined by (2.2) are equivalent,
we have

||u1||H1(Q) <ec.

Suppose now that we have
[/ ||y <e G=1,2,....k,

and prove that [|[u**!|| ;1) < c. Multiplying (3.8) by v = u**, and using the fact that
f* € H'(2), we obtain

ukJrng—i-OzOHVukJrlH%:/fkuk+ldx+040/O<uk+1)‘vwk+l|2uk+1dl‘
Q Q
< ¥l )2 + 040/(900 — "o (WY VT Ve de
Q

+ Ozo/((j(ulﬁrl)Vgolwrl - Vo) uda
Q

< CHuk+1H2 +CHV90k+1H2HVUk+1H2 +CHVS0]€+1H2HU]€+1H2
< cl[u |z + e Vur o + e ut

< cf[u* Mz + ¢ VUt
1 Q
< Sl 4 e+ 70HVU'““H§ +c.
Then,
[ 13 + aol[ Va3 < ¢

and therefore
|’uk+1HH1(Q) § C.

This concludes the proof. [

3.3 Proof of Theorem 3.3

The proof uses Schauder’s fixed point theorem. We construct an appropriate mapping
whose fixed points will be solutions to (3.13)—(3.14). Let z € H'(2) and let "' be
the unique solution of

/ o(2)VE IV de =0 forally € Hi(Q).
Q
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Recall that by Lemma 3.1 we have ™' € L™(Q) and ||¢""!|| 1) < ¢, independent
of z. For the sake of simplicity, let us define the functional F’ f c H'(Q) by

k—1
(FFv) = (1=by) (¥, 0)+ > (b —bjwt) (@7 0) +br(u”, 0) + g (0(2) [V v) .
j=1
For the special £ = 0, we have
(F7,v) = (u°,v) + ag (0(2)|Vi]?,v) .
When k£ =1,
(F},v) = (1= b1)(u',0) + b1(u’,v) + o0 (2) V2], v).

We show that F” is well defined. Indeed, by Lemma 3.1, we easily show that there
exists a constant ¢ > 0, independent of z and k, such that

IFF o) < e, Vz € H'Y(Q).

Then we define the operator A : H*(Q) — H'(2) as follows: Az = w, = u* ™ if w, is
the unique solution in H*(Q) of

/wzv + aO/ Vw,Vodr = (FF v). (3.15)
Q Q

Similarly, there exists a constant ¢ > 0, independent of z and k, such that
1Az i) = Jw:llm@) < e Vz € HY(R). (3.16)

Then the operator A is also well defined. In order to prove that A has a fixed point w,
in the ball B, of center 0 and radius ¢ in H'($2) defined by

B.={z € H'(Q); |z|lm@ < c},

for ¢ large enough, it remains to prove that the operator A is continuous in the weak
topology of H'(€2). Then it is sufficient to show that

z — F¥ is weakly continuous from B, to H () (3.17)

and
F¥ — w, is weakly continuous from H~*(Q) to B.. (3.18)

To proceed with the proof of (3.17), we assume that

(2,) C B.and z, — z weakly in H'(0).
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Since B. is bounded, there exists a2 < p < N > 2, such that

2N
N -2’
zp, — z strongly in LP(Q2) (3.19)

on a subsequence. By Lemma 3.1, we have that (¢%™") is bounded in H'((2) indepen-
dently of z. Then, for a subsequence of (z,), we have

2N
EE — OF T in HY(Q) and T — oF T in LP(Q),2 < p < N5

(N >2).

(3.20)
On the other hand, since ¢ is continuous and bounded, it follows from (3.19) a subse-
quence (z,, ) such that

0(2p;) — o(z) strongly in L?(£2),Vp > 1. (3.21)

Passing to the limit as 7 — oo in
/ (20, )V +1w dr =0 forallyy € CH(Q)N Hy(Q),
Q
and using (3.20)—(3.21), it follows that

/ o(2)V"Vy de =0 forally € HE ().
Q

Since " is unique, we conclude that
Pt =gt
This implies that
z — "1 is weakly continuous from H*(Q) to H*(Q).
To prove (3.18), it is sufficient to show that i — F¥ weakly in H~'(2). Forv €
C'(2) N H'(2), we have

(FF v) :/a(zn)(gog go’j:l)Vgo’Z“:l-Vvdx—l—/a(zn)Vgo’;jfl-Vgpovda:
Q Q

k—1
+ (1= 0) + ) (b — b)) (W 0) + by (u°,0)
7j=1

Using again (3.20)—(3.21), we may pass to the limit as n — oo and obtain

lim (FF — FF.v) =0,Yv € C'(Q) N H'().

n—oo
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It follows from the boundedness of F* and the density of C'(2) N H' () in H'(Q)
that

Ff — FFin H ().
We have from (3.16) and the weak compactness of B, in H* () that
Az, = w, in H'(Q),

which proves the continuity of A. Then
/wzvdx + 040/ Vw,Vudr = (FF v), Yve HY(Q).
Q Q

By the unique solvability of (3.15), we obtain that Az = w, = u**'. This ends the
proof. We point out that uniqueness can be shown by strengthening the hypotheses on
the data (see, e.g., [2,20]).

In the next section we prove a stability result and obtain some error estimates.

4 Stability and Error Analysis

The weak formulation of equation (3.8) is, Yk > 1 and v € H'(2),

(T, v) + ag(—Aurt )
k—1
= (1=b) (¥, 0) + > (b; = b)) (W7, 0) + be(u’, 0) + ag (o (uF )| VF 2, 0)
"~ 4.1)
We have the following unconditionally stability result.

Theorem 4.1. The semi-discretized problem (3.13)—(3.14) is stable, in the sense that
for all § > 0 the following inequality holds:

I @) < 12+ c.
Proof. We prove the result by recurrence. When k = 0, we have for v € H'(Q) that
(u',v) + ag(—Aut,v) = (u’,v) + ag (a(u")|Ve'[?, ).

In other terms,

/ulvdx+ao/Vu1Vvd:v:/uovdx+a0/a(u1)|V4pl|dex. 4.2)
0 Q Q Q
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Taking v = u!in (4.2), and using Lemma 3.1, we have

ozo/ o(uh) |V [Pu'dx
Q

= ao/(gpo — o (V' Vu'dr + Oé[)/ o(u")\ V' Vpou'do
0

Q
< cllgo = M Ve 2l Vet [l + el Veollool Vo [l 12
< || Va2 + el 2

< c|ut |0

We also have
/Quouldl“ < [le®llallullz < fla®ll2flut(lo < [la®fl2flut | g
We then obtain by (2.2) and (4.2) that
! ey < el + ) el (43)
Dividing both sides of the above inequality (4.3) by |u' || 1 (q), we get
lut [0y < Ilulll2 +c.

Suppose now that we have

lw |y < Nz +e, j=1,2,...,k, (4.4)
and prove that ||u* || g1(q) < [|u°||2 + c. Choosing v = u**" in (4.1), we obtain

(uk—i-l k—H)—i—Oé( Auk—i—l k—i—l)
-1

(1—61 k7 k+1 +Z b _ij k_j,uk+1)+bk(uo,uk+1)
7j=1

+ o (a(uk+1)|Vg0k+1|2,uk+1) )
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Then, using the recurrence hypothesis (4.4), we obtain
k—1
e 1y < (U= b0)l[u¥(lallut la + (b5 = by [l a5
j=1
+ by [l [lol[u" 2 + g (o () [V, o)

< {<1 b3y — by + bk} (llls + ) 1+

j=1
+ ( (u k+1)‘v(pk+1|2 k+1)

{ (1=5) +Z *bk} (a2 + €) 1+ 20y

+ o (0_<uk+1)|vg0k+1|2’uk+1)
< (HUOHQ ‘|‘C) ”uk—l—l“Hl(Q) + ap (U(uk+1)|Vg0k+1|2,uk+1),

k—1
since (1 — by) + Z bj11) + by, = 1. Similarly to the case & = 0, we have
7j=1

/U(uk+1)|v<pk+1|2uk+ldx — /(()00 _ g0k+1)0(uk+1)v<pk+1Vuk+1d:r
Q Q

+/U(uk+1)Vg0k+1V90ouk+ldx
Q
S CHukJrlHHl(Q).

Then,
[ ey < (|2 + e

This concludes the proof. [

We have the following error analysis for the solution of the semi-discretized problem
(3.13)-(3.14).

Theorem 4.2. Let u be the exact solution of (2.1), (v’); be the time-discrete solution
of problem (3.13) with the initial condition u’(x) = u(z,0). If we suppose further to
hypotheses (H1)—(H3) that

(H4) Vu(z,tii1), Vo(z,tiyr) for ¢ > max(N,2),
then we have the following error estimates:

(a) Ju(ty) — v ||m@) < cual®6 % j=1,...,N, where 0 < a < 1 and

with ¢, a constant depending on u.
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(b) when a — 1,
Ju(t;) — UJHHl(Q) <716, j=1,...,N.

Proof. Let ¢¥ = u(x,t;,) — u¥(z) be the difference between the exact solution of (2.1)
and u”, the time-discrete solution of (3.13). Obviously, e’ = 0.

(a) We will prove the result by induction. We begin with 0 < o < 1. For j = 1, by
gathering (2.1) and (3.13), the error equation reads:

(e*w) +0z0/ Ve!'Vodx
Q

= (60>U) + <T17 U) + ao(a(u(x,tg))|V<p(x,t2)|2,v) - ao(a(uz)]ngﬁ v
= (r',v) + ag (a(u(x,tg))|Vg0(x,t2)|2, U) — ay (0(u2)|V902|2,v) .

Choosing v = ¢! in the above equation, it yields that

le!]l2 + aoll Ve 13 < [l [l2lle -

+ ap (J(u(a:,tg))|Vg0(x,t2)|2 —o(u?)|V??, 62) . (4.5)
To continue the proof, we shall need the following lemma.

Lemma 4.3. Let (u;, p;), i = 1,2, be two weak solutions of (1.1)—(1.2). Assume
that (H1)—(H4) hold. Then,

1
o(u)[Vipr* — o) [Vepal* < (e + ceo)[wllfn o) + 51 Vwll3,

where w = uy — us and €, ¢, c. are positive constants.

Proof. Set w = u; — uy and @ = @] — . It is easy to see that o(u)|Vp|* =
div(o(u)pV) (see [2,17]). Then, we have

o (u1)|Vr[* = o (ug)|[ Vol
= div (o(u1)p1 V1) — div (o(uz)p2Vier)

= div (0 (u1)p1 Vi1 — o (u2)p2Vipa)
=div ((o(u1) — o(u2))p1 V1 + o(uz) (o1 — 02) Vi 4 o(uz)p2(Ver — Va))
= div ((o(u1) — o(u2))p1 V1 + o (u2) Vi1 + o(u2)p2Vep) .

If we multiply by w and integrate over 2, we get

(div (o (u1)p1 V1) — div (o (ug)p2Vs) ,w) < I + I + I, (4.6)
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where

L =- /Q(U(Ul) — 0 (uz))p1 Ve - Vwdz,
I3 = — /Q o(uz)pa Ve - Vwdz.
Using (H3), since ¢ and the ;’s are bounded, we obtain by Holder’s inequality
|| < C/Q [Verl[Vwllwlds < e[ Ve |l[ Vwla][w] 24 ,
Bl < [ IeliVallTulde < Vel Vullel 2,
|Is] < C/Q |02l [Vl [Vwldz < ¢|[ Vel V]2

Since ¢ > N from the Sobolev imbedding theorem, we have
|Ia| < e[ Verllg|Vwll2l[ Vel
Note that from the equation satisfied by ¢, (o we have
0 = div (0 (u2)Vipa) = div (0(u2)V(p2 — 1)) + div ((o(uz) — o(u1)) V1) -

Then,
div(o(uz)Ve) = div ((o(u1) — o(uz)) V1) .

If we multiply by ¢ and integrate on 2, we get

|Vl < / o(u) | Vo d = / (0(ur) — 0(12))Vipr - Vgt

Q

Using again Holder’s inequality and (H 3), we obtain

IVell3 < C/Q ][V [[Velldz < c[Voullo[Vellalwl] 2o

Thus,
IVella < el Verllgllwll 2o -

From (4.6) we have

o ()| Vi = o) Vieal?
< IVl Vwllz ]l 2, + IV 21V lallew]l 2 } -



Finite Difference Method for the Time-Fractional Thermistor Problem 93

A use of Young’s inequality in the right-hand side of the above inequality allows
us to obtain

(0(u)|Ver|* = aus) Vol w) < e {IVerll; + I Verllg} ||7~U||izfq2 + %HVUJH%
Applying Gagliardo’s inequality [2],
e, < ol (ol + IVwl3)?
and Young’s inequality, we obtain
(0(w)[Vr|* = o (ug) | Vip|*, w)
<AVl + 193wl * - (el + IVw]3)

n
q

1
+ 5wl

2q

= = 1
< e (lwlz +1IVwl3) + c. {HV%Hé +Verld } w3 + 51Vl
1
< (e 4 cce) (lwllz + [IVwllz) + S Vwllz

1
= (e + cc) [wlln ) + 51 Vellz,
This concludes the proof of Lemma 4.3. 0

Now, we continue the proof of Theorem 4.2. Using (4.5), it follows that
le*]13 + aolI Ve ll5 < [l [lzlle" |2 + aole + cco)lle Iz o) + %IIVelllﬁ-
Then, by (2.2), we have
le 7y < llrtllzlletll2 + aole + cc)lle! 7 q)-
It follows that
(1 = (e +cce))lle 7 ) < Irtllzlletllz < llrtlizlle’ L o)-

For a good choice of € and dividing both sides by ||e' || 1(o), and using (3.9) and
by = 1, we obtain

fu(t) = u'lly < by
Then point (a) is verified for j = 1. Suppose now we have proved (a) for all
k=1,...,7,and prove it also for k = j 4 1. Collecting (2.1) and (3.13), we have

(e, v) +ag (=LA v)

N

1

== b1)<€k>v) + (bj = bjt1) (ekfjav) + bk(eo,v) + (TkH,U)
=1

+ o (U(u(m, tir1))|Ve(z, tk+1)|2,v) — g (0<uk+1)|v<pk+1|27 v) .

4.7)
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Taking v = ! in (4.7), then

” k—i—ng_l_a Hvek—HH%
< (1= bo)lle* 2l +Z bic) €72l 2 + bille®ll el

2l ot (o (u (x, thrl)) Vo(, tryr)]? — o (u) [V 2 e
By Lemma 4.3,
o (0 (u(, 1) [Veola, ) [* — o ()T, k1)
«
< ag(e + ceo) | [T + 70HV6’“+1|!3-
—1

Using the induction assumption and the fact that _Ll < 1 for a positive integer

k+1
k, we have

€™ 113 + [ Ver 13

k—1
{(1_b1 bk11+2 j+1 k —j— 1}Cu52’|€k+1H
7j=1

(0%
+ ao(e + cc) [l ) + 5 (193

k—1
{1—61 + ) (b — b +bk}cubk1152\|ek+1‘| "
7j=1

Qo
+ ag(e + e[| 3 o) + 7HV6’“+1H§-
We then have

[€54113 + ol Ve 3 < cubic e oy + ol + cca)lle 3 g
k—1
since (1 — by) + Z bjt1) + by, = 1. Then,
7j=1

e H () < cub 2107 1€" ) + aole + ceo) e Iz o)
Therefore,
(1 — (e + ce)) e i) < cub 2y %1€ |2
For a suitable choice of € and dividing both sides by ||e"|| g1 (q), we get

||€k+1 ||H1(Q) S Cub];,ll(SQ'



Finite Difference Method for the Time-Fractional Thermistor Problem 95

One can show easily that

1
kbt < — k=1,...,N.

Hence we have, for all k£ such that k6 < T, that

lu(ti) — wllsey < cubphid? = kbt ko0

<cu1

1
k)5
(k)
C
< u T 2—04‘
T 11—« d

(b) We are now interested in the case a — 1. We will derive again the following
estimation by induction:

u(t;) — | < c,jd®, j=1,2,...,N. (4.8)
The above inequality is obvious for j = 1. Suppose now that (4.8) holds for all
J =1,2,...,k and we need to prove that it holds also for j = k£ + 1. Similarly

to the previous case, by combining (2.1) and (3.13) and taking v = ¢**1 as a test
function, we derive

113 + ol Ve 13
< (1= by)l€"]l2 ||6k“||2+z bira) 1€ lalle" 2
+ il €2l € |2 + IIT’““II ||€'““||2+ao(€+cca)||6’““||m<m
{(1—191 )(cukd?) +ki bj1)( k—j)52)+cu52}lle’““llz
=1
+%@+%N6ij

j 1 2 k+1
< 1— —I—E —_— +1
< {( bl J+1 k—l—l +k+1}cu(k )6 He H2

+ ap(e + cc5)||ek+ | £

k—1
1
(1—by) +Zb — 1) — (1=0y)
{ o k+1

k-1 .
J+1 1
- 2 (b; — bj+1)k—+1 + k—H}C“(k +1)0%[|e"

1
+ ap(e + cca)||ek+1||H1(Q)
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Note that
k—1
j +1
1—b) b
( 1) +]Z1 bji1) 1l + bk
1 ol 1
Z U =b)+ ]Zl(bj —bj) H o} =

Then,

(1= aoe + cco))lle" I q

k—
{ (1—1by)+ Z b +bk}cu(k:+1)52||ek+1HH1(Q)
— Cu(k + 1)52H€k+1HH1(Q)

and it follows, for an € well chosen such that 1 —ag(e+cc.) > 0 and after dividing
by ||| 1 (), that [|e" ]| i) < cu(k + 1)8%. The estimate (b) is proved.

The proof is complete. ]
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