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Abstract

In the present study, we have proposed a generalized class of double sampling
estimators using auxiliary information in both the form variable and attribute.
The bias and mean square error of proposed generalized class is obtained has
been shown that it attains minimum value under some optimum conditions. It
has been shown that many of the well-known double sampling estimators are
the member of the proposed class. Also the Bias and MSE table of some
proposed estimators is given in the last.
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INTRODUCTION
Consider the following notations
Y = Study variable
X = Auxiliary variable
¢ = Auxiliary attribute
N = Size of population
Y =

N
%ZYi = Population mean of study variable
i=1
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_ N
X ==>3" X, = Population mean of auxiliary variable
i=1

L
N

N
P= iZﬂ = Population mean of auxiliary attribute
i=1

N
S? = %Z(Yi —Y)? = Population variance of study variable
i=1

N —_—
S = iZ(Xi — X)? =Population variance of auxiliary variable
i=1

N
S, = %Zl:(qi, —P)? =Population variance of auxiliary attribute

If the information about the auxiliary variable and attribute is not known then in
double sampling scheme these auxiliary characteristics are replaced by the
corresponding sample values comes from the large preliminary simple random sample
of size n’drawn without replacement from a population of size N in the first phase.
Also the characteristic of interest Y and the auxiliary characteristic X and ¢ are

observed on the second phase sample of size n drawn from the first phase sample by
simple random sample without replacement.

Let

o 5 , 1
X="— p'==3% ¢
n =

n o’
be the sample mean of auxiliary variable and attribute respectively based on the first
phase sample of size n’. Also denote the following sample information as

y= 1ZYi = Sample mean of study variable, X = EZ X, = Sample mean of auxiliary
Nz i=1
variable

p= EZqﬁ, = Sample mean of auxiliary attribute
n

i=1

With this available information we propose a class of estimators for mean value of
study variable Y as

Y, = 9(X, p) (1.1)
Where g(X, p) is the function of x and psuch that
() gx,p)=1
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(i) The function g(X, p) is continuous and bounded in the closed interval R of
real line.

(iif) The first and second order partial derivatives of the function g(X, p) are exist
and are continuous and bounded in R.

It is to be mentioned that proposed class of estimators is very large. Consider the
following member of this class

1. Following Olkin(1958)

V- v{a(z} 1-a) [Bﬂ
X p

2. Following Singh (1967)

e o(E)o-of2)
X p

3. Following Shukla (1966) and john (1969)
G _ Y(QTJF (l-a) p'j

’ aX+@1-a)p

4. Following Sahai et al (1980)
o [ aXx+(1-a)p
e

aX' +(l-a)p’

5. Following Mohanty and Pattanaik (1984)

N N\la
Y_g‘5>=7(éj (ﬂj
x)p

6. Following Mohanty and Pattanaik (1984)

A v{a(i} (1—a)(£,ﬂ
X p

7. Following Tuteja and Bahl (1991)

—\a l-a
(22
X P

8. Following Tuteja and Bahl (1991)

VO v{a@'} (1_05)(3’]}
X P
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9. Following Naik and Gupta (1996) and Abu Dayyeh (2003) proposed Ratio type
estimator by us[2012]

Yig(g) _ y(éjaﬂ (ﬂrJaz
X p

10. Following Sahai and Ray (1980)

AT

11. Following Walsh (1970)

Y _y X P

o W a®@0) (0 ra(p-p))
12.  Following Srivastava (1971)

\79(12) =yexp [al log é +a, log £’j
X p
13. Following Srivastava (1971)

\?9(13’ =yexp {051 (§ —1) +a, [3, —1)}
X p

14.  Following Srivastava (1971)

?g(l“) = V{a exp(ﬁ log é) +(1-a)exp (—92 log ﬂ'ﬂ
a X l-« p

15.  Proposed Estimator by us in our paper

n 7 _ v\ ' %2
Y09 = V{exp(f, fj} {exp(u} (1.2)
X + X P +p

Many such estimators utilizing the information in both the forms auxiliary variable
and attribute can be constructed as the member of this class.

BIAS AND MSE OF THE PROPOSED GENERALIZED CLASS OF DOUBLE
SAMPLING ESTIMATORS

To obtain the bias of the proposed class of estimators, we further assume that the third
order partial derivatives of g(X, p) exist and are bounded and continues. Then taking

Taylor’s expansion about the point (X', p’) up to third order terms, we get
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(X, p)+= {(x X)0: (X, p)+(p—p)g, (X, p)}
i sl (x- x)gxx( ) +2(X=X)(p - p))0y (X, )
2' +(p—p')*g,, (X, p)

1 {(x X)* Gy (X, P") +3(X = X)? (P = P) G (X, D)
BH[+3(X =X)(P = P) Gy (X", D)+ (P = ') Gy (X7, P") ||

(2.1)

whereX” =X'+6(X—X),p" =p'+0(p-p),0<f<land g (X, p'), g, (X, p") and
0.,. (X', p") are the first order, second order and third order partial derivatives of the

function g(X, p)at the point (X', p’) about a, a and b and a, b and c respectively in
general terms.

Now let us take
Y=Y +e,,X=X+e,p=P+e,, X=X +e/,p'=P+e,
with E(e,) = E(e,) = E(e,) = E(e}) = E(€;) =0 (2.2)

And the results given in Sukhatme and Sukhathhme (1997)
E(e;) = .57, E(e)) = f,S%  E(&;) = £, S5 E(e]) = f, S5 E(&)") = ,;S¢
E(ee) = .0 S, Sy E(e,8) = T, 0, S, Sy, E(68,) = f,.20S,Sp
E(ee:) = f12pS:Sp E(88,) = T,0405¢Sp E(e1€;) = T2 54 Sp
E(e€;) = f xS« Sp  E(el8)) = T 04054 Sp

1 1

where f, _(E—W) (2.3)

Substituting the values from (2.2) in (2.1) and neglecting the terms of e, 's(i=0,1,2)
having powers greater than two, we get

1+11{(e —€) 9, (X, p)+ (e, —€,) 9, (%, p)

Tt (e.—€)" 95 (X', p) +2(ee, — €8, —eie, +€{6;) 0y, (X' ')
| 2+(e,-8) g, (X, D)

>

<
I
<

(2.4)

+‘:eo +%{eo (el —e{)gX(Y', p)+e, (ez _e.;_)gp(Tl p’)}}
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On taking expectation and substituting the results from (2.3), we get

¥ (£, = 1) [ S50 (X, D)+ 20,68, 8505, (X' D)
2 (#8509, (X p)

+(f, = ) (P Sy Sx 8 (X, D) + 2 Sy S50, (X, )

E(Yig)=\7+

Showing that \79 is a biased estimator of Y and its bias is given by
Bias(Y,) = E(Y,)-Y

Vi (s20 (v o . -
(S5 9 (X D) +2008, 80 05, (X' ) + 870, (X' 1)

Bias(?g) =
=B(say) (2.5

+fo (pr Sy 5495 (X, P) + £p S, Sp P (X, pl))

where f . =(f,—f,)= (% —%}

The mean square error (MSE) of \Tg is given by using (2.4)
MSE(Y,) = E(Y, —Y)?

— 2
=E[ e, +V{(6,—€) 9, (X, p) +(e,~€;) 9, (X, p)} |
(To the first order of approximation)

E(e,—€) g2(X,p)+E(e, &) g2(X, p') J

+2E(ee, —e€) —ee, +e6;)g, (X, p')g,(X, p’)

E(e§)+\72[
+2Y (E (8,8, —€,8]) 05 (X', p) + E (e58, —€,65) 9, (X, p'))
Substituting the results from (2.3), we get

S} 62(X, )+ SE03(Y, P)
+2 P45 Sp 85 (X', PG, (X, p')J
+2£,,Y (2x S¢S 8x (X, D)+ 2 Sy S5.9,, (X, )

~ | fSZ+f Y?
MSE(Y,) =

= fS2+f M (Say) (2.6)
where

M =V?(S307(X, p)+ 5205 (X', P') +2055x S50, (X', PG, (X, P))

27 ( Sy S 05 (K, P) + S, S0, (X, )
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This will be minimum when

Yo, (%, p) = A

Yg, (X', p

x ~ PvePxp) S_Y
(1- ;0>2<P)

p — P Pxp) S_Y
(1_10)2(P)

!) — (pY

@.7)

(2.8)

And its minimum value under the optimum values of the characteristic scalars is

given by

min MSE(Y,) = (f, - f,,R2,5)S?

BIAS AND MSE OF THE PROPOSED MEMBER OF THE CLASS

(2.9)

The bias and MSE of some proposed members of the class defined in equation (1.2)
are given in the following table

Table 3.1: Derivatives of g(X, p) of proposed members of the generalized class

Estimator | 9,(X’, p") | 9,(X, P) | 94(X,p) g,,(X', p) I (X, P)
Yl(l) _% - ,a) 3_025 2(1;05) 0
g X p X D
Yig(Z) % (1——,0() 0 0 0
X p
jo | @ | o | 20 20-a) | 200-a)
9 K K KZ K2 K2
L(4) ﬁ (1—0() 0 O 0
Yg K K
YL(S) o _ (1-a) a(a+1) l-a)(2-a) a(l-a)
[¢] 7! pl 72 p;z Tp’
§® _a (A-a) 20" 2(1-a)? 20(1-a)
g K' p' X—fZ p72 err
V) a (1-a) a(a-1) a(a-1) a(l-a)
[¢] Y' p! Y!Z prZ X’p'
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0 a (1-«a) 20(a—1) 20{(0{2—1) 20(1- )

[o] Y' p! X’Z p! X!p!
Yi(g) ay a, a, (0{1 -1) a, (0!2 _1) aa,

g X, pr X,z prZ Krp!
¥ 4 B O e 1 C ] %%,

g X_, pr Y’Z p;z Krp!
Yi(ll) (1-o) 1-a,) 20, (o, —1) 20, (e, 1) (1-a)l-a,)

g T pr 72 p!2 Y/pf
g a4 % | a@-) | %@l %%

g X, pr X,z prZ Krp!

a a a a? a? a,a
A ey ot “ 2 1“2

o] Y! p! 7;2 pr2 i’p'
w48 R a0

g X' X\« p\l-a
¥ 45) o _% ay(a, +2) a,(a, +2) o,

g ZY, 2 pl 4Y,2 4 pI2 47[:)'

Table 3.2: Bias of the proposed members of the generalized class
Estimator |Bias

Yi(l) f Y|aCl+(-a)Ci-q C, -(1-a)p,.C,C

: nn X P — O X \p P
Y@ | fY [@2xC,Cy +1-2)psC,C, ]

L( ) fnn'Y_
Y . [@°S} +(1-a)’S} +2a(1- @) pypSySp — 2P C, S K — (1= ) ppC, S,K |
v (4) f.
Y ?[ap\(x Sy Sx +(1_a)pYPSYSP]
Yig(5) f Y|a(@+)C; +(1-a)(2—a)Ci+2a(l-a)pywCyCp —2ap,,C,Cy

2 | -20-a)ppC/Cs
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Y_Ag(f’) f.Y [a2C>2< +(-a)’Cl +2a(l-a) ppC,Cp —ap, C,C, — (l—a)pYPCYCP}
V2 foY 2 2
Y, %[a(a ~1)CZ +a(a ~1)CZ +2a(1- @) pxsCy Cp + 295 C, Cy +2(1- @) ppC, C, |
Yig(g) fy [a(a -1)C; +a(a-1)C; +2a(l-a)p,.C,C, +ap, C,C, +(1-a)p:C,Cs ]
VA f.Y
Yg(g) n; [0‘1 (e =DC5 +a, (a4, ~DCF +204,0,0,6C Cpp + 2049 C, Cy +20,,C, Cy ]
7(10) fy
Yg 2 [al (1_ al)ci ta, (1_ az)Cg + Zalaszpcx CP - 2051pr CYCX - 2a2pYPCYCP :|
\fgm) f Y_[al(al ~1)C2? +a, (e, ~1)C2 + 2(e, —1)(c, —1) pxpcxcp}

" [ @ =D pxC/Cx — (@, ~1)pC\Cy
a2 | Y
Ys 2 ':al (o, ~C5 +a (@, ~DC; + 20,2, p4,C Cp +204,0, C, Cy +20,0C, C ]
gay | fY
Ys n; [alzc)z( +0;Cf +20,0,0,6C5 Cp +20,9,C,Cy + ZaszPCYCP]
van | f Y
Y n; |:6)1 (ﬂ _1j Ck +6, ( % _]J Cs +260,0,C,Cy +26,p,,C, CPj|

a l-a

o 2 2 2 2
Yg(ls) fnn'Y_|:a1 CTX+a2 %+a12 %+a22 %_Oﬁ pxycz:xCY —a, pPYCZ:PCY +aa, PxeCx CPi|

Table 3.3: MSE of the proposed members of the generalized class

Estimator | MSE
v V2l fC24tf {aZCf( +(1-a)?C2 +2a(l—a)poCXCP}
’ —20p,,C,Cy —2(1-a)p,C,C,
Yi(z) v2 fnCYZ it {aZCf( + (1—0{)2C§ +2a(l—a)pXPCXCP}
9 I +2ap,,C,C, +2(1-a)p,,C,C, |
YL(?») Lzz fCZ4+f {azsi +(1-a)’S; +2a(1_a)pxpsxsp}
’ K L —2ap C, Sy K -2(1- ) psC, Sp K
i 72( 2a2 22 B
Yig(4) iz fn53+ fnn' Y (_Ot SX +(1 a) SP+2a(1 a)pXPSXSP)
K +2Y (apy S, Sy +(1—a) ppS, Sp ) K
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V) V2| fczef a’Cl +(1-a)°Cy +2a(1-a) pxeCyCo
g —2ap,C,Cy —2(1-a)p:C,C,

5o Y—z o { &’C% +(1-)?C% + 2a(1- &) pyeCy c }
g —2ap,,C,Cy —2(1-a) p,sC,C;

YLU) Y_2 f CZ+ a’Cl +(1-a)’Cp +2a(1-a) pxCyCo
’ | +2ap,,C,C, +2(1—a)p,.C,C,

Yi(s) y2 fC2 £ a’Cl +(l-a)’Cl +2a(l-a)py,Cy C
’ +2ap,,C,Cy +2(1—a)p,.C,C,

Yi(g) Y—z f C2 f 0612C2 +0!22C2 + 20,0, 0,,C, C,,
’ +2a,p,,C,C, +2a,p,,C,C,

Yl(lo) Y_2 f C2 f {OllZCZ +a22C2 +2ala2pXPC C }

’ 20,9 C,Cy —20,p,,C,Cp,

yan | y? fC2 f {(0‘1 1)?Cx +(a, —1)°CE +2(eq —1)(e, —1) ppCy Coo H
9 2(a, -1 p, C,C, —2(cr, —1)pYPC C.

v 42) \72 fCZ4f C; +a;C +2a,,p,:C, Cs

’ +2a1pYXC C, +2a,p,,C,C,

v 43) Y_2 fC24f Ck +;Cp +22,2,,0C, Cs

’ +2a1pYXC C, +2a,p,,C,Cp

¥ (4) Y—z fCZ+ 67C% +6:C: +26,0,p,,C,C,

’ " |4+26,0,C,Cy +26,p,,.C,C,

v .Cx . .Cp C,C

Yg(lS) {fnc\f + fnn,{ A T+a2 T"’O‘laz Pxp 2x ® _p,,C,C, —at,p0,C,C, H

CONCLUSION

The above theoretical study establishes the importance of the proposed generalized
class of double sampling estimators due to its wider applicability and emphasizes its
superiority over the proposed generalized class of estimators in the sense of
unbiasedness. Also it attains minimum value of MSE under the optimum values of the
characterizing parameters.

min MSE(Y,") = f,(1— R? )S?.
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