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Abstract 
 

 The aim of this paper is to introduce the concepts of fuzzy 𝔅Ԑ-open sets in fuzzy 

topological spaces and devote to study its interrelations with other fuzzy sets with counter 

examples wherever necessary. In the light of this concept, fuzzy 𝔅Ԑ-continuous function is 

introduced and its interrelations with other types of fuzzy continuous functions are studied 

with counter examples wherever necessary. 
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1    INTRODUCTION 

Dealing with the uncertainties in  our  real  life  phenomena  has  been  a  critical  

one in recent years. Classical set theory was not suitable in such cases. After the 

introduction of a more suitable set theory named 'fuzzy sets' by Zadeh[1] to overcome the 

above difficulty much attention has been paid to generalize the basic concepts of  classical 

topology in fuzzy setting and thus  a  modern  theory  of  fuzzy  topology  has been 

developed. In recent years, fuzzy topology has been very useful in solving many practical 

problems. The very successful 9-intersection Egenhofer model [2,3] was fuzzified by Du 

et al. [4] in order to depict topological relations in geographic information systems (GIS) 

query. The notion of fuzzy sets naturally plays a very significant role in the study of fuzzy  

topology  which was  introduced by  Chang[5]  in 1968. The concept of fuzzy semi-closed 

sets and fuzzy pre-closed sets were introduced by  Azad[6] and Bin Shahna[7] 

respectively. The concept of fuzzy β-closed sets was introduced by G. 

Balasubramanian[8]. Pu and Liu[9] defined the notion of fuzzy boundary in fuzzy 

topological spaces in 1980. Amudhambigai, Uma and Roja[10] introduced exterior of a  

fuzzy set in smooth fuzzy topological  spaces. 
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 The aim of this paper is to introduce the concepts of fuzzy 𝔅Ԑ-open sets in fuzzy 

topological spaces and devote to study its interrelations with other fuzzy sets with counter 

examples wherever necessary. In the light of this concept, fuzzy 𝔅Ԑ-continuous function is 

introduced and its interrelations with other types of fuzzy continuous functions are studied  

with counter  examples wherever necessary. 

 

2    PRELIMINARIES 
 
Definition 2.1.  [1] Let X  be a non-empty  set and I be the unit  interval  [0, 1]. A 

fuzzy set in X is an element of the set I X   of all functions from X to I . 

Definition 2.2. [5] A fuzzy topology is a family τ of fuzzy sets in X which satisfies 

the  following conditions: 

(i) 0X, 1X  ∈ τ , 

(ii) if µ, γ ∈ τ , then µ ∧ γ ∈ τ , 

(iii) If µi ∈ τ for each i ∈ J, then ∨µi ∈ τ . 

τ is called a fuzzy topology on X and the ordered pair (X, τ) is called a fuzzy 

topological space (in short, FTS). Every member of τ is called a fuzzy open set. 

The complement of a fuzzy open set is called a fuzzy closed set. 

Notation 2.1. Let (X, τ) be a fuzzy topological space. Let λ ∈ IX  be any fuzzy set 

in (X, τ).  Then, the complement of λ is 𝜆′  = 1𝑋 − 𝜆.
 

 

Definition 2.3. [6] Let (X, τ) be a fuzzy topological space and λ ∈ IX be any fuzzy set 

in (X, τ).  Then the fuzzy closure of λ is denoted and defined as 

Fcl(λ) = ∧{µ ∈ IX : λ ≤   µ and µ is fuzzy closed}. 

Definition 2.4. [6] Let (X, τ) be a fuzzy topological space and λ ∈ IX be any fuzzy set 

in (X, τ).  Then the fuzzy interior of λ is denoted and defined as 

Fint(λ) = ∨{µ ∈ IX  : µ ≤ λ and µ is fuzzy open}. 

Definition 2.5. [6] Let (X, τ) be a fuzzy topological space and λ ∈ IX be any fuzzy set  

in  (X, τ ). Then  λ  is  said  to  be  a  fuzzy  semi-open  set  if  λ ≤ cl(int(λ)). The 

complement of a fuzzy semi-open set is fuzzy semi-closed. 

Definition 2.6. [7] Let (X, τ ) be a fuzzy topological space and λ∈  IX be any fuzzy set in 

(X, τ ).  Then λ is said to be a fuzzy pre-open set if λ ≤ int(cl(λ)).  The complement 

of a fuzzy pre-open set is fuzzy pre-closed. 
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Definition 2.7. [8] Let (X, τ ) be a fuzzy topological space and λ ∈ IX be any fuzzy set 

in (X, τ ). Then λ is said to be a fuzzy β-open set if λ ≤ cl(int(cl(λ))). The 

complement of a fuzzy β-open set is fuzzy β-closed. 

Definition 2.8. [6] Let (X, τ) be a fuzzy topological space. For a fuzzy set λ ∈ IX , the 

fuzzy semi-closure of  λ and the fuzzy semi-interior of  λ are defined respectively, as 

(i) scl(λ) = ∧ {µ ∈ IX : µ ≥ λ and µ is fuzzy semi-closed.} 

(ii) sint(λ) = ∨ {µ ∈ IX  : µ ≤ λ and µ is fuzzy semi-open.} 

Definition 2.9.[7] Let (X, τ) be a fuzzy topological space. For a fuzzy set λ ∈ IX , the 

fuzzy pre-closure of λ and the fuzzy pre-interior of λ are defined respectively,  as 

(i) pcl(λ) = ∧ {µ ∈ IX : µ ≥ λ and µ is fuzzy pre-closed.} 

(ii) pint(λ) = ∨ {µ ∈ IX  : µ ≤ λ and µ is fuzzy pre-open.} 

Definition 2.10.[8] Let (X, τ) be a fuzzy topological space. For a fuzzy set λ ∈ IX , the 

fuzzy β-closure of λ and the fuzzy β-interior of λ are defined respectively, as 

(i) βcl(λ) = ∧ {µ ∈ IX : µ ≥ λ and µ is fuzzy β-closed.} 

(ii) βint(λ) = ∨ {µ ∈ IX  : µ ≤ λ and µ is fuzzy β-open.} 

Definition 2.11.[9] Let λ ∈ IX be a fuzzy set in a fuzzy topological space (X, τ). Then, 

the fuzzy boundary of λ is defined as Bd(λ) = cl(λ) ∧  cl(𝜆′ ). 

Definition 2.13. [10] Let (X, T) be a smooth fuzzy topological space. For each λ ∈ IX
 

and r ∈  I0 , P Ext(λ, r) = P Int (1 − λ, r) is called r-fuzzy pre-exterior of λ. 

Definition 2.14. [5] Let (X, T) and (Y, S) be any two fuzzy topological spaces. Let f be 

a function from the fuzzy topological space (X, T) to the fuzzy topological space        

(Y, S).  Let  λ be  a  fuzzy  set  in  (Y, S). The  inverse  image  of  λ under  f written  

as 𝑓−1(λ) is the fuzzy set in (X, T ) defined by 𝑓−1(λ)(x) = λ(f (x)), for all x ∈ X. 

Also the image of λ in (X, T ) under f written as f (λ) is the fuzzy set in (Y, S) 

defined by, 

𝑓 𝜆  𝑦 =  
𝑠𝑢𝑝𝑥∈𝑓−1 𝑦 𝜆 𝑥 , if 𝑓−1 𝑦  is non − empty, for each 𝑦 ∈ 𝑌 

0,                                                                          otherwise
  

Definition 2.12.[11] Let λ ∈ IX be a fuzzy set in a fuzzy topological space (X, τ). Then, 

the fuzzy semi-boundary of λ is defined as  sbd(λ) = scl(λ) ∧ scl(𝜆′ ). 

Proposition 2.1.  [11] Let (X, T ) be a fuzzy topological space then, for any fuzzy  set 

λ ∈ IX , sbd(λ) ≤  bd(λ). 

 

3     FUZZY 𝔅Ԑ  OPEN SETS 

 In this section, the concept of fuzzy 𝔅Ԑ open set is introduced and its 

interrelations with other fuzzy sets are studied. 

International Journal of Computational and Applied Mathematics. ISSN 1819-4966 Volume 12, Number 1 (2017) 
                                          © Research India Publications http://www.ripublication.com

425



Definition 3.1.  Let (X, τ )  be a fuzzy topological space. For any  fuzzy set λ ∈  IX : 

  (i)  the fuzzy pre-boundary of λ is defined as Fpbd(λ) = Fpcl(λ) ∧ Fpcl(𝜆′ ). 

  (ii) the fuzzy β-boundary of λ  is defined as Fβbd(λ) = Fβcl(λ) ∧ Fβcl(𝜆′ ). 

Definition 3.2. Let (X, τ ) be a fuzzy topological space. A fuzzy set λ ∈  IX is said to 

be a fuzzy boundary exterior open set (briefly, F𝔅Ԑ  -Os) if λ ≥ Fbd(FExt(λ)). 

Definition 3.3. Let (X, τ ) be a fuzzy topological space. A fuzzy set λ ∈ IX is said to be 

a fuzzy pre-boundary exterior open set (briefly, Fp𝔅Ԑ -Os) if λ ≥ Fpbd(FExt(λ)). 

Definition 3.4. Let (X, τ ) be a fuzzy topological space. A fuzzy set λ ∈ IX is said to be 

a fuzzy β-boundary exterior open set (briefly, Fβ𝔅Ԑ -Os) if λ ≥ Fβbd(FExt(λ)). 

Proposition 3.1. Let (X, τ ) be a fuzzy topological space then, for any fuzzy set 

λ∈ 𝐼𝑋 ,  Fbd(λ) ≥ Fpbd(λ). 

Proof Since Fpcl(λ) ≤ Fcl(λ) and Fpcl(𝜆′ ) ≤ Fcl(𝜆′ ) it is seen that, 

 

Fbd(λ) = Fcl(λ) ∧  Fcl(𝜆′ ) 

 ≥   Fpcl(λ) ∧ Fpcl(𝜆′ ) 

 = Fpbd(λ) 

Hence  Fbd(λ)  ≥ Fpbd(λ).   Similarly,  Fbd(λ)  ≥ Fβbd(λ) and  Fpbd(λ) ≥ 

Fβbd(λ) can also be proved. 

 

Proposition 3.2. Every fuzzy 𝔅Ԑ open set is fuzzy pre-𝔅Ԑ open. 

Proof   Let (X, τ) be a fuzzy topological space and let λ ∈ IX  be a fuzzy 𝔅Ԑ open    

set. Since λ is fuzzy BE open, λ  ≥ Fbd(FExt(λ)).  Since  Fcl(λ)  ≥ Fpcl(λ) and Fcl(𝜆′ )
 

 

≥ Fpcl(𝜆′) and by  Proposition 3.1 it is seen that Fbd(λ) ≥ Fpbd(λ).  Then, λ ≥ 

Fbd(FExt(λ)) ≥ Fpbd(FExt(λ)), i.e. λ ≥ Fpbd(FExt(λ)). Hence λ is a fuzzy pre-𝔅Ԑ 

open set. 

Remark 3.1. The converse of Proposition 3.2 need not be true as seen from the 

following Example 3.1. 

 

Example 3.1.  Let X = {a, b} be any non-empty set.  Let λ1, λ2 ∈ IX  be defined as, 

 

λ1(a) = 0.4,  λ1(b) = 0.45; 

λ2(a) = 0.65,  λ2(b) = 0.75. 

Let the fuzzy topology τ on X be defined as τ = {0X, 1X, λ1, λ2}. Clearly, (X, τ ) is a 

fuzzy topological space. Let  λ ∈ IX be defined as, 

λ(a) = 0.6,  λ(b) = 0.5. 
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Then λ ≥ Fpbd(FExt(λ)). Hence λ is fuzzy pre-𝔅Ԑ open. But λ ≱ Fbd(FExt(λ)). 

Hence λ is not fuzzy 𝔅Ԑ open. Therefore, every fuzzy pre-𝔅Ԑ open is not fuzzy  Ԑ -

open. 

Proposition 3.3. Every fuzzy 𝔅Ԑ open set is fuzzy β-𝔅Ԑ open. 

Proof   Let (X, τ) be a fuzzy topological space and let λ∈ IX  be a fuzzy 𝔅Ԑ open set. 

Since λ is fuzzy 𝔅Ԑ open, λ  ≥ Fbd(FExt(λ)).  Since  Fcl(λ)  ≥ Fβcl(λ) and          

Fcl(𝜆′ ) ≥ Fβcl(𝜆′ ) and by  Proposition 3.1 it is seen that Fbd(λ) ≥ Fβbd(λ).  Then,     

λ ≥ Fbd(FExt(λ)) ≥ Fβbd(FExt(λ)), i.e. λ ≥ Fβbd(FExt(λ)). Hence λ is a fuzzy β-BE 

open  set. 

Remark 3.2. The converse of Proposition 3.3 need not be true as seen from the 

following Example 3.2. 

Example 3.2.  Let X = {a, b} be any non-empty set.  Let λ1, λ2 ∈  IX  be defined as, 

λ1(a) = 0.2, λ1(b) = 0.3; 

λ2(a) = 0.4, λ2(b) = 0.5. 

Let the fuzzy topology τ on X be defined as τ = {0X, 1X, λ1, λ2}. Clearly, (X, τ ) is a 

fuzzy topological space. Let λ ∈ IX be defined as, 

λ(a) = 0.45, λ(b) = 0.5. 

Then λ ≥ Fβbd(FExt(λ)). Hence λ is fuzzy β-𝔅Ԑ open. But λ ≱ Fbd(FExt(λ)). 

Hence λ is not fuzzy 𝔅Ԑ open. Therefore, every fuzzy β-𝔅Ԑ open is not fuzzy 𝔅Ԑ -

open.  

Proposition 3.4. Every fuzzy pre-𝔅Ԑ open set is fuzzy β-𝔅Ԑ open. 

Proof Let (X, τ) be a fuzzy topological space and let λ ∈  IX  be a fuzzy pre-𝔅Ԑ  

open set. Since λ is fuzzy pre-𝔅Ԑ  open, λ ≥ Fpbd(FExt(λ)). Since Fpcl(λ) ≥ Fβcl(λ) 

and Fpcl(𝜆′ ) ≥ Fβcl(𝜆′ ) and by Proposition 3.1 it is seen that Fpbd(λ) ≥ Fβbd(λ). 

Then, λ ≥ Fpbd(FExt(λ)) ≥ Fβbd(FExt(λ)), i.e. λ ≥ Fβbd(FExt(λ)). Hence λ is a 

fuzzy β-𝔅Ԑ  open set. 

Remark 3.3. The converse of Proposition 3.4 need not be true as seen from the 

following Example 3.3. 

Example 3.3.  Let X = {a, b} be any non-empty set.  Let λ1, λ2 ∈ IX  be defined as, 

λ1(a) = 0.24,  λ1(b) = 0.32; 

λ2(a) = 0.41,  λ2(b) = 0.5. 

Let the fuzzy topology τ on X be defined as τ = {0X, 1X, λ1, λ2}. Clearly, (X, τ ) is a 

fuzzy topological space. Let λ ∈ IX be defined as, 

λ(a) = 0.52,  λ(b) = 0.5. 

Then λ ≥ Fβbd(FExt(λ)). Hence λ is fuzzy β-𝔅Ԑ open. But λ ≱ Fpbd(FExt(λ)). 

Hence λ is not fuzzy pre-𝔅Ԑ  open. Therefore, every fuzzy β-𝔅Ԑ open is not fuzzy 

pre 𝔅Ԑ -open. 
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Note 3.1. Figure 1 shows the interrelations of fuzzy 𝔅Ԑ open sets with other 

fuzzy open sets. The reverse implications need not be true. 

 

 

 

 

 

 

 

Figure 1 

4    FUZZY 𝕭Ԑ  CONTINUOUS FUNCTIONS 

 In this section, the concepts of fuzzy 𝔅Ԑ continuous functions and its 

interrelations with the other fuzzy continuous functions are studied. 

Definition 4.1. Let (X, τ ) and (Y, σ) be any two fuzzy topological spaces. A function 

f : (X, τ ) → (Y, σ) is said to be: 

(i) fuzzy 𝔅Ԑ continuous (in short, F𝔅Ԑ continuous) if for each fuzzy open set           

λ ∈ 𝐼𝑌, 𝑓−1(λ) ∈ 𝐼𝑋   is fuzzy 𝔅Ԑ -open. 

(ii) fuzzy pre-𝔅Ԑ continuous (in short, Fp𝔅Ԑ continuous) if for each fuzzy open set 

λ ∈ 𝐼𝑌, 𝑓−1(λ) ∈ 𝐼𝑋  is fuzzy pre-𝔅Ԑ open. 

(iii) fuzzy β-𝔅Ԑ continuous (in short, Fβ𝔅Ԑ continuous) if for each fuzzy open set 

λ ∈ 𝐼𝑌, 𝑓−1(λ) ∈ 𝐼𝑋  is fuzzy β-𝔅Ԑ open. 

(iv) fuzzy 𝔅Ԑ -open (in short, F 𝔅Ԑ -open) if for each fuzzy 𝔅Ԑ -open set λ ∈ 𝐼𝑋 ,  

     f (λ) ∈ 𝐼𝑌  is fuzzy  𝔅Ԑ-open. 

(v) fuzzy 𝔅Ԑ -closed (in short, F 𝔅Ԑ -closed) if for each fuzzy 𝔅Ԑ -closed set 

     λ ∈ 𝐼𝑋 , f (λ) ∈ 𝐼𝑌 is fuzzy 𝔅Ԑ -closed. 

Proposition 4.1. Every fuzzy 𝔅Ԑ continuous function is fuzzy pre-𝔅Ԑ continuous.  

Proof   Let (X, τ) and (Y, σ) be any two fuzzy topological spaces and let                        

f : (X, τ ) → (Y, σ) be a fuzzy 𝔅Ԑ continuous function. Then for every fuzzy open  set  

λ ∈ 𝐼𝑌 ,  𝑓−1(λ) ∈ 𝐼𝑋  is fuzzy 𝔅Ԑ-open. By Proposition 3.2, every fuzzy 𝔅Ԑ-open set 

is fuzzy pre-𝔅Ԑ open. Then 𝑓−1(λ) ∈ 𝐼𝑋   is fuzzy pre-𝔅Ԑ open, for every fuzzy open 

set λ ∈ 𝐼𝑌 . Hence  f  is  fuzzy  pre-𝔅Ԑ continuous. 

Remark 4.1. The converse of Proposition 4.1 need not be true as shown by the 

following Example 4.1. 

 

Example 4.1. Let X = Y = {a, b} and let λ1, λ2 ∈  IX be defined  as, 
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λ1(a) = 0.4,  λ1(b) = 0.45; 

λ2(a) = 0.65,  λ2(b) = 0.75. 

     Let the fuzzy topology  τ  on X  be defined as τ  =  {0X, 1X, λ1, λ2}. Let the 

fuzzy topology σ on Y be defined as σ = {0X, 1X, λ} where λ ∈  IY given by            

λ(a) = 0.6 and λ(b) =  0.5. 

Clearly, (X, τ ) and (Y, σ) are fuzzy topological spaces. Let f : (X, τ ) → (Y, σ) 

be an identity function. For λ ∈  σ it is seen that 𝑓−1(λ) = (0.6, 0.5) is fuzzy pre-𝔅Ԑ  

open but not fuzzy 𝔅Ԑ-open in (X, τ). Thus,  f is fuzzy pre-𝔅Ԑ  continuous but 

not fuzzy 𝔅Ԑ  continuous. Therefore, every fuzzy pre-𝔅Ԑ continuous function is 

not fuzzy 𝔅Ԑ  continuous. 

Proposition 4.2. Every fuzzy 𝔅Ԑ continuous function is fuzzy β-𝔅Ԑ continuous.  

Proof Let (X, τ) and (Y, σ) be any two fuzzy topological spaces and let                     

f : (X, τ ) → (Y, σ) be a fuzzy 𝔅Ԑ continuous function. Then for every fuzzy open set   

λ ∈ 𝐼𝑌,  𝑓−1(λ) ∈ 𝐼𝑋  is fuzzy  𝔅Ԑ-open. By Proposition 3.3, every fuzzy 𝔅Ԑ-open set 

is fuzzy β-𝔅Ԑ open. Then 𝑓−1(λ) ∈ 𝐼𝑋   is fuzzy β-𝔅Ԑ open, for every fuzzy open set   

λ ∈ 𝐼𝑌. Hence f is fuzzy β-𝔅Ԑ continuous. 

Remark 4.2. The converse of Proposition 4.2 need not be true as shown by the 

following Example 4.2. 

Example 4.2. Let X = Y = {a, b} and let λ1, λ2 ∈ 𝐼𝑋  be defined as, 

λ1(a) = 0.2,  λ1(b) = 0.3; 

λ2(a) = 0.4,   λ2(b) = 0.5. 

Let the fuzzy topology  τ  on X  be defined as τ  =   {0X, 1X, λ1, λ2}. Let the 

fuzzy topology σ on Y be defined as σ = {0X, 1X, λ} where λ ∈ 𝐼𝑌  given by            

λ(a) = 0.45 and λ(b) =  0.5. 

Clearly, (X, τ ) and (Y, σ) are fuzzy topological spaces. Let f : (X, τ ) → (Y, σ) 

be an identity function. For λ ∈  σ it is seen that 𝑓−1(λ) = (0.45, 0.5) is fuzzy    

β-𝔅Ԑ open but not fuzzy 𝔅Ԑ open in (X, τ). Thus,  f is fuzzy β-𝔅Ԑ continuous 

but not fuzzy 𝔅Ԑ continuous. Therefore, every fuzzy β-𝔅Ԑ continuous function 

is not fuzzy 𝔅Ԑ  continuous. 

Proposition 4.3. Every fuzzy pre-𝔅Ԑ continuous function is fuzzy β-𝔅Ԑ continuous. 

Proof Let (X, τ) and (Y, σ) be any two fuzzy topological spaces and let                         

f : (X, τ) → (Y, σ) be a fuzzy pre-𝔅Ԑ continuous function. Then for every fuzzy open 

set λ ∈ 𝐼𝑌, 𝑓−1(λ) ∈ 𝐼𝑋  is fuzzy pre-𝔅Ԑ open.  By Proposition 3.4,  every fuzzy pre-

𝔅Ԑ open set  is fuzzy β-𝔅Ԑ open.  Then 𝑓−1(λ)∈ 𝐼𝑋  is fuzzy β-𝔅Ԑ open, for every 

fuzzy open set λ∈ 𝐼𝑌 .  Hence f is fuzzy β-𝔅Ԑ continuous. 
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Remark 4.3. The converse of Proposition 4.3 need not be true as shown by the 

following Example 4.3. 

Example 4.3. Let X = Y = {a, b} and let λ1, λ2 ∈ 𝐼𝑋  be defined as, 

λ1(a) = 0.24,  λ1(b) = 0.32; 

λ2(a) = 0.41,  λ2(b) = 0.5. 

Let the fuzzy topology τ on X be defined as τ = {0X, 1X, λ1, λ2}. Let the fuzzy 

topology σ on Y be defined as σ = {0X, 1X, λ} where λ ∈ 𝐼𝑌  given by λ(a) = 0.52 and 

λ(b) =  0.5. 

Clearly, (X, τ ) and (Y, σ) are fuzzy topological spaces. Let f : (X, τ ) → (Y, σ) 

be an identity function. For λ ∈  σ it is seen that 𝑓−1(λ) = (0.52, 0.5) is fuzzy β-

𝔅Ԑ open but not fuzzy pre-𝔅Ԑ open in (X, τ ). Thus,  f is fuzzy β-𝔅Ԑ continuous 

but not fuzzy pre 𝔅Ԑ continuous. Therefore, every fuzzy β-𝔅Ԑ continuous 

function is not fuzzy pre 𝔅Ԑ  continuous. 

Note 4.1. Figure 2 shows the interrelations of fuzzy 𝔅Ԑ continuous functions 

with other fuzzy continuous functions.  

 

 

 

 

  
 

 

 

                                  

Figure 2: 
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