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Abstract 

 

In this article we consider a two-echelon inventory system, in which lower echelon has a service 

facility system, where each item from inventory is supplied to the customer after some service for discrete 

time period. Lower echelon installation inventory is reviewed periodically and order for items is placed 

with higher echelon which hold inventory with fixed maximum level.  The higher echelon inventory gets 

filled from manufacturing source instantaneously when inventory level becomes zero.We try to find the 

system performance measures and total expected cost. 

 

Keywords: Echelon – inventory, Service facility system, total expected cost. 

 

1. Introduction: 

 

In this section first we describe a sequential decision model for determining optimal reorder points 

and reorder level for a single product at a single service facility system.Decision epochs are the weekly 

review periods, and the system state is the inventory level at the service facility at the time of review.  In a 

given state, actions correspond to the amount of stock to order from the warehouse for delivery at the 

service facility.  Transition probabilities depend on the quantity ordered and the random customer demand 

for the product throughout the week.  A decision rule specifies the quantity to be ordered as a function of 

the stock on hand at the time of review, and a policy consists of a sequence of such restocking 

functions.Management seeks a reordering policy which minimizes long-run average total cost including 

ordering and inventory carrying costs.  The optimal policy is order up to a target level say S, when the 

stock level falls below a certain threshold, otherwise do not order.(s, S) policy is one in which threshold 

value is s and orders are placed when the inventory level at the review epoch is less than or equal to s to 

bring the level to S. 

 

2. Modeldescription: 
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1. Assume a service facility with inventory is maintained at lower echelon (retailer) of the two 

echelon inventory system. 

2. Finite time horizon (N < ∞ periods) MDP is considered. 

3. The decision maker decides whether or not to order additional stock from the warehouse at 

the beginning of each period (each week) and delivery occurs immediately. 

4. Demand for the product is random with known probability distribution. 

5. Demand for service arrives throughout the period, but all services are completed and 

stocked items are released at the end of the period [last day of the week]. 

6. Any number of customers is allowed to wait for the service. 

7. If there is no stock but customers are waiting in the queue, the waiting cost should be 

considered for total cost computation. 

8. The revenues, costs and demand distributions do not varyfrom week to week. 

9. The product (item) is used for service in whole unit. 

10. The service facility has the maximum capacity of M units in the inventory. 

 

3. MDP formulation and Cost: 

 

Consider a Markov decision problem formulation described by the five tuple:- 

({T,S,As, pt(.│s,a), rt (s,a)}),  

 

Decision epochs: T = {1,2,…., N}, N<∞ 

 

States: [the amount of inventory on hand or queue size at the start of a week] 

S = {0,1,2,…., M} 

 

Actions : [The amount of additional stock to order in the week t] 

As = {0,1,2,… , M-s} 

 

Expected rewards: [expected revenue less ordering, holding and waiting cost] 

rt (s,a) = F(s+a) – O (a) – h (s+a) t = 1,2,… N-1 

The value of the terminal inventory is given by rN (s) = g(s),t = N. 

 

Transition probabilities: 
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A brief explanation of the derivation of the transition probabilities follows:- 

 

If the inventory on hand at the beginning of the period t is sunits and an order is placed for a units, 

the inventory prior to external demand is s+a units. An inventory level of n > 0 at the start of period t+1 

requires a demand of s+a-nunits in period t. This occurs with probability ps+a-n.  Since backlogging is 

allowed, n may be negative when the demand during the period t cannot be met by the inventory during 

that period.  This occurs with the probabilityp│n–(s+a) │. 

 

Deterministic Markov decision rule MD assigns the quantity of inventory to be ordered each week 

to each possible starting inventory position.  A policy is a sequence of such ordering rules.  For example 

(σ,∑) policy means order sufficient stock to raise the inventory to ∑ units, whenever the inventory level at 

the beginning of the week is less than or equal to σ units.  When the inventory level at the beginning of the 

period is greater than that, do not place an order. 

 

This decision rule may be represented by 

 

 

 

Realization of an inventory model under a (σ, ∑) policy 

 

Let stdenote the inventory on hand at the beginning of the period (week) t; atthe number of units 

ordered by the service facility manager in the week t; and Dtthe random demand for service in the week t.  
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We assume that the demand has a known time-homogenous probability distributionpj=P{Dt=j}; 

j=0,1,2,………….. 

 

Let lt= st - Dtdenotethe difference between the inventory level and the queue size.  Then lt+atmay 

be positive, zero or negative.The inventory at decision epoch t+1, st+1, isrelated to the inventory at decision 

epoch t, (st).  The system equation is given by: 

 

st+1 = Max {lt + at,│lt+ at│} 

 

Here full backlogging in terms of waiting queue is permitted.  Both the inventory level and the 

queue size cannot be negative, thus whenever lt+at>0, stock level at the subsequent decision epoch is 

lt+atand iflt+at≤0 then the inventory levelat subsequentdecision epoch is zero but the queue size is │lt + 

at│. 

 

3.1  Cost Analysis: 

 

We now describe the economic criteria of this model using the relevant cost parameters.We express 

the profit derived from the system as the values at the start of the period (week) so that we are implicitly 

considering the time value of money when defining thesequantities. 

 

In economic terms we refer it as present values.  The present value of the cost of ordering u units in 

any period (week) is O(u).  This cost is composed of a fixed cost K>0 for placing orders and a variable 

cost C(u) that increases with quantity ordered.  

 

Hence  

 

 

The present value of the cost of maintaining an inventory of u units for a period (week) [between 

receipt of the order and releasing inventory to meet demand] is represented by the non decreasing 

function h(u) since our problem is of finite – horizon nature with N periods, the remaining inventory at the 

last decision epoch has value g(u).  Finally, if the demand is j units and sufficient inventory is available to 

meet demand, the manager receives a revenue with present value f(j),where f(0)=0 .  On the other hand if 

the inventory available is not sufficient to meet the demand the manager has to meet the cost with present 

value w(j-st-at),where w(o) =0. 
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In this model the reward depends on the state of system at the subsequent decision epoch: 

 

 

Here, we defined the reward of the Markov decision process depend on the state of the system at 

the next decision epoch as rt(s, a, j) as above.  Its expected value at the decision epoch t may be evaluated 

by computing. 

 

 

 

Where the non-negative function pt(j│s,a) denotes the probability that the system is in state j∊S at 

time t+1 when the decision maker chooses an action a∊As in state s at time t.  This function pt(j/s, a) is 

called transition probability function such that  𝑝𝑗𝜖𝑆 t (j/s,a) =1. 

 

Now, the expected present value (at the start of the week t) of the revenue received in week t when 

the inventory level or queue size prior to the receipt of customer arrivals is u units,is derived as follows: 

 

If the inventory level u exceeds the demandj, the present value of the revenue is f(j) with 

probability pj : j ≤ u. 

 

If the demand exceeds the inventory level, the present value of the cost equals w (j-u).  This occurs 

with the probability pj : j>u. 

 

Thus  Ft (u) =  𝑓 𝑗 𝑝𝑢
𝑗=0 j – 𝑤 𝑗 − 𝑢 𝑝∞

𝑗 =𝑢+1 j 
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The objective of the problem is to maximize the above expected revenue. 

 

4. Numerical example 

 

We impose a special cost structure and values for the parameters as follows to get optimal reorder 

level 

We provide values for the parameters of the above model: 

Let  K=4,  C(u)=2u,  g(u)=0,  h(u)=u,  M=3,  N=3,  f(u)=8u  and  w = 
1

4
per unit cost 

 

 

This problem can be interpreted as follows. In the service facility system, maximum inventory 

level admitted is M = 3.  All costs and revenues are linear.  C(u) = 2u means for each unit ordered, the per 

unit cost is 2.  The holding cost is concerned for 1 week,the per unit cost is 1 and for each unit sold, the per 

unit revenue is 8.Waiting cost for each unit is ¼
th

 of per unit cost. The expected revenue when u units of 

stock or m units in queue prior to receipt of an order is given by 
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When the demands j = 4,5 exceeds the maximum inventory M = 3 of the system, values of  F(u) are 

listed below:- 

 

 

 

Combining the expected revenue with the ordering and holding costs gives the expected profit in 

period t if the inventory level is s at the start of the period and an order for a units is placed.  If a = 0, the 

ordering and holding cost equals s and if a is positive, it equals 4 + s + 3a [because ordering + holding cost 

= K + C(u) +h(u) =K+2a +s+aif a > 0and if a = 0 the cost is 0+s+0 = s] 

 

It is summarized in the table below where x denotes an infeasible action. Transition probabilities 

only depend on the total inventory on hand prior to receipt of orders.  They are the same for any s and a 

which have the same value for s + a and are functions of s+a only.  The information in the following tables 

defines this problem completely. 

 

 

 

 

Case (i): when demand j ≤ inventory on hand (s+a) 

 

 

 

Case (ii): when demand j> inventory on hand (s+a).[let us assume that s+a=3] 
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Transition Probabilities: let n denote the inventory on hand at the starting of next period t+1. 

 

 

 

At the starting of next period: t+1: 

(i) n ≥ 0 denote the stock level. 

(ii) n< 0 denote the queue size. 

 

For n≥0 : 

 

 

For n< 0: 
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5. Conclusion: 

The proposed two echelon system is completely analyzed using the Markov decision process and 

the same can be applied to more than two echelon systems with service facility at retailer node. 
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