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Abstract 

Generally, Air quality of a city is checked with the help of Ideal Standard set 

by Regulatory body. The Ideal Standard can be defined as a statement about 

the population of pollutant which are set without any method by which 

compliance is to be tested or monitor. For example, with the Ideal Standard we 

cannot compute the probability that a particular monitoring site will be in 

control in the coming year. Barnett and O’ Hogan (1997) introduced the 

concept of Statistical Verifiable Ideal Standard (SVIS). The idea is to combine 

Ideal Standard with a statistically based rule of implementation. To this end 

traditional statistical tool may be used.  We may use Neyman Pearson 

Approach of Hypothesis testing to construct SVIS. In this paper, we construct 

SVIS based on Neyman Pearson Hypothesis testing framework and investigate 

the Air Quality of Jaipur City through SVIS.  

Keywords: Air Pollution, Pollutant, Ideal Standard, Statistical Verifiable Ideal 

Standard (SVIS), Neyman Pearson lemma, Hypothesis testing, quantile-

quantile plot  

 

1. Introduction 

In this paper, we shall discuss the construction of SVIS introduced by Barnett and O’ 

Hogan (1997) using hypothesis testing approach developed by Neyman and Pearson 

for air pollutant data and discuss the air quality of Jaipur city based on the SVIS. 

Jaipur is largest city and capital of largest Indian state Rajasthan in western India. 

Jaipur was founded by Jai Singh II, ruler of amer on 18 Nov 1727. Jaipur was named 

after his founder and it’s a tenth most populous city in the country. Jaipur is also 

known as Pink city of India. It’s popular tourist destination in India and serves as 

gateway to other tourist destination in Rajasthan. Jaipur was planned based on the 
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principles of vastu shastra and shilipa shastra under the guidance of Vidyadhar 

Bhattacharya. Jaipur has total area of 1, 11,117 sqkm and it lies on geographical 

coordinates of 26o55’0”N, 75o49’0”N and covers an area of 200.4sqkm. Jaipur 

weather is semi-arid type. Currently Jaipur is facing with problem of pollution due to 

which tourism is reducing and heritage places are also getting affected. Pollution 

problem of Jaipur needs to be taken care. So in this paper we will be discussing 

problem of air pollution of Jaipur city based on SVIS using hypothesis testing 

framework. 

 The first stage in setting the SVIS is to make a probabilistic statement about the 

content of pollution that is permissible. If X is the random variable which represents 

the pollutant level then instead setting an upper limit on X, we can set a higher limit 

on the distribution of X as below: 

The expected value of the distribution of X, i.e., E(X) (say) should not exceed an 

upper limit and if this is correct then the probability of misclassification should be at 

most α (0 < α < 1). Also we can construct quantile based SVIS in the following 

manner.  

The (1-p)th quantile (θ1-p) of the distribution of X should not exceed upper limit 

U(say) and if this is correct then the probability of misclassification should be at most 

α. 

In section 2, we shall discuss the construction of SVIS through the testing of 

hypothesis approach based on E(X) = µ (say) and (1-p)th quantile θ1-p. It is observed 

that both are equivalent to test the hypothesis H0: µ ≤ µ0 vs H1: µ > µ0 (µ0, specified 

by regulator). In this testing hypothesis framework, polluter risk is controlled. In 

section 3, we shall discuss the construction of SVIS through the testing problem H0: µ 

≥ µ0 vs H1: µ < µ0, in this testing regulator risk is controlled.  In section 4, we check 

the compliance of the standard for various pollutants at different monitoring sites viz 

Chandpole, Jhalana Dungri, RIICO Office, Ajmeri Gate, Vidhyadhar Nagar, VKIA in 

Jaipur city based on the data of 2016 collected by RPCB. In section 5, we draw the 

Quantile - Quantile Plot (Q-Q Plot) for various air pollutant and we observe that air 

pollutant distribution is approximately lognormal. 

 

2. Construction of SVIS (Where Polluter Risk is Controlled) 

In this section, we shall construct SVIS through the testing of hypothesis H0: µ ≤ µ0 

versus H1: µ > µ0, we proceed as below:  

For the sake of simplicity of the analysis we assume initially that X has normal 

distribution with mean µ and variance σ2 [ i.e., X ~ N(µ, σ2)]. If we set the expected 

value based SVIS then in the testing of hypothesis frame work we need to test the 

hypothesis  
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   H0: µ ≤ µ0 (upper limit)(say) 

versus                                                                …(2.1) 

   H1: µ > µ0 (upper limit) 

where 

 E(X) = µ  

Note that in this setting of SVIS, the polluter risk is controlled.  

If we set quantile based SVIS then by definition  

  

   P [X ≤ θ1-p] = 1-p  ,    (0<p<1)   …(2.2) 

   P [
𝑋−µ

𝜎
 ≤  

θ1−𝑝− µ

𝜎
 ] = 1-p 

   P[Z≤zα]=1-p                                                       …(2.3) 

Where  

Z = 
𝑋−µ

𝜎
,                                                           …(2.4) 

   zα = 
𝜃1−𝑝− µ

𝜎
,                                          …(2.5) 

   Ф(zα)=1-p                                                               …(2.6) 

 where Ф(.) is the Cumulative Distribution Function (cdf) of N(0,1) 

    zα=Ф-1(1-p)=
θ1−𝑝 − µ

𝜎
                                       …(2.7) 

   or θ1-p=µ+σФ-1(1-p)                                            …(2.8) 

Now for the quantile based SVIS we need a test of hypothesis 

    H0: θ 1-p ≤ M (upper limit, say)  

    H0: µ + σФ-1(1-p) ≤ M 

   or 

    H0: µ + σФ-1(1-p) ≤ M 

   or 

    H0: µ ≤ M - σФ-1(p) = µ0 (say) 

   or 

    H0: µ ≤ µ0 

  Versus        …(2.9) 

    H1: µ > µ0 

Thus we see that this is again the testing of hypothesis of normal mean. 
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Now we discuss the testing of hypothesis H0: µ ≤ µ0 vs H1: µ > µ0.If σ is known then 

the Uniformly Most Powerful (UMP) test ϕ(x) for testing the hypothesis H0: µ ≤ µ0 

vs H1: µ > µ0 has the following form: 

 

  ϕ (x) = {

1               𝑖𝑓 𝑋̅  > 𝑐

𝛾                𝑖𝑓 𝑋̅ = 𝑐

0               𝑖𝑓 𝑋̅ < 𝑐

     …(2.10) 

 

Since P [𝑋̅ = 𝑐] = 0 𝑠𝑜 ϕ (x) can be written as: 

                     ϕ (x) = {
1               𝑖𝑓 𝑋̅  ≥ 𝑐

0               𝑖𝑓 𝑋̅ < 𝑐
    …(2.11) 

 

Where c is so obtained such that the size of test α (0<α<1) is obtained, i.e. 

   P [𝑋̅  ≥ 𝑐 | 𝐻0] =α 

  or 

   P [𝑋̅ < 𝑐 | 𝐻0] =1 - α 

  or 

   P [Z ≤ zα] = 1 – α     …(2.12) 

Where 

 Z = 
𝑋̅−µ0

𝜎/√𝑛
  

and       zα = 
𝑐−µ0

𝜎/√𝑛
 

Ф (zα) = 1 – α       …(2.13) 

Where Ф(.) is cdf of N(0,1) 

  or  

   zα = Ф-1(1-α) 

   
𝑐−µ0

𝜎/√𝑛
  = Ф-1(1-α) 

 c = µ0 +
𝜎

√𝑛
 Ф-1(1-α)      …(2.14) 
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The power function of the test is given by  

  ПФ(µ) = P [ Reject H0 | H0] 

   = P [𝑋 ̅> c | µ] 

   = 1 – Ф [
𝑐−µ0

𝜎/√𝑛
 ]     …(2.15) 

If σ is unknown, then the Uniformly Most Powerful Unbiased (UMPU) test ϕ (x) for 

testing H0: µ ≤ µ0 vs H1: µ > µ0   will have the following form  

 

  ϕ (x) = {1                          𝑖𝑓 𝑋̅  ≥ 𝑐
0                      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

    …(2.16) 

 

 Where      

  c = µ0 + 
𝑡𝛼(𝑛−1)𝑆

√𝑛
 

  S2 = 
1

𝑛−1
 ∑ (𝑋𝑖 − 𝑋̅ )2𝑛

𝑖=1  

     

tα(n-1) is the upper 100α% point of t-distribution with (n-1) degree of freedom. If n is 

large then tα(n-1) = Ф-1(1-α). Below we discuss an example to illustrate above theory. 

 

Example: Construction of SVIS for NO2 

According to NAAQ standard, 24 hourly monitoring value of the polluter NO2 should 

not exceed is 80 µg|m3. This is realizable standard and does not reflect the population 

situation because it is based on sample, we can set SVIS on the upper limit of the 

pollutant level of NO2 at site Ajmeri Gate as below: 

If Y is the pollutant level then we know from Q-Q plot (Quantile-Quantile Plot) that 

Y follows lognormal distribution and we also know that X=logY follows normal 

distribution. For SVIS, our testing hypothesis framework will be as below: 

The expected value of the distribution of 24 hourly NO2, µ (say) is less than 80 µg|m3 

and if this is true the probability of misclassification is at most α [α = 0.05]. therefore 

SVIS constructed using the following testing problem 

   H0: µ ≤ log80 

 versus 

   H1: µ > log80 
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Since we know 𝑋̅ ~ N (µ, σ2), our UMP test will be  

     

  ϕ (x) = {
1               𝑖𝑓 𝑋̅  ≥ 𝑐

0               𝑖𝑓 𝑋̅ < 𝑐
 

 

where c is constant which is so obtained such that 

 

  P [𝑋̅  ≥ 𝑐 | 𝐻0] =α 

and    

c = 𝑙𝑛µ0 +
𝜎

√𝑛
 Ф-1(1-α),  

since σ is unknown then  

   c = 𝑙𝑛µ0 +
𝑠

√𝑛
 Ф-1(1-α)   

where 

 s2 = 
1

𝑛−1
∑(𝑋𝑖 − 𝑋̅)2 

 

From the given data of year 2016, we have 

  𝑋̅ = 3.5148 

  S2 = 0.0681 

 

From the above discussion we have  

c = ln80 + 
𝑆

√96
 Ф-1(1-α) 

or  

c = 4.4342 

since c = 4.4342 which is greater than 𝑋̅ so there is no evidence that the standard for 

NO2 has been failed at 5% level of significance. 

 

3. Construction of SVIS (Where Regulator Risk is controlled) 

In this section, we shall set SVIS which controls regulator risk through the hypothesis 

framework. 
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To this end we test hypothesis 

   H0: µ ≥ µ0  

Versus          …(3.1) 

   H1: µ < µ0 

If σ is known then the UMP test ϕ(x) for testing the hypothesis H0: µ ≥ µ0 vs H1: µ < 

µ0 has the following form: 

   ϕ (x) = {

1               𝑖𝑓 𝑋̅ < 𝑐

𝛾                𝑖𝑓 𝑋̅ = 𝑐

0               𝑖𝑓 𝑋̅ > 𝑐

    …(3.2) 

Since P [𝑋̅ = 𝑐] = 0 𝑠𝑜 ϕ (x) can be written as: 

                            ϕ (x) = {
1               𝑖𝑓 𝑋̅  ≤ 𝑐

0               𝑖𝑓 𝑋̅ > 𝑐
    …(3.3) 

Where c is some constant which is so obtained such that the size of test α (0<α<1) is 

obtained, i.e. 

   P [𝑋̅  ≤ 𝑐 | 𝐻0] =α 

  or 

   P [ 
𝑋̅−µ0

𝜎/√𝑛
 ≤  

𝑐−µ0

𝜎/√𝑛
 ] =  𝛼 

  or 

   P [Z ≤ zα] =  α      …(3.4) 

Where  

Z = 
𝑋̅−µ0

𝜎/√𝑛
  

and  

 zα = 
𝑐−µ0

𝜎/√𝑛
 

Ф (zα) = α      …(3.5) 

 Where Ф(.) is cdf of N(0,1) 

  or  

   zα = Ф-1(α) 

   
𝑐−µ0

𝜎/√𝑛
  = Ф-1(α) 

c = µ0 +
𝜎

√𝑛
 Ф-1(α)     …(3.6) 
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The power function of the test is given by  

    ПФ(µ) = P [ Reject H0 | H0] 

     = P [𝑋 ̅< c | µ] 

     = Ф [
𝑐−µ0

𝜎/√𝑛
 ]    …(3.7) 

 

If σ is unknown, then the Uniformly Most Powerful Unbiased (UMPU) test ϕ (x) for 

testing H0: µ ≥ µ0 vs H1: µ < µ0   will have the following form  

   ϕ (x) = {1                          𝑖𝑓 𝑋̅ ≤ 𝑐
0                      𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

  …(3.8) 

 

  Where   c = µ0 + 
𝑡𝛼(𝑛−1)𝑆

√𝑛
 

    S2 = 
1

𝑛−1
 ∑ (𝑋𝑖 − 𝑋̅ )2𝑛

𝑖=1  

     

tα(n-1) is the upper 100α% point of t-distribution with (n-1) degree of freedom.If n is 

large then tα(n-1) = Ф-1(α). 

 

4. Results and Discussion 

In this section we will be checking compliance of the standard for various pollutants 

at different monitoring sites. We proceed as below: 

 

4.1. For pollutant NO2 

4.1.1. For monitoring site Ajmeri Gate 

The expected value of the distribution of 24 hourly NO2, µ (say) is less than 80 µg|m3 

and if this is true the probability of misclassification is at most α [α = 0.05]. The SVIS 

thus constructed using the testing problem 

     H0: µ ≤ log80 

    vs 

     H1: µ > log80 

Since we know 𝑋̅ ~ N (µ, σ2), our UMP test will be  

    Ф(x) = {
1               𝑖𝑓 𝑋̅  ≥ 𝑐

0               𝑖𝑓 𝑋̅ < 𝑐
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We reject H0 if 𝑋̅ > 𝑐 where c is so obtained such that 

    P [𝑋̅  ≥ 𝑐 | 𝐻0] =α 

From the given data, SVIS can be obtained as below: 

From data, we observe 

   𝑋̅ = 3.5148 

   S2 = 0.0681 

And from the above discussion we have  

  c = 𝑙𝑛µ0 +
𝜎

√𝑛
 Ф-1(1-α) 

      = ln80 + 
𝑆

√96
 Ф-1(1-α)  (Since σ is unknown) 

 

    c = 4.4342 

 

since c = 4.4342 which is greater than 𝑋̅ so there is no evidence that the site is out of 

control. 

Similarly, we proceed for other monitoring sites and conclude that with respect to 

NO2 there is no evidence at 5% level of significance to suggest that the standard for 

NO2 has  been failed at Jhalana dungri, Chandpole, RIICO office, Vidhyadhar nagar, 

VKIA. In other words, we can say that We accept null hypothesis at all 6 sites of 

Jaipur city implies that all 6 sites are under compliance.  

 

4.2. For pollutant RSPM 

4.2.1. For monitoring site Ajmeri Gate 

The expected value of the distribution of 24 hourly RSPM, µ (say) is less than 100 

µg|m3 and if this is true the probability of misclassification is at most α [α = 0.05]. 

The SVIS thus constructed using the testing problem 

     H0: µ ≤ log100 

    vs 

     H1: µ > log100 

Since we know 𝑋̅ ~ N (µ, σ2), our UMP test will be  

    

    Ф(x) = {
1               𝑖𝑓 𝑋̅  ≥ 𝑐

0               𝑖𝑓 𝑋̅ < 𝑐
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We reject H0 if 𝑋̅ > 𝑐 where c is so obtained such that 

 

    P [𝑋̅  ≥ 𝑐 | 𝐻0] =α 

From the given data, SVIS can be obtained as below: 

 

From the given data of year 2016, we have 

    𝑋̅ = 5.1257 

    S2 = 0.2452 

From the above discussion we have  

 c = 𝑙𝑛µ0 +
𝜎

√𝑛
 Ф-1(1-α) 

   

       = ln100 + 
𝑆

√96
 Ф-1(1-α)  (Since σ is unknown) 

  c = 4.7042 

since c = 4.7042 which is less than 𝑋̅ so there is enough evidence that the site is out of 

control. 

Similarly, we proceed for other monitoring sites and conclude that with respect to 

RSPM there is enough evidence at 5% level of significance to suggest that the 

standard for RSPM has been failed at Jhalana dungri, Chandpole, RIICO office, 

Vidhyadhar nagar, VKIA. In other words, we can say that We accept null hypothesis 

at all 6 sites of Jaipur city implies that all 6 sites are out of compliance.  

 

4.3. For pollutant SO2 

4.3.1. For monitoring site Ajmeri Gate 

The expected value of the distribution of 24 hourly SO2, µ (say) is less than 80 µg|m3 

and if this is true the probability of misclassification is at most α [α = 0.05]. The SVIS 

thus constructed using the testing problem 

     H0: µ ≤ log80 

    vs 

     H1: µ > log80 

Since we know 𝑋̅ ~ N (µ, σ2), our UMP test will be  

   Ф(x) = {
1               𝑖𝑓 𝑋̅  ≥ 𝑐

0               𝑖𝑓 𝑋̅ < 𝑐
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We reject H0 if 𝑋̅ > 𝑐 where c is so obtained such that 

    P [𝑋̅  ≥ 𝑐 | 𝐻0] =α 

 

From the given data, SVIS can be obtained as below: 

From the given data of year 2016, we have 

     𝑋̅ = 2.1231 

     S2 = 0.0411 

From the above discussion we have  

 c = 𝑙𝑛µ0 +
𝜎

√𝑛
 Ф-1(1-α) 

       = ln80 + 
𝑆

√96
 Ф-1(1-α) (Since σ is unknown) 

 c = 4.4226 

since c = 4.4226 which is greater than 𝑋̅ so there is no evidence that the site is out of 

control. 

Similarly, we proceed for other monitoring sites and concludes that with respect to 

SO2 there is no evidence at 5% level of significance to suggest that the standard for 

SO2 has been failed at Jhalana dungri, Chandpole, RIICO office, Vidhyadhar nagar, 

VKIA. In other words, we can say that We accept null hypothesis at all 6 sites of 

Jaipur city implies that all 6 sites are under compliance. 

 

5. Quantile –Quantile Plot for Air Pollutant for Ajmeri Gate 
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6. Conclusion 

 Monitoring site Ajmeri gate is under compliance with respect to NO2 and SO2 

while out of compliance with respect to RSPM.  

 Monitoring site Jhalana dungri is under compliance with respect to NO2 and SO2 

while out of compliance with respect to RSPM.  

 Monitoring site Chandpole is under compliance with respect to NO2 and SO2 

while out of compliance with respect to RSPM.  

 Monitoring site RIICO office is under compliance with respect to NO2 and SO2 

while out of compliance with respect to RSPM. 

 Monitoring site Vidhyadhar nagar is under compliance with respect to NO2 and 

SO2 while out of compliance with respect to RSPM. 

 Monitoring site VKIA is under compliance with respect to NO2 and SO2 while out 

of compliance with respect to RSPM. 

 Since NO2 and SO2 are under compliance at all 6 sites while other pollutant 

RSPM is out of compliance at all 6 sites so regulatory body need to take major 

steps to control these pollutants. 
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