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Abstract 

 
In this present work the effective elastic modulus of nanocomposites 

of epoxy reinforced with spherical shape Al2O3 particles of 40 

nanometer diameter, up to a volume fraction of 10%, randomly 

distributed, is evaluated under uniaxial loading condition using finite 

element method (FEM). In order to obtain realistic prediction of 

elastic modulus of polymer nanocomposites, three dimensional 

representative volume elements (RVE) were considered.   A 

MATLAB code was written to position the particles inside the RVE 

randomly. The ANSYS Parametric Design Language (APDL) of the 

software was used to generate the RVE and evaluate the elastic 

modulus. Five different RVEs were analyzed and the average of 

elastic modulus from the five analyses was taken for final result for 

each volume fraction of alumina particles.  

Elastic modulus of polymer nanocomposites obtained from the finite 

element analysis was also compared with the result obtained from 

Halpin Tsai analytical model, and the possible reasons of deviations 

between the two results are discussed. It was found that the elastic 

modulus of polymer nanocomposite having 10% volume fraction 

increased by an amount of 26% over that of neat epoxy.    

 

Keywords: Nanocomposites, modeling of material, particulate 

composite, elastic modulus. 

 

Introduction 

 

Nanocomposites are multiphase solid material where 

one of the phases has one, two or three dimensions of less 

than 100 nanometers (nm), or structures having nano-scale 

repeat distances between the different phases that make up the 

material. Due to extremely low size and high aspect ratio, 

nano particles have become ideal reinforcement to improve 

the mechanical and electrical properties of polymer matrix. In 

comparison to metals polymers have very less elastic modulus 

as well as resistance to fracture or crack growth. Nano 

particles improve the elastic modulus and fracture toughness 

of polymer even at low volume substantially. 

Determination of effective elastic properties of 

polymer nanocomposite material is a typical problem in solid 

mechanics. There are many analytical and semi analytical 

techniques to evaluate effective mechanical properties of 

nanocomposites. There are a number of classical micro-

mechanical theories which have been reported in the 

literature. The Voigt and Reuss approximation model are the 

simplest models used to evaluate the effective properties of a 

composite. But neither Voigt nor Reuss model predict 

accurate effective properties of composite. In Voigt model the 

stresses across the boundaries of the phases do not follow 

equilibrium equation, and in the Reuss model the resulting 

strains create forces to debond the phases [1, 2].  Hashin–

Shtrikman’s variational principles established the upper and 

lower bounds for elastic modulus of composite [3]. Eshelby 

has considered an ellipsoidal inclusion in an infinite isotropic 

matrix to solve the problem of particulate composites [4]. 

Eshelby realized that problem should be equivalent to the 

problem of a region in a matrix with different material 

properties. Effective field theory based on Eshelby’s has been 

used by Mori–Tanaka to find the elasticity solution for 

inhomogeneity in infinite medium [5]. Benveniste 

reformulated it so that it could be applied to composite 

materials [6]. Halpin-Tsai model is based on the geometry and 

orientation of the reinforcement and the elastic properties of 

the reinforcement and matrix. The model is based on the self 

consistent field method although often consider to be 

empirical [7]. Halpin –Tsai and Mori-Tanaka are two most 

popular analytical models for evaluation effective elastic 

properties of micro/nano composite have been found in 

literature.. 

A lot of work has been reported for evaluating the 

effect of nano-reinforcement on elastic modulus of polymers 

experimentally [8-13]. Limited availability of literature which 

deals with modeling of randomly distributed nano meter size 

reinforced composite motivated the present work. Unit cell 

model [14] was being used for evaluating the properties of 

fiber reinforced polymers. To simulate different volume 

fractions the size of matrix is kept fixed while the radius of 

spherical inclusion is varied. All the unit cell model simplifies 
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the material as a periodic array of reinforcement. These 

models have the limitation that reinforcements are assumed to 

have same shape and orientation. But in real composites, there 

are variation in size, distribution and orientation of particles in 

the matrix. To overcome these problems Nemat-Naseer used a 

Representative Volume Element approach [18]. The volume 

of the RVE should be chosen in such a way that the RVE 

contains adequate number of reinforcement to represent the 

composite statistically.  

Marur [14] have modeled composites of epoxy 

reinforced with spherical glass particles. Unit cell models are 

employed to model the composite. Three unite cell; 

Cylindrical, Spherical, and cubical shape with spherical 

inclusion were taken to evaluate the effective elastic 

properties. The results were compared with analytical model 

(TPM) and with experimental results. Kari et al [15] 

evaluated the effective material properties (E, G, K and ν) of 

micro-composites by RVE approach based on finite element 

method with periodic boundary conditions for volume fraction 

from 10% to 60% of particles. Random Sequential Adsorption 

algorithm (RSA) was used to generate three dimensional RVE 

model with randomly distributed spherical particles. Hbaied 

et al [16] modeled elastic Modulus of Epoxy/Nanoclay 

nanocomposite with square plate for aligned particle and disc 

shape for randomly oriented particle. Finite element analysis 

was carried out for two dimensional and three dimensional 

RVE on ABAQUS. Randomly oriented particles could not be 

randomly distributed at high volume fraction. Both the epoxy 

and clay were taken as isotropic and linearly elastic. For 

aligned particles, Mori-Tanaka model is reasonably accurate 

up to 5% volume fraction of nano clay but underestimates the 

stiffness at higher volume fractions. For randomly oriented 

particles, the Mori-Tanaka model overestimates the stiffness 

of clay nanocomposite. Parameswaran and Shukla [17] 

evaluated the effective elastic modulus of nanocomposite of 

epoxy/Alumina platelets, with RVE approach using finite 

element method. Finite element simulation was performed on 

ANSYS 8. Four RVE configuration Uniform Size Aligned 

Platelets (USAP), Assorted Size Aligned Platelets (ASAP), 

Uniform Size Randomly Oriented (USRO), Assorted Size 

Randomly Oriented (ASRO) is considered. Size of RVE is 

determined by varying size by 15 to 30µm for composite 

having 1% VF of aligned platelets. The effect of Four RVE 

configuration on elastic Modulus is investigated and found 

that ASRO is most close to experimental value. Result is also 

compared with Mori Tanaka method. 

 

Methods 

2 Modeling of Nanocomposite 

 

2.1 Material system 

In the present work, epoxy has been taken as matrix 

material and alumina particles of spherical shape of 40nm 

diameter have been taken as reinforcement. For epoxy, the 

elastic modulus and Poisson’s ratio is taken as 3.8 GPa and 

0.375 respectively. The elastic modulus of alumina particles is 

taken as 375 GPa and the Poisson’s ratio is 0.23. 

  

 

 

2.2 Finite element modeling and boundary conditions  
A MATLAB code was written to position the 

particles inside the RVE randomly. It was ensured that the 

closest distance between two particles is not less than 40 nm. 

Five different RVEs were analyzed and the average of elastic 

modulus from the five analyses was taken for final result for 

each volume fraction of alumina particles. 

The stress strain behavior of nanocomposites was modeled on 

nano scale using the finite element program ANSYS. The 

ANSYS Parametric Design Language (APDL) of the software 

was used to generate the RVE. The two dimensional (2D) and 

three dimensional (3D) figure of RVE on which analysis was 

performed are shown in Fig 1 and Fig 2. 

In most modern papers in the field of strategic management 

the concept of competitive strategy is interpreted as a set of 

rules and practices to be followed by the enterprise, if its 

purpose is to achieve and maintain the competitiveness in the 

industry [2, 3, 4, 5, 6, 7, 8, 9]. Therefore, the competitive 

strategy of the enterprise is focused on achieving the 

competitive advantages, ensuring the best possible and 

sustainable long-term financial position as well as the strong 

position in the market. 

M. Meskon, M. Albert, F. Hedouri defined the strategy as "a 

detailed comprehensive and integrated plan designed to ensure 

the implementation of the mission of the enterprise and its 

objectives" [10]. The strategic planning process in general can 

be represented by the following algorithm (Figure 1). 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 1: 2D figure of RVE of composite having 5% 

 
 

Figure 2: 3D figure of RVE of composite having 5% 
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Ten nodded tetrahedral elements were used to mesh both the 

matrix and the platelets. This corresponds to the SOLID187 

ANSYS element. The number of elements varied from 25,000 

to 350,000 depending on the volume fraction used. A RVE 

with finite element mesh is shown in Fig 3. Prescribing 

periodic boundary conditions is difficult with randomly 

oriented reinforcements, especially while performing a three-

dimensional analysis. Further, it is reported that the effect of 

symmetric boundary conditions or periodic boundary 

conditions on the evaluated elastic modulus is negligible [16]. 

Hence relatively simpler symmetric boundary conditions were 

prescribed in the present study. The displacement components 

normal to the three adjacent faces of the RVE were 

constrained to prevent rigid body motion. All the nodes on 

remaining two faces were coupled to remain faces parallel 

during deformation. A normal displacement of known value 

was applied to the nodes on the sixth face. The stress was 

calculated by dividing the total reaction obtained from the 

finite element result by cross sectional area of RVE. The 

elastic modulus was calculated by dividing the stress by the 

applied strain. 

 

 
Figure 3: Finite element meshing of RVE 

 

 
Figure 4:  Variation of elastic modulus with no. of element 

for 1% volume fraction of alumina particles 

 

 

 

 

 

 

2.3 Convergence test 
Convergence test was performed for RVE of size 

325nm with 1% volume fraction of alumina particles to 

determine correct size of element for analysis. Elastic 

modulus was evaluated by varying the element size. Number 

of elements corresponding element size is in Table 1. 

It is clear from Fig 4 that by increasing the number 

of elements from 18346 to 109670, there is decrease in elastic 

modulus. Elastic modulus of composite does not change much 

(0.05%) if the number of elements is increased beyond 30281. 

So, the element size (35nm) corresponding to 30281 number 

of element can be taken. 

 

2.4 Halpin-Tsai model 

The results obtained from finite element analysis 

were compared with that obtained from Halpin-Tsai analytical 

model. Halpin-Tsai equation for elastic modulus of composite 

of short fiber is given by [7] 

 

 

 

 
Where Ef and Em are the elastic modulus of fiber and matrix 

respectively, Vf  is volume fraction of fiber, ξ is shape 

parameter depending upon filler geometry and loading 

direction. 

3 Results and Discussion 

 

3.1 RVE sizing 
The size of RVE should be such that the RVE should 

contain adequate number of particles to provide a statistically 

equivalent representation of the composite. To obtain the 

correct size of RVE, analysis was carried out for composite 

having 1% volume fraction of alumina particle. Number of 

particles required for various size of RVE is given in Table 2. 

Composite having 1% volume fraction of particles was 

considered for the analysis because the distance between 

adjacent particles will be the larger for lower percentage of 

reinforcement. For each size of RVE, elastic modulus was 

evaluated for three different configurations of randomly 

distributed particles. For any one of three configurations, 

elastic modulus was evaluated in all x, y, z directions. The 

average elastic modulus of composite as a function of particle 

is plotted in the Fig 5. It is clear from Fig. 5 that the elastic 

modulus decreases as the RVE size increases. But the change 

in elastic modulus is very less (0.1%) when RVE size 

increased from 260nm to 470nm. The change in the elastic 

modulus was in the range of standard deviation of that 

analysis. So, RVE size of 260nm was considered for finite 

element analysis in the present work. The L/D ratio 

(L=260nm, D=40nm) for RVE considered in this work is 6.5,  

 

 

 

 

 

Table 1 Variation of no. of element with element size in RVE for 1% volume fraction of alumina 
Element 

size(nm) 
85 55 45 40 35 31 29 27 25 23 21 20 18 17 16 

No. of 

elements 
18346 21069 23792 26534 30281 36922 37903 42998 50767 56792 62924 68053 82827 95153 101125 
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Table 3 variation of elastic modulus with volume 

Voume Fraction 
(%) 

FEM Model E 
(GPa) 

% increased Elastic 
Modulus 

Standard 
Deviation 

Confidence 
Level 

Halpin-Tsai 
Model E (GPa) 

% increased 
Elastic Modulus 

0 3.8 0 0 0 3.8 0 

1 3.89 2.35 0.0024 0.0021 3.91 2.894736842 

5 4.25 11.7 0.00832 0.0073 4.38 15.26315789 

10 4.758 25.21 0.0138 0.0121 5.02 32.10526316 

 

 

which is in confirmation with the earlier reported work [15]. 

Number of particles were increased for composite having 

higher volume fraction of alumina particles.  

 

Table 2 variation of number of spherical particles with RVE 

size for 1% volume fraction of nanocomposite 

RVE Size (nm) 260 350 370 410 440 470 

No. of spheres 5 10 15 20 25 30 

 

 
Figure 5: Variation of elastic modulus as a function of no. of 

alumina particles (RVE size) for composite having 1% 

volume fraction of alumina particles 

 

 
Figure 6: Variation of elastic modulus as a function of 

volume fraction of alumina particle 

 

Total five configurations of RVE have been analyzed for each 

volume fraction and the average elastic modulus, standard 

deviation and 95% confidence level are given in table in 

Table 3. Elastic modulus of composite as a function of 

particle volume fraction is given in Fig. 6. An increment of 

26% in the elastic modulus of composite having 10% volume 

fraction alumina particle over that of neat epoxy was 

evaluated whereas Halpin-Tsai equation gives an increment of 

32% for composite having 10% of volume fraction of 

spherical shape particles. 

 

 

 

 

 

Conclusion 
In this paper we have focused on the evaluation of effective 

material properties of nanocomposite of epoxy reinforced with 

randomly distributed spherical shape Al2O3 particles of 40nm 

diameter using finite element based RVE with symmetric 

boundary conditions. Elastic modulus evaluated by finite 

element modeling exhibits good agreement with Halpin-Tsai 

analytical model at low volume fraction. Elastic modulus is 

evaluated up to 10% volume fraction of alumina particles. 
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