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Abstract 

We demonstrate in this work the effect of an evolved 

anharmonic potential on the behavior of harmonic oscillator. 

We show that linear expansion starts to evolve as a result of 

the evolution of the potential. The effect on both the wave 

function and energy is also demonstrated. 
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INTRODUCTION 

In a previous article [1] we studied the effect of an evolved 

electric potential on a charged particle placed in a harmonic 

oscillator and noted that the anharmonic oscillator will be 

studied fractionally to have a better understanding of thermal 

expansion. Thermal expansion is explained in solid state 

physics text books to be a phenomenon arises from the effect 

of an asymmetric term in the potential energy on the mean 

separation of a pair of atoms at a temperature T [2]. This term 

is proportional to x3. We will introduce this term to the 

equation of the harmonic oscillator fractionally and observe 

the evolution of thermal expansion as the term develops from 

zero to its final form. 

The problem of anharmonic oscillator was tackled by many 

researchers in the past. Abraham and Moses [3] obtained an 

exact solution by modifying the harmonic oscillator by 

introducing potentials in a predetermined way. Bender and 

Wu [4] considered an anharmonic oscillator having two terms 

of the orders x2 and x4 using the WKB technique to give some 

indication of the analytical structure of the more realistic field 

theory. Graffi et. al. [5] obtained better computational results 

by performing analytical continuation to Borel summability 

method. Singh et. al [6] used the theory of continued fractions 

to study the anharmonic oscillator containing terms of the 

order of x2, x4 and x6 by writing the Green's function of the 

theory to prove that the continued fraction converges where 

the corresponding perturbation series in the dominant 

coupling diverges. Johnson III. et al [7] applied the variational 

method to determine the ground and first excited state 

energies of quartic and sextic anharmonic oscillator potentials. 

Starting from two sets of trial wave functions, they showed 

that by introducing additional terms, the energy eigenvalues 

gradually converge to those obtained from the Runge-Kutta 

numerical integration method. Also Koch et al [8] applied the 

variational method to calculate the first eight eigenvalues of 

quartic and sextic anharmonic oscillator potentials. By 

choosing a set of sophisticated trial wave functions, applying 

the orthogonal conditions between the eigenstates, and with 

the help of Maple software packages, they found that theses 

eight eigenvalues are accurate and agree well with those 

obtained from the Runge-Kutta numerical integration method. 

Floyd et al [9] introduced a quartic term 𝛼𝑥4 in the 

anharmonic oscillator. They found that , even though 𝛼, the 

coupling constant of the quartic term, can be very small, after 

large enough values of 𝑥 the quartic potential 𝛼𝑥4 eventually 

supersedes the harmonic potential 𝑚𝜔𝑥2/2, and it can no 

longer be considered weak. Li et al [10] studied the 

temperature dependence of the lattice dynamics of ScF3 from 

7 to 750 K. the measured phonon densities of states show a 

large anharmonic contribution with a thermal stiffening of 

modes around 25 meV. Amore [11] showed that it is possible 

to obtain numerical solutions to quantum mechanical 

problems involving a fractional Laplacian, using a collocation 

approach based on Little Sinc Functions (LSF), which 

discretizes the Schrödinger equation on a uniform grid. They 

applied this method collocation method to the fractional 

versions of the anharmonic oscillator and the Mathieu 

equation. In all mentioned works non used the idea of 

evolution in studying the anharmonic oscillator and thermal 

expansion except for the last reference [11] where the 

fractional Laplacian was used as an application of fractional 

calculus.  

As mentioned in our previous work, fractional calculus in the 

sense of derivatives was not utilized, but the idea of evolution 

which is one of the outcomes of fractional calculus was 

reemployed in the present work by applying a developing 

potential which causes the phenomenon of thermal expansion. 

The idea of evolution of physical phenomena has been 

introduced and studied by many researchers. Engheta [12,13] 

applied the idea to the electromagnetic multipole showing the 

evolution of multipole from a certain order to the higher one.  

Gómez-Aguilar and co-workers contributed intensively to the 

field of fractional calculus. They studied fractional electrical 

circuits. They introduced an analytical solution to an RLC 

circuit in terms of the Mittag-Leffler function depending on 

the order of the fractional differential equation [14,15]. Also 

they studied the transitory response and analyzed time and 

frequency domain of RC circuit applying Caputo fractional 

derivative [16,17]. Moreover they described the dynamics of 

charged particles in electric fields employing Laplace 

transform of Caputo derivative [18]. They also used Fourier 

method to find the full analytical solution of electromagnetic 

wave in conducting media considering Dirichlet conditions 

[19]. Rousan et al [20] have studied such evolution in gravity 
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and showed the evolution of a semi-infinite linear mass from a 

mass point. Rousan et al [21] showed how the oscillatory 

behavior (LC circuit) goes over a decay behavior (RC circuit) 

as the order of fractional differentiation goes from zero to one, 

and vice versa. Also Rousan et al [22] studied fractional 

harmonic oscillator and suggested that the system goes 

through an evolution process as the fractional order goes from 

zero (free) to one (damped), letting it pass through 

intermediate stages where the system can have a damping 

character and the material can be thought as a pseudo-

damping material. Fractional electrical circuits were studied 

and analyzed from all aspects by Kaczorek and Rogowski 

[23,24]. Obeidat et al [25] studied the evolution of a current in 

a wire and estimated the time required for the current to reach 

its maximum value. Good bibliography on evolution process 

and fractional calculus can be found in [20-22] and [1, 25]. 

 

 METHOD 

The time independent Schrödinger equation in one dimension 

is given by: 

−
ℏ

2𝑚
 
 𝑑2𝜓(𝑥)

𝑑𝑥2
+ 𝑉(𝑥)𝜓(𝑥) = 𝐸𝜓(𝑥) (1) 

Where ℏ is the normalized Blank constant, 𝑚 is the mass of 

the particle under the influence of the potential energy 𝑉(𝑥), 

𝐸 is the energy of the system and 𝜓 is the total wave function. 

One of the most important potentials in quantum mechanics 

which has an exact solution is the harmonic potential; 𝑉 =
1

2
𝑚𝜔2𝑥2, where 𝜔 is the frequency of the oscillator. Then the 

above equation reduces to: 

𝑑2𝜓(𝑥)

𝑑𝑥2
= −

2𝑚

ℏ2
 (𝐸 −

1

2
𝑚𝜔2𝑥2) 𝜓(𝑥) (2) 

This equation can be solved by means of applying Frobenius 

method [26] or by means of the Adomian decomposition 

method [27], and the final result is: 

𝜓(𝜉) = 𝐻𝑛(𝜉)𝑒−
𝜉2

2  (3) 

Where 𝜉 = (
𝑚𝜔

ℏ
)

2

𝑥 and 𝐻𝑛(𝜉) is the Hermite polynomial of 

order 𝑛. The energy of the system is: 

𝐸𝑛 = ℏ𝜔 (𝑛 +
1

2
) , 𝑛 = 0,1,2, …. (4) 

Even though the harmonic theory explained many physical 

properties in physics, and open an elegant method of solving 

complicated problems through the second quantization, but it 

failed to predict thermal expansion due to the symmetry of the 

potential. Thermal expansion, 𝜇, is proportional to the 

expectation value of the distance, 𝑥, i.e. 𝜇~ < 𝑥 >. Since the 

potential is symmetric, the wave function as shown in eq.3 is 

either even or odd function. The expectation value of 𝑥 is 

given as: 

< 𝑥 >= ∫ 𝑥 |𝜓(𝑥)|2 𝑑𝑥
∞

−∞

 (5) 

Since the square of either an even function or an odd function 

is an even function, so the integrand is always an odd function 

and consequently, the value of the integration is zero.  In 

general, to have a value for the expectation value of 𝑥, one has 

to distort the symmetry of the potential, this is doable by 

adding a non-symmetric term to the potential such as 𝛽𝑥3 

In this work, we will study the effect of an evolving 

anharmonic term of the form: 

−𝛼𝛽𝑥0
1−𝛼𝑥2+𝛼    

 
(6) 

Where α varies from 0 to 1 to be added to the oscillator, the 

time independent Schrödinger equation will read as: 

𝑑2𝜓(𝑥)

𝑑𝑥2
=  −

2𝑚

ℏ2
 (𝐸 −

1

2
𝑚𝜔2𝑥2

+ 𝛼𝛽𝑥0
1−𝛼𝑥2+𝛼) 𝜓(𝑥) 

(7) 

Where the factor 𝑥0
1−𝛼 is introduced to take care of units. 

This extra term in this form will set a developing potential 

which in turn will be the source of thermal expansion. 

The above equation has been solved numerically by following 

the method used in our previous work, i.e., the Numerov 

algorithm [1]. It was shown that this algorithm is simpler and 

produces higher accuracy than using the Runge-Kutta method, 

and it was also shown by others that the Numerov algorithm is 

faster and more stable [28,29]. 

Applying the Numerov method to the general form of the 

second order differential equation of the form: 

𝑑2𝑦(𝑥)

𝑑𝑥2
=  −𝑔(𝑥)𝑦(𝑥) + 𝑠(𝑥) (8) 

Where 𝑔(𝑥) and 𝑠(𝑥) are known functions, in our case these 

functions are given by: 

𝑔(𝑥) =
2𝑚

ℏ2
 (𝐸 −

1

2
𝑚𝜔2𝑥2 + 𝛼𝛽𝑥0

1−𝛼𝑥2+𝛼) (9) 

And 𝑠(𝑥) = 0, with the following initial conditions: 𝑦(𝑥0) =
𝑦0 and 𝑦′(𝑥0) = 𝑦0

′ , the final form of the Numerov’s formula 

is then: 

𝑦𝑛+1 =
(12 − 10𝑓𝑛)𝑦𝑛 − 𝑓𝑛−1𝑦𝑛−1

𝑓𝑛+1

     (10) 

With:  

𝑓𝑛 = 1 + 𝑔𝑛

(Δ𝑥)2

12
 (11) 

Where Δ𝑥 is the step. A full derivation of Numerov algorithm 

can be found somewhere else [30] 

In the present work, all the constants are taken to be equal to 

one except for the parameter 𝛽. 

Figure 1 shows how the potential varies for different values of 

at  𝛽 = 0.05 and how it varies with  at =5/9. One has to 

be very careful of picking the values of 𝛽, since for relatively 

high value the extra term of the potential will be dominant for 

high values of 𝑥, and the general solution to the Schrödinger 

equation will be impossible to achieve even with the help of 

perturbation theory. In all results this parameter was chosen to 

be 0.01. 
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Figure 1. (a) The potential for =0.05 with different values of . (b) The potential for =5/9 with different values of . 

 

        

 

RESULTS AND DISCUSSION 

By introducing a developing term as a potential to 

Schrödinger equation representing the harmonic oscillator an 

asymmetry starts to show in the potential. It was shown in 

Figure 1 that care must be taken when assigning a numerical 

value of the parameter , the suggested value was 0.01 for the 

reasons mentioned in the previous section. 

The evolution of the potential is facilitated by increasing the 

value of the fractional term . This term was increased in 

steps from zero to one. Figure 2 shows how the shape of the 

potential changes from a symmetrical shape when =0 (=0 

coincides with  to a full asymmetry when =1. When 

the potential is symmetric the equilibrium separation between 

the neighboring atoms remains the same irrespective of the 

energy, which means that no thermal expansion can occur. 

When deviates from zero asymmetry starts to show and the 

mean separation starts to increase with increasing energy. This 

figure makes clear how the asymmetry starts to evolve by 

increasing the “strength” of the new term via the value of .   

 

 

Figure 2. The potential for different values of  with =0.01 

 

The expectation value of 𝑥 (i.e. thermal expansion) should 

increase with energy (temperature) and that is evident from 

the results shown in figure 3. In this figure the expectation 

value of 𝑥 is plotted versus energy (n) for different values of 

. It clear that as the value of increases, which means that 

the asymmetry term becomes “stronger” the value of < 𝑥 > 

increases. Also, as expected the value of < 𝑥 > increases as 

the energy (n) increase. 

 

  

Figure 3. The expectation value of x with energy (n) for 

different values of . 

 

Finally Figure 4 shows the potential and the values for the 

expectation values of x (the equilibrium separation) are shown 

by the dotted line which indicates how < 𝑥 > increases with 

energy. 
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Figure 4. The potential energy with dotted line denoting the 

< 𝑥 >  for different values of energy (n) 

 

CONCLUSION 

Anharmonic oscillator was developed by adding an 

asymmetrical potential fractionally to the harmonic oscillator. 

Asymmetry developed gradually with increasing the fraction 

gives rise to thermal expansion. It was demonstrated that the 

expansion increased with increasing the fraction of asymmetry 

and with increasing energy, as expected.  
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