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Abstract 

When a mechanism has been constructed that has a shaft 

supported in a circular compartment, without the presence of 

bearings or lubricants, the dry friction appears trying to prevent 

any rotational movement of it. This paper address a 

mathematical representation of mechanisms that deal with a 

static or dynamic situation under dry friction, in an analytical 

and computational way using MATLAB®. The objective is to 

expand the capacity of design of mechanical systems, improving 

the models that arise when handling shafts. Two equations are 

deduced and explained that compactly model the static and 

dynamic of this type of mechanism, allowing to analyze both 

phenomena at the same time. The analysis and development 

shown is valid only for shafts that do not accelerate 

translationally and also experience dry friction with the surface 

that supports them.  

 

Keywords: Static dry friction, dynamic dry friction, 

transmissibility, imminent motion, transient response, 

MATLAB. 

 

INTRODUCTION 

When analyzing any mechanical structure that is in motion or 

not, it starts by creating a free-body diagram that shows 

adequately the forces that are acting, both in the composite body 

and in each link that conforms it [1]-[3] In this process it is 

                                                           

 
 

necessary to know the supports and connections that exist, since 

these explain how the reaction is experienced by the body and 

therefore the forces that must be included in the free-body 

diagram. 

 

Once the free-body diagram is obtained, analyzes can be made 

that allow the calculation of external forces that leave the system 

in a static, imminent motion and movement state. This step is 

important for applied engineering studies, since, in most 

mechanical systems applications, the torque of an engine that 

generates a movement in the mechanism must be argued. In 

order to expand the tools that fit this need through computational 

aids, basic concepts of the area literature are used for their 

contextualization, such as “Ingeniería Mecánica Estática” [4] 

and “Mecánica Vectorial para Ingenieros” [5]. Based on the dry 

friction [6]-[9] in shafts, to implement a simple method with 

which it can be determined the input to the system that generates 

the desired state. 

 

If the desired state involves a movement, it means that the 

mechanism must overcome static friction [10]-[12] before 

experiencing acceleration. This situation, where it is moved 

from one state to another, is an analysis that has been covered 

by models called “Switching models” [13], which contemplate 

the effect of overcoming static friction. 
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In this way, works like the developed in [14], show the 

implementation of a mathematical model in which it includes 

functions that allow it to determine the direction of the force of 

the kinetic friction [15]-[19], but supposes that the magnitudes 

of the forces of static and kinetic friction are constant, i.e. that 

they are not affected by the different loads that the mechanism 

may be lifting.  

 

On the other hand, the work presented in [20] shows the 

importance of keep present the friction force. The performance 

of a system depends totally of its mathematical model, a closer 

model to the real system allows to implement a better control 

[21]-[24] and therefore produce the expected results.  

Sometimes these results are simulated on Simulink [25]-[28]. 

 

In the present paper, an equation is developed with which the 

static and kinetic dry friction force can be analyzed taking into 

account that these depend on the inputs of the mechanism. This 

equation allows to create mathematical models [29]-[32], which, 

through software, can be simulated to obtain the total response 

of a mechanism, knowing that it must overcome the static 

friction before the movement.  

 

The document is divided into five sections. Section 2 discusses 

the basic analysis to deduce an equation that expresses the 

steady state of a body supported on a shaft. Section 3 introduces 

the dynamic behavior with which the transient and stationary 

responses of the mechanism can be seen. This section takes into 

account that the friction can change direction depending on the 

direction of movement and the direction of entry of the system. 

In Section 4 it is analyzed problems that summarize the 

functionality of the two equations found and finally in section 5 

the conclusions reached are presented. 

STATIC ANALYSIS 

The analysis of mechanical systems begins with knowing the 

type of support that is implemented to deduce the restrictions 

that the mechanism has. Figure 1 illustrates supports which, 

according to their nature, restrict the degrees of freedom of the 

system, these are related to contain any shaft that allows 

rotational movement.  

 

 
Figure 1. Supports and reactions involving shafts [5]. 

 

As noted in the images, restrictions are shown as vectors 

indicating the type of motion that cannot be generated. It can be 

seen that the rotation on the x-axis is free, something that is 

idealized. The present work focuses on examining this type of 

support considering that the restriction for a rotational 

movement in the x axis must exist, since dry friction is 

experienced, i.e. that the presence of lubricants is null or scarce 

and there is no resistance to the rolling since there are no balls 

that are rolling internally (bearings). 

 

To begin to analyze a static situation the principles used of the 

mechanics are listed [5]:  

 

- Parallelogram law for the addition of forces 

- Principle of transferability 

- Newton's Third Law, relate forces and momentum 

according to (1) and (2). 

 

m F a  (1) 

o I M α   (2) 

Friction of Coulomb[33]: 

Also known as dry friction, is the reaction that occurs 

between two surfaces that tend to slide without the 

presence of lubricants, the principles that describe the 

friction are:  

1- It does not depend on the area in contact 

2- The dry friction has a limit with respect to its 

magnitude that depends on the normal force and the 

nature of the surfaces in contact. The relationships 

are as follows.  

When the system is in imminent motion: 

f sF N    ( 

3) 

When the system is in motion:  

f kF N    ( 

4) 

Once the maximum magnitude of the static friction force 

is exceeded, the kinetic friction is experienced, which is 

always smaller in magnitude, as shown in Figure 2. 

 

 
Figure 2. Behavior of dry friction [5]. 

 

By means of the above principles, the analysis of the machine 

that illustrates Figure 3, known as “Marble machine” [34], starts.  

Machine used as entertainment which has a transmission 

mechanism that is supported on a wooden shaft. The purpose of 
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this mechanism is to move marbles on roads in such a way that 

they are maintained in a cycle as long as the engine is energized.  

  

 
Figure 3. Parts of analyzed system. “Marble machine”. 

 

When the reduction motor is energized it generates a movement 

in the pinion and in the gear, but just before the movement is 

generated, the static friction must be overcome, however, what 

value should the input have to produce an imminent movement? 

Suppose the system is in an imminent motion situation. 

 

In figure 4.a )  the free body diagram of the gear is shown. In 

this it can be noticed the presence of the weight cW  and gW  of 

the marbles and the gear respectively, the force exerted by the 

pinion pF  and a reaction R . The reaction R  is a combination 

of the frictional force fF  and the normal force to the contact 

area N  which occurs between the shaft and the gear. The 

reaction has been marked with a wavy line to specify that its 

rectangular components are the normal and the friction. The 

angle that forms between the normal and the reaction R  is the 

“angle of friction” [5], and in the case of imminent movement 

this angle is symbolized as s . 

 

The friction angle is related to the coefficient of static friction as 

follows: 

 

s stan( )   (5) 

 

The static friction radius sr  is shown in figure 4.b ) . This, 

regardless of the load situation of the system, will have the same 

magnitude in the shaft, and the line of action of the reaction R  

must pass through this circle in an imminent movement. The 

radius of friction is related by (6) to the radius of the shaft.  

 

s sr r sin( )   (6) 

 

 

 
a) Forces acting on the gear 

 
b) Reaction R, normal force, friction force, friction angle, 

radius and radius of friction. 

 

Figure 4. System analyzed in imminent motion.   

 

 

The important thing in Figure 4 is to look at the location in which 

the angle of friction with respect to the normal is and the 

relationship between the reaction R  and the friction radius sr  

in an imminent movement. The reaction R  in this case prevents 

a translational and rotational movement, from the combination 

of the friction force fF  and the normal N  since the shaft is not 

being transferred and the system is rotationally static. 

 

With this being clear, a reference plane is inserted in the center 

of the gear and a momentum M  is added in order to analyze the 

more general case of forces. The momentum represents one 

more input to the gear. Figure 5 shows the free-body diagram, 

in which the names of the entries have been ordered to give more 

clarity:  
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Figure 5. Free body diagram of the system analyzed.   

 
The next step is to find an equivalent system of forces “force 

couple” [5] at the origin of the plane. For this, all the forces 

must be concurrent and apply the principle of the 

parallelogram for the addition of forces [5], then add all the 

momentum with respect to the origin and thus obtain the net 

force and the net pair.  

 
Figure 6. Free body diagram with “force couple” system 

 

The equivalent force and the equivalent momentum are 

expressed from a vector sum, the graphical result of this step is 

shown in figure 6 and is related by (7) and (8). 

 

1 2 3 4 5 6 7 n        F F F F F F F F F R  (7) 

 

1 1 2 2 3 3

4 4 5 5 6 6 7 7

o

n n

       

          

M M r F r F r F

r F r F r F r F r F r R
 

(8) 

 

The vector product used to find the momentum of reaction R  

includes the vector “ r ”, said force is located on the shaft of the 

gear as shown in figure 4.b). 

By generality it is expressed the equation 7 and 8 as a 

summation, by (9) and (10). 

  

1

n

i
i

 F F R  
(9) 

1

n

o i i
i

    M M r R r F  
(10) 

 

The forces being all coplanar produce a normal momentum to 

this plane that in this case is the plane ,z y . This means that the 

equivalent momentum is on the " x " axis and that the vector sum 

can only be expressed with scalars representing the magnitudes 

of each momentum vector. In other words, since all momentum 

vectors have the same direction, it is only necessary to evaluate 

the magnitudes of these to find the magnitude of the resulting 

momentum.  

The magnitude of a momentum vector can be expressed by (11).  

 

i i i isin( ) M r F  

 

(11) 

So equation 10 can be written as (12) and (13).  

 

1

n

o s i i i
i

M M r Rsin( ) r F sin( ) 


      
(12) 

1

n

o s i i i
i

M M r R r F sin( )


      
(13) 

 

It can be seen that equation (13) uses the friction radius sr  to 

calculate the magnitude of the momentum exerted by the 

reaction R . This is done since an imminent movement in the 

system is assumed, equation (6). If the resultant F  is 

decomposed into its rectangular components, it can be stated 

that the magnitude of its components depends on the sum of the 

magnitudes of the components of the other forces (Eqs. 14 to 

16). 

  

2 2
z yF F F   (14) 

 

1

n

z z zi
i

F R F


   
(15) 

 

1

n

y y yi
i

F R F


   

 

(16) 

As it may be noticed, at this time no matter the actual direction 

of forces, it is simply assumed that all components are positive. 

In addition, although the images do not include a component in 

the z-axis for the force R , it is being added in the equations to 

assume the more general case of forces. 

 

Knowing the force and the net momentum, they are 

implemented the equations one and two, assuming an 

acceleration equal to zero, as seen in (17) to (19) 
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1

0
n

o s i i i s ex
i

M M r R r F sin( ) r R M


          
(17) 

 

1

0
n

z z zi z ez
i

F R F R F


      
(18) 

  

1

0
n

y y yi y ey
i

F R F R F


      
(19) 

  

From equation 17 it can be obtained (20).  

 

1

n

s i i i
i

r R M r F sin( )


      
(20) 

  

Practically the equilibrium situation is almost fully described. 

From equations (18) and (19) it can be complemented the 

equation (20). Leading to the final result described by (22).  

 

2 2

2 2

1 1

n n

z y zi yi
i i

R R R F F
 

   
         

   
   

(21)  

 
2

2 2

1

2
1 1

n

i i in n
i

zi yi
i i s

M r F sin( )
F F

r




 

 
        

       
   


   

(22) 

 

Using the relationship between the friction radius and the 

property of the contact surfaces s , equations (5) and (6), it can 

be determined (23). 

 
2

2 2

1

2
21 1

2 1

n

i i in n
i

zi yi
i i s

s

M r F sin( )
F F

r









 

 
        

       
    




   

(23) 

 

This equation expresses in a compact way the steady state of a 

body, which is supported by a shaft that experiences dry friction, 

due to sliding between the areas in contact.  

To improve the presentation of the equation, the aggregate terms 

of equations (17), (18) and (19) are used, resulting in equation 

(24).  

 
2

2 2

2
2

2 1

ex
ez ey

s

s

M
F F

r




 




 
(24) 

This equation facilitates the calculation of a momentum or some 

force that allows the system to move imminently. If the system 

is in motion simply needs to change the value of the static 

coefficient of friction by the kinetic k , and the result obtained 

represents the minimum force or minimum momentum that must 

be exerted to maintain the movement. The terms ez,ey,ex  have 

been used as a sub-index to remember that they represent the 

sum of external forces or momentum. In these terms, the 

reaction force R  is not included as shown by equations (17), 

(18) and (19). 

 

Now each term of this equation is explained. 

  

r   Radio in which there is contact between the two rigid 

bodies and where friction is experienced.  

   

s Coefficient of static friction, this can be replaced by the 

kinetic k . 

 

exM Magnitude of the momentum vector produced by all 

momentum and external forces without including R , equation 

17. 

 

ezF   Rectangular component directed through the z-axis of 

the resultant of all external forces without including R , 

equation 18. 

  

eyF   Rectangular component directed through the y-axis of 

the resultant of all external forces without including R , equation 

19. 

 

This equation must generate two results for the input, since it is 

possible to move the system in two directions, so it is necessary 

to pay attention to the negative values generated by the roots.  

 

The importance of this result lies in the ease of solving a static 

problem without analyzing the magnitude and actual position of 

the frictional force. Simply put the forces of the system and 

solve the unknown of the equation. By means of this it is 

possible to argue the torque of an engine which can initiate a 

movement.  

DYNAMIC ANALYSIS 

If the rotational motion has already been generated at the 

momentum of overcoming static dry friction, it is time to 

evaluate the dynamic response of the system. For the following 

model it is assumed that equations 18 and 19 are still met, which 

means that the shaft is not experiencing translational 

acceleration. But since there is already a rotational acceleration, 

equation (17) must include that term, in addition the static radius 

of friction must be changed by the kinetic. 

 

The variable   in this case represents the angular displacement, 

I  the opposition exerted by the body to rotate (Inertia) [35], 

according to (25) and (26). 
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o k exM I r R M      (25) 

 
2

2 2

2 k ez ey ex
dI r F F M
dt


      
(26) 

 

Equation (26), as it stands, has an error, suppose that the body 

moves positively in  . If this occurs, the direction of the kinetic 

friction force must oppose this change and therefore the 

momentum of R  must be negative, but if the direction of motion 

is opposite, the momentum of R  must be positive. This means 

that there is a variant sign and is not being taken into account. 

For the above, the sign()  function is used to determine the sign 

of a value. If the argument entered in the function is zero, it 

returns zero.  

 
2

2 2

2 k ez ey ex
d dI sign r F F M

dtdt
  

       
 

 
(27) 

  

The expression (27) takes into account the variations in the 

direction of motion and adjusts the direction of the momentum 

of the reaction R , but when the change is given in the direction 

of movement the static frictional force must be overcome. And 

this fact is not contemplated by the equation (27). 

 

If equation (27) does not present acceleration and the body has 

no velocity, it follows that: 

 

2 20 ez ey exc F F M      

 

(28) 

Notice that the sign()  function has been removed and the kinetic 

friction radius has been changed by a constant " c ". The constant 

" c " represents all the radius values in which the reaction R  can 

be located before reaching its maximum location sr , which 

generates imminent movement. This equation expresses all the 

situations that occur before the imminent movement is 

generated. 

 

The magnitude of all radii before imminent motion is:  

 

 
2 2

ex

ez ey

M
c F F



 

 

(29) 

This radius can vary from 0 to sr , if greater than this value, it 

means that the system begins to move and that therefore begins 

to rule equation 27. But the calculation of " | c | " only makes 

sense when the velocity is zero, since the body can be without 

acceleration but presenting velocity. If the body moves, there is 

no static dry friction. 

  

The final step is to join these two situations, it is known that 

while there is movement, it must be used equation 27 and that 

when the radius c  is less or equal to sr  and there is no 

movement, it should not be met.  The final result is as follows: 

 

 

 
 

  

  

2 2
k ez ey ex

s

s

I sign( ) r F F M

sign r c
abs sign

abs sign r csign

abs sign

 



      

   
   
    

   
 
 
 

 

 

 

 

(30) 

The expression abs()  gives the absolute value of the argument 

that is entered. Equation 30 is a combination of equation 27 and 

a conditional created by functions sign()  and abs() , said 

conditional ensures that equation 27 operates when the static 

friction has been overcome. To test equation 30, a case is 

assumed in which a force gradually increases to bring the system 

out of equilibrium and then gradually decrease until it returns to 

the initial state:  

1- No movement, radius c  is between 0 ;  0sc r   

: 

 

 
 

2 2

0 0 0

k ez ey exI sign( ) r F F M

sign

       

   

 

 

(31) 

2- The movement begins, c  is greater than  sr  and the 

velocity is still zero, ;  0sc r   : 

 

 
 

2 2

1 0

k ez ey exI sign( ) r F F M

sign

       

   

 

 

(32) 

3-  The body has speed and the force continues to 

increase, c is greater than sr  and the velocity is 

different from zero, ;  0sc r   : 

  

 
 

2 2

1 1

k ez ey exI sign( ) r F F M

sign

       

   

 

 

(33) 

4- The body has speed and the force decreases, c  is less 

or equal to sr  and the velocity is different from zero. 

0 ;  0sc r    : 

 

 
 

2 2

0 1

k ez ey exI sign( ) r F F M

sign

       

   

 

 

(34) 
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5- The body has braked and the force continues to 

decrease, c  is less than sr  and the velocity is zero, 

0 ;  0sc r     :   

 

 
 

2 2

0 0 0

k ez ey exI sign( ) r F F M

sign

       

   

 

  

 

(35) 

As has been observed, equation 30 should only work in cases 2, 

3 and 4. If static friction has not been overcome, there has to be 

no acceleration or movement, and if there is movement, the 

value of the radius | c |  does not matter since if there is 

movement there is no static friction. 

 

The solution of said differential equation represents the response 

of the system. Due to the complexity represented by this 

equation, Matlab [36]-[37] is used to graph the dynamic and 

static response of the system by means of a block diagram. 

APPLICATION  

As validation method is used a classic mechanics exercise 

reported in reference [5], using equation (24). Then, section a) 

of the exercise is chosen to analyze the transient response of the 

system (see problem solved 8.6 pg 363). 

 

A pulley having a diameter of 101.6mm can be rotated about a 

fixed shaft having a diameter of 50.8mm, as seen in figure 7. 

The coefficient of static friction between the pulley and shaft is 

s =0.2. Determine a) the minimum vertical force P  required to 

start lifting a load of 2224.1N, b) the minimum vertical force P  

required to hold the load, c) the minimum horizontal force 

required to start lifting the same load. 

 

 
a) 

 
b) 

 
c) 

 

Figure 7. Problem 6.6. Section a, b and c. [5]. 

 

When using equation (24), it is not necessary to know the 

location or magnitude of the frictional force, so the body 

diagrams of section “a” and “b” implement the equation in the 

same way. The z-axis is assumed to lie in the horizontal 

direction and the y-axis vertically according to the right-hand 

rule: 

  

0ezF   

 

(36) 

2224.1NeyF P    (37) 

  

2224 1N 50 8mm 50 8mmexM . . P .     

 

(38) 

 

 

 

2
2 2

2
2

2

0 2224 1N
0 2

25 4mm
0 2 1

exM
. P

.
.

.

  




 
 

(39) 

 

If P  is solved, it can be obtained that:  

 

2
2

2

2
2

2

0 2
2224 1N 50 8mm+ 645 16mm

0 2 1

0 2
50 8mm 645 16mm

0 2 1

.. . .
.P

.. .
.

 
  

 


 


 

(40) 

In the expression found must be careful with the root, since it 

can generate a positive value and a negative value. It is therefore 

preferable to write the symbol ± in front of it. 

 

2
2

2

2
2

2

0 2
2224 1N 50 8mm 645 16mm

0 2 1

0 2
50 8mm 645 16mm

0 2 1

.. . .
.P

.. .
.

 
   

 


 
    

 

 

 

 

 

(41) 

 

2707.6N ; 1826.8NP   

 

 

(42) 

The reason why the root is not removed is because if the sign 

change is not taken into account, two values for P  would never 

Y 

Z 
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have been found and these two values represent the magnitude 

of P  that allows holding the load or lifting it. Clearly the 

magnitude of 1826.8N  is the one that allows to hold it, since at 

that momentum the force of friction helps to hold it. While to 

move the load upwards it is necessary to make much more force 

by raising the load and overcoming the frictional force.  

 

If one observes the exercise and the solution given in reference 

[5] it is evident that the procedure is more graphic since it is 

reasoned how the reaction in the arrow must act knowing the 

circle of friction. 

 

Two responses were obtained as expected and each response 

obtained represents a situation where an imminent movement is 

generated for each direction. 

 

For subsection c) the same procedure is followed and the 

following is obtained: 

  

ezF P   (43) 

2224 1NeyF .   (44) 

 

2224 1N 50 8mm 50 8mmexM . . P .     

 

(45) 

   

 

2
22

2
2

2

2224 1N
0 2

25 4mm
0 2 1

exM
.P

.
.

.

 




 
(46) 

 
2 2

2 2

638 7mm 2869 6kN mm

3149MN mm 0

. P . P  

  
 

 

 

(47) 

This expression is related to a quadratic equation, resulting in 

the following: 

 

2556 34N; 1935.02NP .  (48) 

In order to analyze a dynamic situation, the system shown in 

figure 7.a) is again addressed, taking into account that there must 

now be a resistance to the movement exerted by the air to the 

pulley. It is assumed that the force P is an input that varies from 

1832.6N to 3113.75N in less than a second, once it reaches its 

maximum value the force becomes a constant.  The inertia of the 

pulley is 
21 355I . kg m  . The coefficient of static and kinetic 

friction is 0 2   0 1s k. .   .  The coefficient of viscous 

friction of the disc with air is 1 355N m sb .   , so the torque 

due to the reaction of movement with air is 

1 355 N m sbT .      . The external radius is 50 8mmer .  and 

the internal is 25 4mmr . .  

 

 

 
Figure 8. Dynamic situation. 

 

Figure 8 represents the situation to be analyzed, the torque bT  

has been added since there must be friction between the air and 

the pulley. The dynamic analysis is shown below.  

 

Using equation 30 can solve this problem. The torque exerted 

by the air in the " exM " term of the equation must be taken into 

account. Next, the equation and its respective block diagram are 

presented:  

 

  

 

  

  

2
k e e

s

s

I sign( ) r b P r W rW P

sign r c
abs sign

abs sign r csign

abs sign

  



          

   
   
        
 
 
 

 

 

 

(49) 

 

 

  1 4.981mms sr r sin tan     

 

 

(50) 

 

  1 2.527mmk kr r sin tan     

 

 

(51) 

 2
e eb P r W r

c
W P

     



 

 

 

(52) 

 
Figure 9. Block diagram of the dynamic problem. 
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The block diagram of Figure 9 summarizes the dynamic model 

of the system. There are two blocks that are responsible for 

calculating the conditional of equation 49 and kinetic friction. 

Note that the block diagram is nothing more than a mathematical 

model expressed in blocks to which is added a conditional that 

multiplies it. That result, according to equation 49, is equivalent 

to the inertia multiplied by the acceleration, so it is divided with 

the inertia to obtain the result of the acceleration. Then this result 

is integrated until the displacement is obtained. The 

displacement, velocity and acceleration have been multiplied by 

100 to better show the result in the graph.  

 
Remember that the units must be congruent N , m  and rad/s. 

The newton strength holds the meter unit, so the mm should be 

converted to m. 

 

 
 

Figure 10. Dynamic system response. 

 
In figure 10 the input is plotted in blue, the displacement in 

yellow, the speed in red and the acceleration in purple. Note that 

the force "P" starts at a value of 1832.6N, which means that the 

system must not move since the critical values are at 1826.8N 

and 2707.6N, any value in this range will not generate motion. 

Once the force exceeds the maximum critical value the system 

movement is generated, then the frictional force due to the fluid 

counteracts the torque that accelerates the mechanism causing it 

to stabilize. Note that the displacement ends up being a ramp and 

that the speed is a constant. So it is said that the system has 

stabilized, but when there is movement, there is no dry static 

friction. 

 

The results obtained from the dynamic response are congruent 

with the statically calculated values. The advantage of using this 

method is that it allows to know more in depth values of all the 

variables that represent the system, besides it allows to simulate 

of a very real way a mechanism before constructing it, 

something useful to argue it. 

 

Marble Machine 

To conclude with the application section it is calculated the 

engine that should drive the mechanism of the Marble Machine. 

 

 
Figure 11. Free-Body Diagram of the Pinion 

 

To begin with this problem, the free-body diagram of the 

pinion is analyzed as shown in figure 11. The pinion which has 

straight teeth has a pressure angle of 20° and the distance from 

the shaft to the pitch circle is 17.993 mm. The radial force rw  

and the tangential tw  are the forces that occur when the teeth of 

the pinion and the gear come into contact, consequently, the 

reactions rR  and tR  occur. The momentum pT  is the torque 

being produced by the motor to bring the system into imminent 

motion, these terms can be analyzed in detail in reference [38]. 

 

From the theory of straight gears it is known that the forces 

rW  and tW  are perpendicular and their result passes through 

the line of action, so from the free-body diagram of the pinion it 

is obtained that: 

 

17 993mmp tT W .   

 

(53) 

 

 20r tW W tan   

 

(54) 

Now the free-body diagram of the gear is presented:  

 

 
Figure 12. Free-body diagram of the gear. 

 

The free body diagram has been created with the largest load 

situation on the shaft in mind, so the top marble is included and 

it is assumed that it has not left the compartment in the gear. 

From Figure 12 it can be seen that all the marbles are at the same 

distance from the shaft and that by reaction at the point of 
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contact of the gear and the pinion the forces rw  and tw  are 

transmitted.   

 

The diameter of the shaft is 6mm, the coefficient of static dry 

friction is 0 5s .  , the weight of the marble is 

27g 9.81m/scW    and the weight of the gear is 

20 128kg 9.81m/sgW .  . Using formula 24 it is obtained: 

 

20 07mm

p
ez

T
F

.
   

 

(55) 

1 667N
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(56) 
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(58) 

 

Solving pT  it is obtained:  

 

2 44N mm  ;  3.631N mmp .  T  

 

 

(59) 

Once again it is gotten the torque to hold and lift the load. The 

solution reveals that a 37gf cm  motor is required to operate the 

mechanism, which means that the 1 2kgf cm.   reducers that are 

on the market are ideal for this application. In addition, it is 

analyzed that the weight of the marbles will cause the gear to 

rotate clockwise as there is no motor, so the system is not self-

blocking. This is deduced by the positive result obtained in the 

minimum torque to support the gear.  

 

 
 

Figure 13. Marble Machine CAD and Marble Machine 

created. 

 

CONCLUSIONS 

It was possible to develop a methodology to analyze and model 

shafts subjected to dry friction, both in a static and dynamic 

situation. The results obtained when using the proposed 

methodology are not only congruent to those presented in the 

consulted bibliography, they complement them.  

 

By means of the static deduction (equation 24) it is possible to 

solve problems involving dry friction in shafts without 

analyzing the magnitude, direction and orientation of the 

frictional force. This facilitates the calculation of inputs required 

to produce a movement in the mechanism.  

 

From equation 30 it is possible to simulate the displacement of 

the system by evaluating the static and the dynamic at the same 

time, for this reason in the graphical answer of Figure 10 it is 

possible to know one of the results produced by the equation 24 

with respect to the force P.  

 

Discontinuous mathematical models such as equation 30 can be 

easily solved by block diagrams. Matlab, through Simulink, 

allows solving this type of systems without the need to 

implement mathematical methods that give the solution of the 

desired variable. As noted in the application section the most 

complex problem was the easiest to solve thanks to such 

software. 
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