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Abstract

Let G be a simple connected graph with vertex set V(G) and edge set E(G). A
function f: E(G) - {—1,1} is called the signed edge domination fuction
(SEDF) of G if Yerenref(e’) =1 for every e € E(G), where N[e] = N(e) U
{e}, N(e) is the set of all edges adjacent to e. The signed edge domination
number y5(G) of G is defined as y5(G) = min {X.egq) f(e) | f is an SEDF of
G}. In this paper, we obtain exact values for the signed edge domination
number of certain class of circulant graphs.
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1. Introduction
We use [5, 3] for terminology and notation which are not defined here and
consider finite, simple and undirected graphs without isolated vertices only.
Let G = (V (G),E(G)) be a graph with vertex set V (G) and edge set E(G).
The order of G denotes the number of vertices of G. For any v € V (G), d(v)
is the degree of v and E(v) is the set of all edges incident with v.

Two edges e,, e, of G are called adjacent if they are distinct and have a
common vertex. The open neighborhood N(e) of an edge e € E(G) is the set
of all edges adjacent to e. Its closed neighborhood is N[e] = N(e) U {e}. Let
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G be agraphand f: E(G) — {+1,—1} be a function. For every vertex v, we
define s, = Yecpw) f(e) and N; = {v € V (G)|s, = i}.

A function f: E(G) - {—1,1} is called the signed edge domination
function (SEDF) of G if X ey f(e') =1 for every e € E(G). The signed
edge domination number ys(G) of G is defined as
¥$(G) = min {¥.cp) f(e) | f is an SEDF of G}. In the past few years, several
types of domination problems in graphs have been studied by various
authors, most of these belonging to the vertex domination. Xu [6] initiated the
study of signed edge domination numbers of graphs and several papers have
been published on bounds of the signed edge domination number of graphs,
one can refer [1, 4, 7, 8]. We use the following lemma for signed edge
domination of graphs.

Lemma 1. [1] Let f: E(G) — {—1,1} be a function. Then f is an SEDF of
G, if and only if for any edge e = uv,s, + s, — f(e) = 1. Moreover, if f is
an SEDF, thens, + s, = 0.

The circulant graphs are an important class of graphs, which can be
used in the design of interconnection networks. Let 1 < a; < a, <...<
a,, < n/2, where n and a, j =12,...,m, are positive integers. A
circulant graph C,(aq,a,,...,a,)is a regular graph with the vertex-set
V ={vy,v4,...,Vn_1} and the edge-set FE = {vivimj

1 and j = 1,2,...,m}, where indices are taken modulo n. It is easy to see
that if a,, < n/2 then C,(ay,a,,...,a,,) IS a 2m-regular circulant graph with
mn edges. On the other hand if a,, = n/2 then the circulant graph is a
(2m + 1)-regular one of size n(Zm + 1)/2.

The circulant graph C,(a,,a,,...,a,,) Is connected, see [2], if and only
if for the greatest common divisor of the numbers a,,a,,...,a,,n holds that
gcd(aq, ay,...,ay,n )= 1. More precisely C,(aq,a,,...,ap)has h =
gcd(aq, a,,...,a,,,,n ) connected components which are isomorphic to
Con(ai/h,az/h, ..., ay/h).

In this paper we focus on circulant graphs and we obtain exact values
for the signed edge domination number of certain class of circulant graphs.

i=01..,n-

2. Signed edge domination in graphs
In this section we present the lemma for a minimum signed edge domination
function of graphs. It will play a role for the proof of theorem in next section.

Lemma 2. Let G be a graph of order n. Let f : E(G) = {—1,1} be a function
and |N;| = n. Then f is a minimum SEDF.

Proof. Let f: E(G) —» {—1,1} be a function. Since |N,| = n, for every
e = uv € E(G) we haves, + s, — f(e) = 1. Bythelemmal f is a SEDF.
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Suppose f is not a minimum SEDF, then there exist a minimum SEDF f'.
Also at least one edge e = uv € E(G),f(e = uv) = 1 of f replace by a
SEDF [’ with f'(e = uv) = —1, then we get s, + s, = Yeepu) f'(€) +
Yeckw) f'(€) = =1 — 1 = -2 0, which is a contradiction. Hence f is
minimum SEDF.

Lemma 3. Let G be a graph of order n. Let f : E(G) = {—1,1} be a function
and |Ny|= |N,| = g . Ifno edges e = uv € E(G), where u,v € N, such that

f(uv) = 1 andeveryu € N, there exista vertex v € N, such that f(uv) =
1, then fis a minimum SEDF.

Proof. Let f: E(G) » {-1,1} be a function and |Ny|=|N,| = . Since no
edges e = uv, where u,v € N, such that f(uv) = 1, therefore every edge
e = uv € E(G), we have s, + s, — f(e) = 1. By the lemma 1, f s
SEDF. Now, to prove f is minimum. Suppose f is not a minimum, there exist
a minimum SEDF f’ such at least one edge e = uv € E(G),f(e = uv) = 1
of f replace by f' with f'(e = uv) = —1. Now, we have the following two
cases, Case(i): Suppose for every w,v € N, , we get s, = Y.cpu) f'(e) =
0 and s, = 0. Which is a contradiction to |Ny|= |N,| =§ and every u € N,
there exist a vertex v € N, such that f(uv) = 1. Case(i): If u € N, and
v € N,, then s,+ s, =—-24+0 20, which is a contradiction. Hence f is
minimum SEDF.

3. Signed edge domination number in circulant graphs
In this section, we give the signed edge domination number for the certain
class of circulant graph C,(a,,ay,...,ay).

Theorem 4. Let a;,j =1,2,..,m be positive integers and 1 < a; < a, <
< ay, Sg. f n>4,m>1 and G = Cn(al,az,...,am,g) be a 2m+1
regular circulant graph, then y4(G) = g
Proof: Letn > 4m> 1landlet {v;|i = 0,1,...,n — 1} be the vertices
of the 2m + 1- regular circulant graph G = C, (al, az,...,am,g). Define a

function f : E(G) - {—1,1} by

f(vivHa].): (=17 for1<j<mand0 <i < n-1

f(vvys )= D™ for 0<i <n-1
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It can be easily verified that for every vertex v €V (G), S, =
ek f(e)=1. By Lemma 1 and 2, for every edge e € E(G),

Yerenie f(e) =1 and f is a minimum SEDF on G. Thus

n

Vs(G) = Xeer) f(e) =3.
Theorem 5. Let n be positive integers. If n>8,n =0 (mod 4) and G =
C,(1,2) be a 4- regular circulant graph, then y{(G) = g

Proof: Letn > 8 n =0(mod4) and let {v;|i = 0,1,...,n—1} be the
vertices of the 4- regular circulant graph ¢ = C,,(1,2). Define a
function f : E(G) - {—1,1} by

1 for n =0 (mod4)
-1 otherwise

fivip:) = {

fwwiz,)=1 for 0<i <n-1.

It can be easily verified thatfori = 0,1,2,..,n—1 and v; €V (G),

_ {2 for n =0,1 (mod 4)

vi 0 otherwise

Therefore, |Ny|= |N,| =§. Also, no edges e = uv € E(G), where

u,v € Ny such that f(uv) = 1 and every u € N, there exist a vertex
v € N, such that f(uv) = 1. By Lemma 1 and 3, for every edge e € E(G),
Yerenie f(e) =1 and f is a minimmum SEDF on G. Thus

n

Ys(G) = ZeEE(G)f(e) =3

4. Concluding remark

As a final remark, we present some problems that are raised from this paper.
Note that circulant graphs are Cayley graph on cyclic group z,,.

1. Find the signed edge domination number of 2m - regular circulant

graph G =Cn(1 < a; < a, <...<am<§) form > 2.
2. Find the signed edge domination number of Cayley graph.
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