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Abstract 
In this work, interpolation and collocation approach is adopted 
in deriving hybrid block method of steplength k = 1 for 
solving third order initial value problems of ordinary 
differential equations. In developing this method, power series 
of order 7 is interpolated at the first three points while its third 
derivative is collocated at all points in the selected interval. In 
addition, some properties of the new method which include 
zero stability, consistency, convergence, error constant, order, 
and region of absolute stability are also established. The new 
method performs better than the existing methods in term of 
accuracy when solving the same problems. 
 
Keywords: Hybrid method, Block method, Third order 
differential equation, Single step, Three off step points. 
 
 
Introduction 
This paper considers the solution to general third order initial 
value problem of the form 

 
Equation (1) can be solved by converting to its equivalent of 
three first order ODEs and thereafter suitable numerical 
methods for first order ODEs are employed. This approach, 
therefore, enlarges Equation (1) and thus requires more 
computation to be solved. To overcome this drawback, 
numerous scholars have developed numerical methods for 
solving initial value problems of third order ODEs directly. 
Among these researchers are [1], [2], [5] and [6]. The 
implementation of direct method can be done by using two 
approaches namely block method and predictor-corrector 
method. However, subroutines to supply the starting values 
are needed in predictor-corrector method which leads to 
inefficiency of the method in terms of error [4] and [9]. 
Conversely, the development of separate predictors in block 
method is not needed and thus requires less computational 
burden and human effort which resulted in high accuracy of 
the method [3]. In general, using off-step points (hybrid 
method) was introduced to overcome the zero stability barrier. 
This barrier implies that the highest order of zero stability of 
linear multistep method of step length k is k+2 when k is even 
and k+1 when k is odd [8]. 
Some hybrid block methods to present direct solution of 
equation (1) have been proposed, for example [7], [10], [12], 
[13] and [11]. In the same topic, [2] developed accurate 

scheme by block method having an order seven for solving (1) 
directly but the accuracy of the method can be improved. This 
paper examines single step hybrid block method with uniform 
order 5 for solving (1) directly. This method is an 
improvement of existing method mentioned above. 
 
 
Derivation of the Method 
In this section, a hybrid single step block method with three 
off-step points 

10
1+nx , 

5
2+nx  and 

10
9+nx for solving (1) is 

derived. 
Let the power series of the form 

 
be an approximate solution to (1), where n = 0, 1, 2, ..., N-1, v 
denotes of the number of interpolation points, m represents the 
number of collocation points which is equal to the order of 
differential equation and h = xn-xn-1 is constant step size of 
partition of interval [a, b] which is given by a = x0 <x1 <...< 
xN-1 < x N = b. The Third derivative of (2) is given by (3) 

 
In this case, v = 3 and m = 4. 
Equation (2) is interpolated at nx , 

10
1+nx  and

5
2+nx , while 

equation (3) is collocated at all points i.e. nx ,
10
1+nx ,

5
2+nx , 

10
9+nx  and 1+nx in the selected interval. This yields the 

following equations which can be written in matrix form. 

 
Gaussian elimination method is applied to find the 
coefficients .7)1(0=ia  
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The values of 7)1(0=ia are then substituted into equation 
(2) to give a continuous implicit scheme of the form 

 
The first and second derivative of equation (5) are given in the 
following equations (6) and (7) respectively. 

 

 
where, 

 

Evaluating Equation (5) at the non-interpolating point i.e. 

10
9+nx  and 1+nx . Next, evaluating (6) and (7) at all points 

produce the discrete schemes and its derivatives. This can be 
written as 

 
where, 

 

 

 
Multiplying equation (8) by inverse of 3]3[A gives a hybrid 
block method as below 

 
where, 
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In finding the order of the main block in (8). The vectors  

,  
are expanded in Taylor series and its terms are collected in 
powers of h to give 

 

Comparing the coefficients of h j and y j. This gives the order 
of the method to be [5, 5, 5, 5] T with error constant 

 
 
 
Zero Stability 
Definition 1: 
The hybrid block method is said to be zero stable if the first 
characteristic polynomial π (r) having roots such that 
|r z |≤1, and if | r z | = 1 then the multiplicity of r z must not 
greater than two. In finding the zero-stability, we only put into 
consideration the coefficients of y-function according to 
Definition 1. That is 

 
where  and  are the coefficients of 
y n + i, i = 

10
9

5
2

10
1 ,,  and y n in (8). This yields, 

 
This implies r = 0, 0, 0, 1. Hence, our method is zero stable 
 
 
Consistency 
Definition 2: 
The new one step hybrid block method in (8) is said to be 
consistent if order of the method is greater than or equal one 
i.e. P≥1. 
This mean, our method is consistent, because it satisfies the 
conditions listed in Definition 2 
 
 
Convergence 
Theorem [Henrici, 1962] 
Consistency and zero stability are sufficient conditions for a 
linear multistep method to be convergent. 
Therefore, since our method is consistent and zero stable, it 
implies the main method is convergent. 
 
Region of Absolute Stability 
The hybrid block method in (8) is said to be absolutely stable 
if for a given h, all roots of the characteristic polynomial 
π (z, h) = ρ (z)- h σ (z), satisfies |z t | <1. 
In this article, the boundary locus method was adopted to 
determine the region of absolute stability. The test equation 
y''' = λ3 y is substituted in the main method in (8) where  

 h  = λ3 h3    and  λ = dy
df . Substituting r = cosθ-i sin θ and 

considering real part yields 

 
Hence, the interval of stability gives (0, 1. 4478e10). 
This is demonstrated in the Figure below. 
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Figure 1 : Region stability of new method 
 
 

Numerical Example 
In order to find the accuracy of our methods, the following 
third order ODEs are tested. The new one step hybrid block 
method solved the same problems the existing methods solved 
in order to compare results in terms of error. 
 

 
 

  

 

 
 

Conclusion 
An accurate one step hybrid block method for solving 
third order initial value problems directly has been 
developed in this work. Numerical properties for the 
new method which includes, consistency, order, zero 
stability, error constant and convergence are established. 

The results generated when the new method was applied 
to some third order initial values problems are 
demonstrated in Table 1 and Table 2 above.  
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