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Abstract —

In the present paper we introduce operators@,, Y induced by
given fuzzy stack S and fuzzy topology t. With the help of
operators and the collectiont®, a new fuzzy topology 75'is
obtained. It is shown that T € 75 € 75" .We have also shown
various relations between the fuzzy stack oriented collections
and given fuzzy topology. A suitability condition is applied on
fuzzy stack, which makes the fuzzy topology better defined.
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1.INTRODUCTION

Choquet [2] introduced the notion of grills in general
topology. In fuzzy setting, the notion of fuzzy grill and fuzzy
stack was introduced by K.K. Azad[1]. Since then fuzzy grills
and fuzzy stacks are studied by many authors in
topologicalproximity and nearness spaces[4, 5, 8, 10, 12].

In 2007, Roy and Mukherjee [5] introduced an operator
defined by a grill on a topologicalspace. Das & Mukherjee [4]
introduced an operator by fuzzy grill on fuzzy topological
space and showed that it satisfy Kuratowski closure axioms.

In 2012, Min and Kim [11] studied operators induced by
stacks on a topological space. In the present paper, we
introduced operators with the help of fuzzy stack on a given
fuzzy topology. It is obviously a generalized notion of
operator defined by fuzzy grill on a fuzzy topological space in
[4]. In section 3, the operator @,is defined with the help of a
fuzzy stack S and fuzzy topology tand some of the basic
properties are studied. Further the operator is defined by
operator @..The collection t* of fuzzy sets induced by
operator 1, are studied. In particular, we show that collection
of fuzzy sets t* induced by 1, is a super collection of given
fuzzytopology 7. In section 4, we applied some suitability
condition on fuzzy stack. If S is a fuzzy stack on /*and 7 is a
fuzzy topology on Fthen, for VE 7, B & S =V-BE 7°, it is
shown with the help of suitability condition
thate' ={V -B:V €1, B &S}where V, B € I*.

2.PRELIMINARIES

A fuzzy setA in a set Xis a function on X in to the closed unit
interval [0,1] of the real line. Support of A = {x €
X:A(x) > 0} is denoted by Supp A.The fuzzy sets in X taking
on the constant values 0 and 1 are denoted by Oy and
1yrespectively.For A,B€I¥,A<B if A(x) <B(x) for
eachx € X.By AgB, we mean that A is quasi - coincident with

Bi.e.AgB impliesA(x) + B(x) > 1forsome  x € X.The
negations of these statements are denoted byAgB.A fuzzy
singleton or a fuzzy point with support Xand value p(0 < p <
1) is denoted by x,,.The collection of all open g — nbds of
any fuzzy point x,, is denoted by Q(x,).A subfamily g of the
fuzzy topology t of an fts (X, 1) is a base for t iff for each
fuzzy singleton x,, in (X, 7) and for each open q — nbd U of
Xy, Xx,qB for some B € pwith B < U.A fuzzy point x,, is
called an adherence point of fuzzy set A if every open
q — nbdof x, is a quasi — coincident with A and CI(A) is the
union of all adherence points of A.M(A) is set of molecules of
Xin  AVM{ A) = A, for A €l*wherelA = {b€
P:3a € As.t.b <a}, PisaPoset.

3 COLLECTION ¥ INDUCED BY FUZZY STACK S
Definition 3.1 - Let (/*, 7) be a fuzzy topological space and S
be a fuzzy stack on F'. ForA € F*, a mapping @g : ¥ —
I* denotedby@s(4) =V{x, : A * U € SforallU €
Q(xp)}is called operator associated with fuzzy stack S and
fuzzy topology on .

Remarks 3.2 - For A € I',x, £ #5(4) iff 3U € O(x,)such
that U x4 ¢ S.

Proposition 3.3 - Let (7', 1) be a fuzzy topological space and

S be a fuzzy stack on I*.

0) For A, BE I, A < B =0 (4) <ps(B).

(ii) If S;and S, are two fuzzy stack on F* withS; € S,,
then @5, (4) < &, (A) for A .

(iii) For any fuzzy stack Son /¥ and A€ I, if A ¢ S, then
&5 (A) = Oy.

Proof —

Q) Let x,<@s(4), then for all U€ O(x,), A *UES.
Since A <B =4 *U<B*U;, but S is fuzzy stack so
BxU€S for all UE€Q(xp), this implies x, <
D5 (B).

(i) Supposex, <@g (4), this implies that for all Ue€
0(x,), A * UES; € S,, then x,<0s, (4).

(iii) Let x,<ps(4)& AgS= for all UeQ(x,), A *
U €8S, so we arrive at a contradiction. Thus @s(4) =
0yif Ag S.

Remark 3.3.1 - @5 (0y) = 0y
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Example 3.3.2 - gs(1y) #1y

We will prove 3 a x,such thatx, <« Zs(/)but x, < Iy.Let X
= {a, b}, T = {c, 0y, Iy}where c (a) = 0.2, ¢(b) = 0.3.Let S =
{1xall fuzzy setsTs.t.03 <T (a) < 1,04 <T(b) < 1},
here, S is afuzzy stack and 7 is a fuzzytopology.

Proposition 3.4 - Let (/*, 7) be a fuzzy topological space and S
be a fuzzy stack on F'. Then, for A€ F*.

(i) as(A)< cl(A)

(ii) cl (Bs(4)) < G5(A)

Proof -

(M Suppose that x, < cl(A), then there exist an open q -
nbd U of x, in X s.t. UGA, that is, A(y) +U (y) < 1 for
each y€ X and hence A*U = Oy €S, then x, £ Zs(A).

(ii) Letx, < c/ (&s(A) and U € Q (x,), then Zs(A)qU that
is, there exist y € X such thatdg(A)(y) +U(y)> 1, let
Bs(A)(y) = t, this implies y, < @¢ (A) and U € Q
(ve)= A*UE S = x, < &5(A).

Corollary 3.4.1 - For a fuzzy topological space (7*,1),
Bi(F5(A))< ds(A)where A € F.

Proof - By 3.4 (i) di(di(A)< cl (4i(4)) and by 3.4 (ii)
cl(Fy(A)) < dg(A), this implies ds(F5(A))< ds(A).

Proposition 3.5 - For fuzzy topological space (*,7), & is
closed for A €F".

Proof - By 3.4 (ii), cl(d¢(A)) < Z¢(A) and by definitionof
closure, Zi(A)< cl(dg(4)). Then cl(Z(A)) = d¢(A).This
shows that Z(A) is closed for A € F*.

Definition 3.6 - Let S be a fuzzy stack on fuzzy topological
space (/%,7). We defineys : F* —» FFby ys(d) = A Vv
dy(A)where A €F.

Proposition 3.7 - The above defined operatory satisfy the
following conditions

() PYs(0y) = Oy

(ii) A < y(A)forA € IF

(iii) For A, B € I, A< B = ys(A)< 15(B)

(iv)  ForA Be ", ps(AAB) <yPs(AA Ys(B)

Proof - (i) & (ii) Follows from definition

(iii) For A, B € F¥, Yg(A) = A V 4y(4) < B V 4(B) =
Ys(B), so A < B impliesys(A)< ys(B).

(iv) For A, B € I, AAB < A, B. Using proposition 3.7,
Ys(A A B) < P5(A), Ys(B), which givesys(A A B) <
PYs(AA Ps(B).

Example 3.7.1 - Let (F, 1) be a fuzzy topological space
where X = {a, b}, T = {c, 0y, 1y), c(a) = 0.5, c(b) = 0.2

S be a fuzzy stack containing/ and all fuzzy set S s.t. S (a)>
0.1, S (b)> 0.2, we will prove that Ys(A A B) # g(A)A
Ps(B), A, BE I'sit. Let A(a) = 0.1, A(b) = 0.5, B(a) = 0.3,
B(b) = 0.3.Here A ¢S s0 Zy(A) = Oy, thusy(4) = AV Fy(A) =
A.(AAB)@) =01, (AAB)(b) =03 =>AAB &S so di(AA

B) = Oy, thusy (4 A B) =(4 A B), B(a) = 0.3, B(b) = 0.3 ;
25(B) = ap Vb, wherep, <05, p, <08,y(B)a) = (B
VZi(B)(a) = 05, wy(B)b) = 08, Ps(AAB) # Ps(AA
Ps(B).

Example 3.7.2 - Let(7", 1) be a fuzzy topological space where
X ={a, b}, T ={c, 0y, 1y), c(a) = 0.5, c(b) = 0.2. Let Sbe a
fuzzy stack containing 7yand all fuzzy set S such that S (a)>
0.1, S (b)> 0.2.We will prove that Ys(AV B) # Ps(A)V
Ys(B), A, BE FFsuch that Let A(a) = 0.1, A(b) = 0.3, B(a) =
0.3, B(b) = 0.1ys(A) = A vay(A) = A vOy = A,
similarlyys(B) = B v g¢(B) = B( B ¢ S).But(A v B)(a)
0.3, (A v B)(b) = 0.3, Ys(AV B)(a) = 0.5, Ys(AV B)(b)
0.8, Ys(AV B) # s(A)V Ys(B).

Definition 3.8 - Let (7', 1) be a fuzzy topological space and S
be fuzzy stack on 7, then
& ={UEr : Ys(Iy-U) =(Ix-U)}

Proposition 3.9.1 - Let (7', 7) be fuzzy topological space and
S be a fuzzy stack on F*. Then

(i) Oy, Iy€T
(ii) IfU, € 7 forp € J, thenv U, € ¥
Proof -

0] Sinces(0y) = 0yandyg(1y) = 1y = 1y, Oy € T5.

(i) SupposeU, € r*for all € J. LetU, € 7,
themps(/y-U,) = Iy—Uand so(ly-U,)V
gS(IX - Up) = (]X - Up) SO@S(]X - Up) <
Iy -U,.This  showsds(Iy —V U,)< &s(1y— U,)<

Iy — U,, which givesgi(1y -V U,)<A(Iy—U,) =
(Ixy—=V U,.Soys(ly -V U,) = (Ux-V U,).
Hencev U, € 7°5.

Remark 3.9.2 - Let (7', 7) be a fuzzy topological space and S
be a fuzzy stack on F, elements of 75 are said to be 75 —
open. If the complement of a fuzzy set is t5 —open, then
fuzzy set is called t5 — closed.

Theorem 3.10 - Let(7", 7) be a fuzzy topological space and S
be a fuzzy stack on F*.ThenforV € tand A¢ S,V - A € 75.

Proof - Suppose that U =V - As.t. V€ tand A ¢ S. We show
that gs(/y — U)< Iy— U. Let there exists a fuzzy point x,
such thatx, < Zs(Iy — U), but x, £ Iy — U, which implies
that for each W €Q (x,), W+ (/y — U) -1 €S. Since W+1 - U
-1=W-U€eS,W—(V-AES, butx, £ Iy— U=p>(ly—
D)X)=1-(V-A)X=p+ VX)>1+AX)=1

[In fact V(x)< A(x) is not possible since in that case(V - A)(X)
= 0, this implies 1 - (V - A)(x) = 1 - 0 <p. Thus V(x)>
AQQand(V - A)(X) = V(X) — A(X). Thenp >1—-(V-A)(X) =1-
V(X) + AX)= p + V(X)> 1+ A(X)= 1.]

HenceV € Q (x,). AsV - (V-AESbutV-(V-A)<A=AE€
S, contradictionto A € S. Then @(/y— U)< Iy— U.ThusV -
A€ s
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Corollary 3.10.1 - Let S be a fuzzy stack on (#',7), then
rct’

Definition3.11 -

For Aer, we define is:FF—F, csil*—1",
suchthati,s(4) = V{U € I:U <AandUt°}, cs(4) =A
(F€F:4<Fandly-F €’}

Remark 3.11.1 - Let(7", 7) be a fuzzy topological space and S
be a fuzzy stack on 7*. For A € I, x, < i s(4) if and only if
there exists a 75 —open set U such that x,< Uand U <A.

Corollary 3.11.2 - Let (¥, 7) be a fuzzy topological space and
S be a fuzzy stack on 7*. If for A € ¥, x, < i s(4), then there
exist W €Q (x,)such that(/y — A) * W & S.

Proof- Let x, < is(d4) then there exists a 75 —open set U
such that x,<U and U < A. Thenly— A<Iy—U =
Ys(Iy— U). Butx, £ &y(/y— U)< (1x— U).So, there
exists W €Q (x,)such that(/y — U)*W &S = (Iy— A) *W

&S.

Theorem 3.12 - Let (/, 7) be a fuzzy topological space and S
be a fuzzy stack on F*. For A, B € F

() is(0x) = Oy, is(Ix) = Iy

(i) is(4) <A

(iii) if A < B, theni s(4)< is(B)

(iv) is(is(A)) =is(A)

(v) is(AA B) =is(A) Ais(B)

Theorem 3.13 - Let (¥, 7)be a fuzzy topological space and S
be a fuzzy stack on F*. For A, B € F,

() c;s(Ix) = Iy, ¢;s(0x) = Oy

(i) A< cs(4)

(iii) IfA<B = cs(4)< c.s5(B)

(iv) cs(cs(4)) = c5(4)

(v) cs(AVB) = cis(4)V cs(B)

Remark 3.13.1 - ¢ s is a Kuratowski closure operator

Theorem 3.14 - Let (/5, 7) be a fuzzy topological space and S
be a fuzzy stack on F. For A, B € F¥, A is 75 —closed iff
Ys(A) =A

Proof - For A € /¥, A is 75 —closed iff /7, — A is 75 —open
iffy(Iy-(Ix—A)) = (Iy- (Ix — A)) iff Ps(A) = A

Theorem 3.15 - Let (/, 7)be a fuzzy topological space and S
be a fuzzy stack on /. For A € F*,

(i) AgS=I,— A€ts

(i) ds(A) is t5 —closed

(i) Ys(A)< c5(A)

Proof -

() Let A ¢ S, thengs(A) = Oy, Ys(lx - (I~ A)) = Ps(A) = A

V Zy(A) = A= Iy- (I~ A), this implies /,— A € 5.

(i) Since Ys(25(A)) = B5(A)V Bs(F5(A)) = B5(A), which
givesdg(A) ists - closed.

(iii) Since  Ys(A)S Y5 (cs(A)), we
wS (CIS(A)) = Cr‘V(A)

havey(A)<

Definition 3.16 - Define 5" = {A € F: cs(Iy A) = (I
A)} alsors’is a fuzzy topology on F', where cs is a
Kurotowski closure operator.

Note 3.16.1 -7 <75 < 7%

Example 3.16.2 - In an fuzzy topological space(/*, ), the
trivial fuzzy stack is F*/ {0y}. If we take S = F*/ {0y}, this
implies for A € F*, Ay(A) = Yg(A) = cl(A) = ¢,s(A), In this
caser =15 = 1%

Proposition3.17 - Let (/*, 7)be a fuzzy topological space and
S, and Sbe fuzzy stack on *. For A € F¥,

(i) IfS, SS,, thent® <

(i) IfS; SS,, thencs, (A)< c,s, (A)

(iiiy 52, wherers = {A: cs(I—A) = (I~ A)}

Proof -

0) Sincer® = {A)s(I— A) = (I— A)}. Let U € %2,
this implies ¢g, (I~ U) = (I U)= &, (I
U)<(Iy U)butS;<S,, sods, (I~ U)< dg,(I—
U)<(Iy—U)= 95,(I—U) = (Iy-U)=> U e ¢

(i) Follows from definition.

(i)  LetU €%, thencs, (1~ U) = (I U)So, .5, (1y—
U< cs,(Iy— U) = (Iy— U), which givescs, (1
U)<(Iy— U)but(/y— U)< c5: (Ly— U)= c5 (I~ V)
=(I,~U)=>Uers

4. FUZZY TOPOLOGY SUITABLE FOR FUZZY
STACK

In this section, fuzzy stack satisfying a certain condition are
considered. We applied some suitable condition on fuzzy
stack S which makes collection t5suitable and compatible.
Under this suitability condition, imposed on concerned stack,
the collection 75will become {V -8 : V€ 1, B & S}.

Definition 4.1 - Let S be a fuzzy stack on fuzzy on fuzzy
topological space (¥, 7). Then the fuzzy topologyt is suitable
for fuzzy stack S, if corresponding to each x, < A, there exit
U€E Q (x,) such that A*U & S, then A ¢ S, for A € F.

Definition 4.2 - For every fuzzy set A in X, we define fuzzy
setAbyd={x, <Alx, £ d(A)}.

Remark 4.2.1 - 4 A dy(A) = 0y, for A € F.
Remark 4.2.2 - 4 A gs(4) = Oy, for A€ I
Proposition 4.3 - For any fuzzy set A, A= A4 V(A A gy(A).

Proposition 4.4 - Let S be a fuzzy stack on fuzzy topological
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(7, 7). Then 7 is suitable for fuzzy stack S iff A A Z(A) = 0y,
implies g4(A) = 0y.

Proof - Since 7 is suitable for fuzzy stack S. Let A A Z4(A) =
Oy, so for each x, < A, we have x, £ Z¢(A). Hence there
exist U € Q (x,) such that A* U ¢ S. Since t is suitable for S,
Ag S = gi(A) = 0y. Converselyif AA dg(A) =0y = A €S. So
T is suitable for S. This completes the proof.

Proposition 4.5 - If AA g(A) = 0y, theng(4) = 0y.
Remark 4.5.1 - If 7 is suitable for S, then gy(4) = 0y.

Proposition 4.6 - For A € I, if dy(A A 4y(A)) = d(A), Then
if AN By(A) = 0y = B5(A) = Ox.

Proof - Let A A gi(A) = 0y. By given gg(A) = Zs(A A Z4(A))
= Zs(0y).

Proposition 4.7 - For every setA in X, if A contains no non
empty set Bwith B < #(B)=> A ¢ S. Then 4 ¢ S for A € /*,

Proof - For A € I, 4 = {x, < A : x, £ Z(A)}. We claim
that 4does not contain any non empty fuzzy set B s.t.B<
2¢(B).Then, 4 & S, if possible, let B be non empty fuzzy set
contained in 4 such that B< #y(B). Let x, < B, thenx, < A.
But B< 4and sox, < #y(B)< Z¢(4). Also, x, < #¢(B)<
ds(4). Hencex, < AN @y(d), but AAG(A) = 0y, a
contradiction.

Theorem 4.8 - Let (7', 1) be a fuzzy topological space and S
be a fuzzy stack on Fsuch that 7 is suitable of S, then
75 —closed fuzzy set can be expressed as a join of fuzzy set
which is closed in (F*, ) and a fuzzy set which is not in fuzzy
stack S.

Proof - Suppose A is a t5 —closed set, then A = A v gg(A),
this implies Zg(A)< A. Using proposition 4.3, A = 4 v gy(A),
but4 ¢S.

Theorem 4.9 - Let (7', 7) be a fuzzy topological space and S
be a fuzzy stack on Fsuch that 7 is suitable for S. Let ¢ =
{0y, 1.} denote fuzzy indiscrete topology on F, then 75 =
oSU T.

Proof - Sinces = {0y, 1.} is fuzzy indiscrete topology on F.
So Iy is only ¢ - gnbd of every fuzzy point x, in X. Then for
A€ x, < B(A)= A* I, €S < A€ S.Thus for every A
S, 4¢(A) = 1y and for every fuzzy set A ¢ S, i(A) = 0y. This
implies Yg(A) = Aif A ¢ S.o5 ={U: I,-U ¢ S}, clearly
o5 € t5since forVets.Sincerctd,o5ctS=>1U05C
75.Conversely, let U € 75,501 -U = F v B where Fis T -
closed and B ¢ S (using theorem 4.8). This gives, U = (1 -
F)A(Iy - B) where I - Fist-openand Iy - B is g’ - open so
UetUgq".

Theorem 4.10 - Let S be fuzzy stack on (/*,7) with 7 is
suitable for Sthent5={V-B:V € 1,B & S}.

Proof Let A be 75 - closed fuzzy set then 75 - cl (A) = A=A
V gy(A)= di(A)< A. Since A = 4 V(A A gy(A), we have A =
A V(A A dy(A). Using definition of4, gy(A)A4 = 0y. Since T
is suitable for S = 4 ¢ S.A = 4 V g(A) where gy(A) is 7 -
closed and 4 ¢ S.We can write A = gg(A) + 4.1y - A= 1y -
[2s(A) + A] = {[1x— &s(A)] - 4}, here I — Fs(A)E T and
A€&S.
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