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Abstract

In this article we consider the diffraction and transmission issue for an
electromagnetic waves in a cylindrical waveguide on a perfectly conducting
thin screen. A waveguide is limited with an perfectly conducting surface, the
screen is located in a cross section of the waveguide. The issue of
transmission: there is an electromagnetic field on one side of the screen, the
field is searched on the other side of it. The problem of transmission is a kind
of an inverse problem to the problem of diffraction.

First of all the solution of diffraction problem is presented, which is obtained
by the method of an overdetermined boundary problem. It is shown how the
problem of an electromagnetic wave on a thin screen can be reduced to the
pair summatory functional equation concerning the coefficients of a required
wave in a series according to eigenfunctions of a waveguide. The pair
equation with the use an integral-summation identity is reduced to an infinite
system of linear algebraic equations.

Then, on the basis of diffraction problem solution to the transmission problem
is solved. The task of transmission may also be reduced to an infinite system
of linear algebraic equations for the expansion coefficients of a desired wave
in a series according to eigenfunctions. At an approximate solution of linear
algebraic equations infinite system it is proposed to use the method of
truncation.

Keywords: electromagnetic waves, transmission problem, cylindrical
waveguide, inverse problem of diffraction.

1. INTRODUCTION

There are many publications concerning the problems of diffraction at the
heterogeneities in the waveguides with metal walls. The classical electrodynamics
problem is the problem of diffraction on a perfectly conducting thin screen [1]. The
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problem of diffraction on a thin conducting screen in a cylindrical waveguide is
considered in the paper [2]. The problem of diffraction concerning heterogeneity has
its own waves of a waveguide. It is required to find an electromagnetic field that
occurs as the result of diffraction.

The problem of transmission is the inverse one for diffraction problem.
Usually in inverse problems concerning a falling and a reflected measured field the
waveguide parameters or heterogeneity parameters should be restored [3], [4]. The
problem of transmission has the waveguide parameters, the heterogeneity is set, it is
known that the field on one side of inhomogeneities must restore the field on its other
side. The expression "transmission coefficients" is often in English literature. It is
used to obtain the coefficients of a passed wave in diffraction problems. Also, the
phrase "transmission condition" occurs.

The problem of transmission in a planar waveguide and an open space was
considered in [5], [6].

In this paper we consider the problem of transmission in a cylindrical
waveguide with a thin conducting screen inside.

2. PROBLEM DETERMINATION
Let's consider the waveguide structure (Figure 1) - a cylindrical area with a generatrix
along the axis Z, bounded by a perfectly conducting surface R. Let’s S — a cross-
section structure with the plane 2= 0, C is the contour bounding this section. Let's
assume that the contour is a closed plane curve without intersection points.

Let’s an infinitely thin conductive plate (screen) is placed in the cross section
S of the waveguide. Let’s denote the screen part Svia M, N =S\ M . We assume
that the inhomogeneity splits the waveguide into two parts, filled by homogeneous
isotropic media with different electromagnetic characteristics. The dielectric

conductivity to the left and to the right of the screen makes £ wu et respectively.
The magnetic permeability in both media is equal to .

Fig. (1). Cylindrical waveguide



Electromagnetic Wave Transmission Issue In Cylindrical Waveguide 31351

Generally, any electromagnetic wave in a waveguide may be represented as
the sum of two waves with opposite orientation. We say that in the case of a medium
without loss a wave is oriented positively (forward wave) when it transfers energy or
attenuates in the direction of the waveguide axis. The wave of negative orientation
(reverse wave) carries energy, or fades in the opposite direction. We will mark the
waves of positive orientation by the symbol — and the waves of negative orientation
by the symbol ¢—. The selection of the wave orientation is equal to the choice of a
condition at infinity (radiation condition).

The problem of transmission involves four waves: one positively and one
negatively oriented wave from one side and the two waves of different orientation
from the other side of the screen.

An electromagnetic field harmonically time-dependent (ei wt) is described by
the following Maxwell equation system for the complex amplitudes inside a
waveguide:

rotH =iwe,eE, rotE =—iawu,uH. (1)

Here &,/ is an electric and a magnetic constant. The tangential components
of the electric field must be equal to zero on the side surface R, i.e.

[V,E]|g=0, (2)
where V is the outward normal to the surface R.

Let's an electromagnetic field is from the right of the screen at 2>0: a

—t —+ —+
positively oriented wave (E ,H ) and a negatively oriented wave (E ,H ).
These functions can not be set arbitrarily, the following condition should be
performed:

[n,E+]+[n,E+] =0, (X,y)e M,

where N is the normal to the section S.

The problem of transmission requires to find a positively oriented (E_, H _)

and negatively oriented wave (E ,H ), satisfying the system of Maxwell's

equations (1) at 2 < 0, boundary conditions (2), boundary conditions and conjugation
conditions on the section S

[NE ]+[nE ]=0, (XYy)eM, 3)
[NE ]+[nE ]=[n,E ]+[nE ], (xy)eN, (4)
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(H J+[n,H J=[nH J+[nH 1, (xy)eN. (5)

3. ELECTROMAGNETIC FIELD IN CYLINDRICAL WAVEGUIDE

In 1947-1948 the works of A.N. Tikhonov and A.A. Samarsky [7], [8] developed the
solution of Maxwell equations (1) with the boundary condition (2) and the possibility
of an electromagnetic field expansion in a waveguide is substantiated as the sum of
TE fields and TM waves. We present the main result here.

The component E, =0 for TE-waves, and H, =0 for TM-waves. The

problem of TE waves determination is reduced to the solution of the Neumann
boundary issue on eigenvalues for Laplace operator in the area S:

Ap+ip=0, (xy)e S, g—‘”|c=0. ©
| %

Let the pairs A,,@(X, Y),m=0,1,..., — are the solutions of the issue (6). We

assume @,(X, Y) functions as orthonormal ones. TE-wave fields have the following
formulae:

E? =—iauyurotll?, H? = graddivil?, + k*I1%,

where 1% = (0,0,ei 7m2¢m(X, y)), K is a wave number, ¥, =+/k* = A,

The problem of TM waves determination is reduced to the solution of
Dirichlet problem on eigenvalues for Laplace operator in the S area:

Ay +xypy =0, (X,y)e S, y¥|.=0. (7)

Let the pairs ¥ ,W/m(X, Y),Mm=0,1,.., are the solutions of the task (7). We

assume the functions ¥ ,,(X, Y) as orthonormal ones. TM wave fields are presented
as follows

EY = graddivIl¥ + k*IT%, HY =iwe,erotll?,

where TTZ = (0,0,€ ™y (%)), 87 = K2 = 21

Let's express the components of E,H fields via potential functions

¢7m(X, y)a';”n(xa y):
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EY - ICO,UO,U( a¢m a¢m ,O]e”/mz,

dy ~ ox
) ) (8)
. iy Z
HY (m% 1 7m a(pym,(kz—%)(pm]e'ym :
ey =[ig, Y 5, Wn (2 _ 52y, [,
0X oy
0 0 | )
Hggziwgog( Vi _2¥m ,o]e"smz.
oy 0X

We agree that Rey,,, >0 or Imy,, <0. The real values },, are represented

by the waves, that carry the energy along a waveguide, the imaginary values %, are
represented by the damped waves. Then, with the selected dependence on time the

. iy Z , : : . .
components with the factor € ’m® consistent with the negative orientation waves, and

: A : : . : .
with the factor € M these components consistent with the positive orientation
waves.

Similarly let's agree to select the values 0,,: Red,, >0 or Imo,, <0. Then,

the formulae (8) and (9) define the negative orientation waves and it is necessary to
put a sign for positive orientation waves in the formulas (8) and (9) before the

permanent values %, and O,.

The book [9] proves that any solution of Maxwell equations (1), satisfying the
boundary conditions (2), may be represented as a superposition of TE and TM waves
with positive and negative orientation. Thus, the solution of the problem (1), (2) may
be represented as the following series according to its own TE and TM waves of the
type (8) and (9).

(j ZAm Zém A if% Zém _,W (10)
m=0 m=0

4. ELECTROMAGNETIC WAVE DIFFRACTION IN A CYLINDRICAL
WAVEGUIDE ON A CONDUCTIVE SCREEN

Let's consider the solution of diffraction issue. According to this solution the problem
of transmission will be solved.
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In [2] the solution is obtained by the method of overdetermined boundary
diffraction problem in a cylindrical waveguide on a conducting screen. Here are the
necessary results of this work.

Let the screen on the left is covered with a positively oriented electromagnetic

wave (E_,ﬁ_). At its diffraction the waves reflected to the left (E_,ﬁ_) and

passed to the right (E+ ,H +) appear.

The problem of diffraction in a cylindrical waveguide is formulated as
follows: it is required to find a positively oriented component at 2>0 and a
negatively oriented component at Z<(Q the solution of Maxwell equations (1),
satisfying the boundary conditions (2), the boundary conditions and conjugation
conditions on the section S

NE +E 1=0, [nE 1=0, (xy)eM, (11)

NE +E 1=[nE1, [nH +H 1=[nH '], (xy)eN. (2

It is convenient to divide the diffraction problem into two sub-tasks: first the
problem of an electromagnetic wave reflection and refraction at the boundary of
media separation, and then solve the problem of diffraction.

The problem of an electromagnetic wave reflection and refraction on the

junction of two dielectrics in a waveguide is as follows. The wave (E ,H ) ona

—— —t —+
joint is set. We have to obtain (E ,H ) and (E ,H ) functions of a scattered

field, satisfying the conjugation conditions at S

NE +E ]=[nE 1, [InH +H J=[nH '], (xy)eS (3

—— ——

Let Am,Bm — are the expansion coefficients of a falling wave in a series of

—t —+
. + + . . .
its own waves, Ap,,Bp, are the expansion coefficients for (E ,H ) wave in a

—.—

series of its own waves, A,,B,, -- the expansion coefficients for (E ,H ) wave.

Lemma 3.11 The solution of the problem concerning an electromagnetic wave
reflection and refraction in a cylindrical waveguide is the following
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a- 2 R B 2o g
Yo + 7 £, +& 0, n=0.1
+ + . + 7
A; _ 7n 7n An, E_ ‘9+5n & 5!’1 Bn,
vyt 0, +e 6,

The lemma statement is derived directly from the terms of (13), using the
representation (10). The term of eigenfunctions @(X,Y) and W(X,Y) is used during
the proof.

Now suppose that the interface of media division in the plane S has an
infinitely thin perfectly conducting screen M. Let's seek the diffraction problem
solution as the sum of the waves resulting from the reflection and refraction at the
interface of media and waves that appeared as screen fluctuations:

EH)H=E H)+EH). E H)=E .H)+EH), where
(E+,H+), (E_,H_) — the reflection and refraction problem solution; (E,ﬁ),

(E,ﬁ) — field fluctuations from a screen.

Lemma 3.22 The problem of an electromagnetic wave diffraction on a metal screen
in a cylindrical waveguide is reduced to two independent pair summation functional
equations (PSFE)

+o0 +oo
ZAmflm(ﬂm(X, y)= —ZA?n/lm(pm(x, y), (X y)e M,
m=0 m=0

oo (14)
D An(im+ Tk @) =0, (% Y)e N
m=0
and
foo +oo
D Brdi (V) ==Y Brfudal/m(%Y), (CY)EM,
m=0 m=0 (15)

= S5
ZBmK‘?_—m”*}mem(x,y)—O, (X y)e N.
m=0 Om

m
Proof. Let’s e=[n,E], h=[Nn,H]. According to the boundary conditions and the
conditions of the conjugation (11) and (12) on the section S of the waveguide with the
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conditions (13) it follows that _é(X, y)=é(x, y) everywhere on S and
h(xy)=h(x y)ar (xy)eN.

Let's put down these conditions, using the representation of the component
functions €, h as a series.

Z[ Aﬂw%u—%(xy) Bni S, gm(xy)]

Z[ w%ﬂ—(><,y)+Brri5+ "”m(x,y)] (xy)eS
e dy

Z[ Arﬂw%u % (><,y)+Brrié“al'”m(x,y)]

(16)

Z[ OLp—" (pm(x,y) Bri "”m(x,y)] (xy)eS
m=0

ay D x )+ Briwge a"”m(xy)]

EAﬂym Wi,y + Bricogze a"”m(x,y)}(x,y)eN
m0 (17)

(x,y)+Bnia)¢%£ agm(xy)]

22 ”“(xy)+aﬂwc%s+a‘”m(x,y)}<x,y)el\l
. &

According to the equations (16) it follows that Am = Rm, m=0,1,... It is

enough to differentiate the first equation in (16) by X, the second equation in (16) by
Y and combine them. Let's differentiate the first equation in (16) by Y, the second

equation in (16) by X and substract one from the other. We shall obtain the following
formula Bmo,, = —Bmé‘r;, m=20,1,..

Similarly, according to (17) it turns out that the following conditions must be
satisfied on N
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“+oo
D An(Vm+ Vi) (% Y) = 0
m=0

or
Fe —
D AV + Vi) (%) = 0
m=0
and
+oo . 5_
Bm{é“ + €+5_T];(ml;”m(xa y)=0
m=0 m
or
+oo _ 5+
D Brle et rwm(xy)=0.
m=0 5m

The first PSFE equations are derived from the boundary conditions on M
according to the same pattern as the second equations.
Similarly, you can get two independent PSFE for the wave expansion

coefficients (E,ﬁ) , to which the problems of diffraction are reduced.

Lemma 3.33 The diffraction problem of an electromagnetic wave on a metal screen
in a cylindrical waveguide is reduced to two independent PSFE

D AndnX == (An+ B At Y), (KY)E M,
m=0

m=0
oo (18)
E An(¥i+ V) A% Y)=0, (X y)e N
m=0

and
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+o0 +oo
D Bt 9= Y (Bh— Bt y), (XY)EM,
m=0 m=0

ZBm[g— +et %}zmwm(x Y=0, (xy)eN.
— o

From PSFE (14), (15) by the method of integral summation identities one may
obtain two independent infinite systems of linear algebraic equations (ISLAE), to
which the problem of diffraction is reduced.

(19)

Lemma 3.44 The problem of an electromagnetic wave diffraction on a metal screen
in a cylindrical waveguide is reduced to two independent ISLAE

— 1

— Akﬂk + ZAH(7n + 70 ) An ——| r({m‘Jrﬁ,k
m=0 7m + 7m

ZR‘ 2410, k=0,
n=0 7n +7n

_E(Zk[g_g +€+]+Z&¥%Z%£g 2“‘9 ]Jy/ml mk

NE, 248 N1 -4
g&leiwﬂ [g +€]lyjm|%k,k e

where

| = j _[(pn(df MNen(&madédn, I = j (S Men(S,mdédn,

| = j _[wn(df MYm(&masdn,  If = j _[wn(df MYm(S,masan.

Similarly, one may obtain the following ISLAE from PSFE (18) and (19) in

respect of the following ratios Km, Bm:
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- Akﬂk + ZAn(yn + 7n )ﬂ’ Z + V- | (p,m‘Jr(?l,k
m

rn=0m

o (20)
=Z7¥ 2V g9 k=01
n n'nk> 91 geeey
n=0 7n + 7n
E )4{8 +£" ] ZB@ %Z‘%{g +£ %]me
(21)

NE, Xéd N &
25 o 3l Ee o

5. ELECTROMAGNETIC WAVE TRANSMISSION ISSUE IN A

CYLINDRICAL WAVEGUIDE

It is convenient to divide the transmission task into two subtasks. First you need to
—t —t

solve the diffraction problem - by the wave falling on the screen (E ,H ) one may

find the previous wave (E',ﬁ') and the reflected wave (E',ﬁ'). Then, by the
difference

=R} =T <_V <_V
(E,H)=(E ,H )—-(E.H"

you may recover a positively oriented wave (E ,H ) and the second component

(E,ﬁ) of a negatively oriented wave in the left half of the waveguide. Thus, we
obtain

_——

(E ,H )=(E,H)+(EH).

Thus, in addressing the simplified problem of transmission by the functions
(E,H) it is necessary to find (E_,ﬁ_) and (E, H).
In the problem of transmission according to a given set of coefficients An,

§n one has to find the following coefficients R;, E; and Rn, gn. One may use
ISLAE (20), (21) obtained during the solution of a diffraction problem to find these
coefficients. Let’s note that
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LAﬂ = An _An,
Ya + ¥n
266,64

£0, +e 6,

E; :5;_§n +5n__B)n.

Then ISLAE (20), (21) may be rewritten as follows:

+oo
_Akﬂk +ZA1(7n +7n)ﬂn Irqi)m‘J Z’aﬂﬂnlr(fk
0 (22)
ZAqﬂnln,k, k=0l..,
- &) < 1 S
— + 7K | o + ~“m v
Bk}(k[é‘ +& x] ;:—Bné;;(nmzzo:érn[g +& @Fn]‘]”’mlmk
- <« 1 S
—IBSy, Y —|g +e2 WY (23)
; n nmzoérn é}; nm' mk
- <« 1 S
=E§n;(n§rf — €_+€+§m Ir",fmlry(lk, k=0],.
n=0 m=0 ~m m
We simplify (23), and obtain the following
Bk}(k[é‘ +& —] ZBn;(n[g +& —]I
(24)

Zﬁnﬂtﬂﬁz [ & m]lﬁ{mlmk, k=01..

Theorem 5.1 The transmission target of electromagnetic waves on the screen in a
cylindrical waveguide is reduced to two independent ISLAE (22), (24).

It should be noted that the problem of transmission may be solved in many
ways.

The method of truncation is used at approximate solution of ISLAE (22), (24).
If we move from ISLAE to finite SLAE, leaving only the N of unknown coefficients,
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and the rest are presumed to be equal to zero, so we select only the approximate

solution. N here must match the number of specified ratios An, Bn, N=0,.N.

The proposed numerical method for solving the problem of transmission is
well parallelized. Most of the time during the solution of obtained SLAE the matrix

elements are taken into account, in particular the elements 17,30 IV _ J¥_.

These elements are independent of each other (from the aspect of data) and can be
computed in a parallel mode.

Here are the simple reasoning, clarifying the connection between the problem
of diffraction and the problem of transmission. If the diffraction problem (direct
problem) is reduced to two operator equations of the following form

then during the solution of the transmission problem (inverse problem) one needs to

look for the vector A to obtain D(p A + D;,Kz D;,R, and the vector B to obtain

D, B - D;/g = D;,’g Then the new equations for A and B have the following

form
(C,+D,)A=D,A (C,-D])B=D]B.

Consequently, the task of transmission may be solved numerically with about
the same accuracy as the diffraction problem, if during the perturbation of an operator

C(/, by the operator D;,, and the operator Cy, by the operator D;, their properties

are preserved.
An approximate solution of the transmission problem may also be obtained by
the method that is often used during the solution of inverse problems. Let's choose a

—=] <__9j

set of linearly independent vectors A ,B ,]=1..N, and find the

. =Y : . i
corresponding solutions A", B~ of the diffraction problem. Eciiu Bektopsr A™ ToKe

JIMHEWHO HE3aBUCHMBI, TO JTI000H 3a/IaHHBIH BEKTOp A MOKHO PasIokKHTh 110 STOMY

— J . . .

6a3ucy. AHAIOTHYHO, €CIU BEKTOphl B nuHeliHO He3aBuCHMMBI, TO IFOGOM 3a[aHHbBIH
— — —1 —N

Bektop B moxHO pasnoxuts mo stomy 6azucy. Ecnu A= A +..+ oy A n

— —1 —N
B=pB +..+8yB , TO pelieHue 3a1a4u TPAHCMUCCUH

——

-1 Y N 1 — N
A ZO[IA +...+0[NA I/IB :ﬂlB +...+ﬂNB .



31362 Irina L. Alexandrova

6. CONCLUSIONS

The proposed method of transmission problem solution is applicable when you may
develop your own waves of a waveguide, i.e., when it is possible to solve the
boundary Neumann problem and Dirichlet problem on eigenvalues for the Laplace
operator in the field of a waveguide cross-section.

7. SUMMARY

The method of the transmission problem solution electromagnetic waves in a
cylindrical waveguide. The problem of transmission is reduced to ISLAE concerning
the expansion coefficients of the desired wave in a series by eigenfunctions. A
numerical method to solve the resulting ISLAE is proposed.
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