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Abstract

In the present paper, we introduce new subclass ®% (p,8,A,a) of analytic
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1. Introduction
Let 2 denote the class of functions of the form:

f(Z):z+ianz“, (1.1)

which are analytic in the open unit disk.
A={z:ze Cand 7| < 1}.

Also let S*(oc) and C (o) denote the familiar subclasses of 4 consisting of
functions which are starlike and convex of order o (0 < ot < 1) in A, respectively.
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Let S¥ (o) denote the class of functions in 4 satisfying the following inequality:

R(EL((ZZ))J >a. (ze A), (1.2)

where 0 < o < 1, k > 2 is a fixed positive integer and £x(z) is defined by the following
equality:

£, (z2)= i li (e'f(e'2)+e"1(e"2)), (e= exp[%ij; ze N) (1.3)

And a function f(z) € A is in the class () if and only if zf’(z) € S (a). The
class S$(0) of functions starlike with respect to 2k-symmetric conjugate points was

introduced and investigated by Al-Amiri et al. [1].
Let Tbe the subclass of 4 consisting of all functions which are of the form:

f(z)=2z—- ianz“ (a, 20).

We denote by S*, X, Cand C * the familiar subclass of 4 consisting of functions

which are, respectively, starlike, convex, close-to-convex and quasi-convex in A.
Thus, by definition, we have (see, for details [4, 5, 6, 7]).

S = {f :fe 4and R{Zf’(z)} >0, (z€ A)},
f(2)

K = {f :fe 4and R{l+ zf,”(z)} >0, (ze A)},
f(z)

C:{f:fe A,3ge S :such that R{%}>O, (ze A)} and
g(z
c :{f:fe A,dge K :such that R{(Zf(i)))}>0, (ze A)}.
g(z

Definition 1.1.
Let T(p, O, A, o) be the subclass of T consisting of functions f(z) which satisfy the
inequality:
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ASZE(2)+ (NS + A —8) 21 (2)+ Lt (2)
ASZL(2)+ (h—8)A(2)+ (1—A+5)f(2)
(xsif”(z)+ (8+1—8)Zf12)+ zf’(z)j Hlep)

MZT(2)+ (=8 (2)+(1-A+8)f(z)

>0, (zeA)

forsome t (0<a<1),A(0<A<1),0(0<d0<l)andp(0<p<1).Ifp=
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(1.4)

0Oand 6 =

0, a function f(z) € 4 is in the class C (A, o). This class was first introduced and

investigated by Altintas and Owa [2], then was studied by Aouf et al.[3].

We now introduce the following subclass of 4 with respect to 2k-symmetric

conjugate points and obtain some interesting results.

A function f(z) € 4 is in the class G’S(?(p, O,A,a) if it satisfies the following

inequality:

MZE 2+ (AS+ A=) Z 2+ = (2)
ASZ ka(Z)+ (X—S)Zf;k(z)-l- (1-A+0)t,(2)
{ ASZE (2 +(AS+A—8)Z2f (2)+ 2 (2) j+ (1=p)
ASZ f;k(z)"' (X_S)Zt;k(z)"'( 1-A+0)L,(2)

>a, (zeA)

(1.5)

where 0 Soe<1,0<A<1,0<0<1,0<p <1 and f(2) is defined the equality (1.3).
If 8 = 0, a function f(z) € 4 is in the class &% (p,8,A,a) which was studied by B.

Srutha Keerthi and P. Lokesh [8].
Ford=0and A =0in &% (p,8,%,a) we get S (p,a) [10].

Lemma 1.1.
Lety=0and fe ( then

F(z)= I;F—YY J' f(t)t"'dte C.
0

This lemma is a special case of Theorem 4 in [9].

Lemma 1.2. [5]
Let 0<B<1landfe (,then

12
F(z)_ Bjf(t)tB ‘dtec' e
0

Lemma 1.3.

Let 0<A<1,0<8<1and0<o<]l,then we have ¥ (p,5,h,0) cCS. .
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Proof,

Let F(z) = Mzt (2) + (A — 8)zf () + (1 - L + 8)f(2),
F, (z) = Mz°f) (z) + (L= 8)zf}, (z) + (1-A+8)f, (z) with flz) € @ (p,5,A0),
substituting z by " z (u=0, 1, 2, ..., k=1) in (1.5), we get

AMEZ) T2 HASHA—O) ') 12 H(E'2X ("2)

AOE Z)zfz'k(gu ZHO\-O)E2L (E'DH(1-M+0)f (£2) >a (1.6)
AME2) T2 HASHA-D) ) T 2)+(E'2X("2) H(1=p) ’
xaéﬂz)zf;k(gﬂ z)+(7h—8)@”z};k(g“ ZH(1-A+0)E(€7)

From inequality (1.6) we have

mng f”(e"‘i)+(2k8+k;8)@72)2 f(£2) +HED(E2)
ASE2) (2 +0-0)E DI (EDH I-M+DK,(€2)
{me*‘sz*(eﬂz)+(m8+X43)€?>2f%é*z>+(e“z>ftﬁ>j+(l_p)

>0, (1.7)

ASE D (ED+H0-0)E D (D H(1-A+5), (67)

Note that fw(e" z) = €' Gw(z), ,(s"2)=1, (2), [, (¢"Z)=¢"f, (z) and

f, (e"2) =1, (2), thus, inequalities (1.6) and (1.7) can be written as

MEY 211" 2)+ (A+A—d)e 2T (" 2)+ £ (£"2)
ASZE] (2)+ (A —0) A, (2)+ (1-A+8)E, (2)
‘{xa(gﬂ)z 26" 2)+(DS+A—8) " 21" 2)+ 2 (€"2)
Kﬁif;k(z)+ (k_S)ngk(Z)"' (I-A+ S)f;k(z)

>a, (1.8

j+(1—p)

and

WEMR 2 E(E"2) +(DS+A—0)e 2 (67 + 2f(£"2)
WSZE () 0—8) 3, (D) (11405, (2) e (19)
o[mw)zif’(y‘z)ﬂm& x—S)g/‘zzf”(g”z)+zt”(g”z)}r (=p)
MZE;, (2)+(A—8) Ay (2)+(1-A+8)E, (2)

Summing inequalities (1.8) and (1.9), we can obtain
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ASAE P D HE P IEDHDSA—8)Z[E T (e 2 e T (6D + 2l ("2 (e
ﬁﬂk(ZFQ—S)ﬁk(ZF( 1-M+0)6(2) 20, (1.10)
L{mi[(g")zf’(g“z)ﬂg")Zﬂéi)] +H2A3H+A—0)Z [g“f'(g“z)+g"f"(g“@]+z[t”(g“z)+f”(e‘?)]}+ (1-p)
WZE5(2) (A =8) & (2)+(1-A+3)E,(2)

Letu=0,1,2, .., k-11in (1.10), respectively, and summing them we can get

I . N el b
miizﬁg(g“) e z)HE™) f"(é“?)]+(2/\5+k—5)zizﬁg€“f'(€”2%8 #f'(é*’i)]ﬂizﬁgf'(e“mf'(ﬁ)]
M5 (2 —B)y (2 (1-A+8)6,(2)
I T RN i IO P
Wt Zz‘g(g“) Pl Y T BRI Zz‘gg“f'(guz)f—e #‘(ﬁ)]uizﬁg”(s“zﬂf(ﬁ)]
A3 ()08 £y (2} (1-M+8)6,(2)

>a,

+(1-p)

or equivalently,

ANz 0 (2) + A + L= 8)2° 5 (2) + zf}, (2)
Mz f) (2) + (M= 8)zf} () + (1= A+ 8)f,, (2)
p( 73;8223 f2k (2)+(2\5 + x,— 827 (2) + z£% (2) j v(lp)
z° 15 (2)+ (A =9)zf,, (2) + (1-A+d)f,, (2)

ZF;k (z)
-R F, (2)

zF;, (2) _
P( E, (2) j*‘(l p)

> 0,

that is p = 0, Fa(z) € S’(ar), which is the class of starlike functions of order o in A.
Note that S°(0) = S, this implies that F(z) = A3z°f(z) + (A —8)zf (2) + (1 - L + 8)f(z).
We now split it into two cases to prove

Case (i) When =0, A=0, f(z) =F(z) € C.
Case (ii) When 0 <A <8 < 1. From F(z) = A3zt (2) + (A — 8§)zf (z) + (1- L+ 8)f(z) and
0<A<6<1 wehave

1 -1z 1,
f(z)zEz BjF(t)t‘3 dt, 0<p<l1.
0

Since y :%—1 >0, by Lemma 1.1, we obtain that f(z) e Cc S.

Hence &% (p,8,1,a) = C =S, and the proof is complete. O
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2. Integral Representations
We first give some integral representations of functions in the class % (p, 8,1, ).

Theorem 2.1.
Let f(z) € @& (p,8,A,0) with0<B<1,0<A<1.Then

2k(Z)__Z B.[ 2kzj 2(1-0)

n=0 o

_ 1 @1
[ o) . oD H o

1=p—(I+p—20p)o(t0) 1—p—(1+p—20p)(£0)

where f5(z) is defined by equality (1.3), 6Xz) is analytic in A and «(0) =0, |(z)| < 1.

Proof.
Suppose that f(z) € &% (p,8,A,a), we know that the condition (1.5) can be written as

follows:

M2 f(z) + (M8 + L —8)2°f(z) + zf (2)
Mz 7 (2) + (A= 8)zf) (z) + (1- A+ §)f,, (2) - 1+(1-20)z
( ASZ E(z) + (28 + A — 8)Z*11(2) + zf () j c(lop) 1-z
M2 7 (2) + (A= 8)zf; (z) + (1= L+ 8)f,, (2)

b

where < stands for the subordination. It follows that

M2 f(z) + QM8 + L — 82’ f(z) + zf (2)
Mz f7 (2) + (A= 8)zf] (z) + (1= L+ )f,, (2) 1+ (1-20)0(z)
( Mz f"(z) + QM8 + L - 8)2°f(z) + zf (2) j +(1-p)  1-o0(2)
M2 7 (2) + (A= 8)zf; (z) + (1- A+ &)f,, (2)

b

where 0)(z) is analytic in A and ®(0) = 0, |e(z)| < 1. This yields

M2 f(2)+ QM+ A= 8)Z° () + zf(z)  (1-p)[1+(1-20)0(2)]

Mz f7 (2) + (A= 8)zf] (z) + (1 - L+ S)f, (z) I-p—(14+p—-20p)n(z) >2)

Substituting z by €" z (W=0, 1, 2, ..., k—1) in (2.2), respectively, we get

ME 2RI e D 2f(eD) _ (1-p)[H(1-20)02)]
ME L D 0-)E 22 (M) (') 1-p—(I+p-2p)at'z)

(2.3)
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From (2.3), we have

MED D HASD)ED FEDHEDNED) _(Fp)[H(1-21)0€'7)
M2 D+ D EDHMOE(ED  1=-p—(Hp-20ppED)

(2.4)

Note that fx(e" z) = €" fi(z) and f,, (¢"Z) =¢7"f, (z), summing equalities (2.3)
and (2.4), we can obtain

ASEE VT HE T DHASA-D)TE Tl HE P FE D€ N EDHE N E 2]
ASH IOV Ey (2 FA+D)f(2)

_(p)[H(F2olz)] (bp)HH2uo ()]
p(bp-2p)iD) —p( Hp-20p0(5)

(2.5)

Letu=0,1,2, .., k-11in(2.5), respectively, and summing them we can get
ASZ o (2) + (2N + L —8)Z°f) (2) + zf5, (2)
Az tr (z) + (A —8)zf5 (z) + (1= L+ d)f,, (2)

_(1=p)[1+(1-20)a(E'2)] | (1-p)[1+(1-20)0(="2)]
C1-p—(1+p—20p)a(e’ z) 1-p—(1+p—20p)n(e'Z)

(2.6)

From (2.6), we can get
ASZE5 (21 H(S+A—0)265 (2)+fy (z) 1
ASZE5, (2)+(—0)s (21 (1-A+D)fy (2) 2

(2.7)
Z (-p)[H(1-20)0€"7)] (1-p)[I+(1-20)0€"Z)] ,
2kud>z —p—(1+p— 2ap)oa€”z) 1—-p—(1+p—2ap(E“2)

Integrating (2.7), we have

o~

-1

2(1-0)
g

| Mzt (z)+ (M —8)zf5, (2) + (1- A+ 8)f, (2) 1
o2 ’ T2k 4

i N
© ey N

.

w(e")) N o(e"Q) d
l-p—(1+p—20p)0(e"C) 1-p—(1+p—2ap)n(c"()

That is
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Mzt (z)+ (A —8)zf5, (2) + (1= L+ 8)f,, (z) = zexp— - kzlj 2(1-a)
= N (2.8)
OJ(S”C) + 03(8”(;) dC.
l-p—(1+p—20p)0(e'0) 1-p—(1+p—20p)n(e"])

The assertion (2.1) in Theorem 2.1 can now easily be derived from (2.8). o

Theorem 2.2.
Let f(z) € @ (p,5,A,0) withk >2. Then

f(Z)Z%Zéj’jeXp{i klj,2(1—0€)

[ 0D . o@D jdg} 29)

l-p—(1+p—-20p)o(e") 1-p—(1+p-2ap)n(e"C)

(1-p)[1+(1-20)0(§)] de uéizdu.
I-p—(1+p—20ap)n(§)

where 0)(z) is analytic in A and o(0) =0, |o(z)| < 1.

Proof.
Suppose that f{z) € 2 (p,d,,a), from equalities (2.1) and (2.2), we can get

M2t "(2) + QA8 + L — 8zt (z) + zf (2)

= (W27 (2) + (A= 8)zfl, (2) + (1= A + O)f,, (2 ))(1 P+ (1-20)0(z)]
—p—(I+p—2ap)a(z)

= exp

k-1 § n n
ij(l—a)( LG I oD g
k&Se ¢ U-p-(+p—2up)a(&'l) 1—p—(1+p—2ap)(&'T)
(1-p)[1+ (1 -20)0(z)]

I=p—(1+p—2ap)o(z)

Integrating the equality, we can easily get (2.9). O

3. Convolution Conditions
In this section, we provide some convolution conditions for the class ® (p,8,A,a).

Let f, g € 4, where f(z) is given by (1.1) and g(z) is defined by
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g(z)=z+ icnz“.
n=2
Then the Hadamard product (or convolution) f * g is defined (as usual) by
(o)D)= 2+ Ya,0,2" = (D)

Theorem 3.1.
A function f(z) € &% (p,8,A,a) if and only if

W( (") —p(H(1-20)&)] (1—p>(k(1—2a)é9)hJ
(1-z) 5

1

—f*
V4

’

+z{(m8+x—a)(li[(1_eie)_p(H(l_m)ée)} (%—3)(Pp)(1+(1—2a)é9)h}
~ 3.1)

¥ 2

Z ooy vy (IEA)(p)(H(1-20)E')
{(I_Z)z [(F=e")—p(H-(1-20)¢)] 5 h}(Z)}

forallz € A and 0 <0 < 2m, where

k-1

h(z) :lz z (3.2)

k v=0 I_SVZ'

Proof.
Suppose that f{(z) € 2 (p,8,),a), since the condition (1.5) is equivalent to

AMZE(2)+(25+A—8)Zf (z)+ zf(2)

AMZES (2)+ (A —8)73, (2)+(1-A+3)E, (2) ¢1+(1—2(x)ég
p[ ASZE (2 )+ (AS+A—8)ZE (2)+f(2) j+ (1=p) 1-¢"
WZE5(2)+(A~3)Ay, (2)+ (1-A+3)E, (2)

; 3.3)

for all z € A and 0 <0 <2m. And the condition (3.3) can be written as follows:



31522 B. Srutha Keerthi and P. Lokesh

1{(KSff"(Z)+(2K8+K—S)sz”(z)+zf'(z))((l—eie)—p(1+(1—2(x)eie))
VA

(3.9
~(1=p)QASZE5 (2)+ (A —8)7hy (2)+ (1= A+8)E, (2)(H-(1-20)e") } 0.
On the other hand, it is well known that
, z
zf(z):f(z)*(l_z)2 ) (3.5
And from the definition of fx(z), we know
B =2+ 3 e o = () + FFRG)) (3.6)
n=2

where h(z) is given by (3.2). Substituting (3.5) and (3.6) into (3.4), we can easily
get (3.1). This completes the proof of Theorem 3.1. O

4. Coefficient Inequalities
In this section, we provide the sufficient conditions for functions belonging to the

class 2 (p, 8,1, ).

Theorem 4.1.
Let0<a<1,0<A<1,0<8<land0<p<I.1If

i(m(nk+1)nk+ (A—8)(nk+1)+(1-A+3)[(I-p)|(nk+1)a,,, — R(a,.,)

n=l

+(1-a)(p(nkt+1)a,, +(1_p)|R(ank+l)|] 4.1)
+ S (1=)n(sn(- 1)+ (—8)n-+ (1-A-+5)a, | <1—a

n=2
nAk+H

a[l

Then f(z) € 28 (p, 5,1, 0).

Proof.
It suffices to show that
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W7 H(2) + (205 + A= )2 2) + 7 (2)
Mzt (2) + (L= 8)zf), (2) + (1 -2 +8)f,, (2) <1-q
Az’ (2) + (A —8)zf;, (2) + (1- L +8)f,, (2)

Note that for |z| =r < 1, we have

‘ Mz f(z) + (28 + A — 8)Z*t(z) + zf (2)

Xﬁzzfz”k (2)+ (A —3)zf, () + (1 -1+ 8)f, (2) B
‘ MZf"(z) + (A8 + A —8)2°f(2) + zf (2) j +(1-p)
Xﬁzzf;k (2)+ (A —=3)zf, (2)+ (1-1+8)f, (2)

Z:ZZ (1-p)[(Adn(n—1)+ (A —8)n+(1-A+3))(na, —R(a,)b,)]z"" |
1+ Z:ZZ [(An(n—1)+(A—0)n+(1-A+09))(pna, +(1-p)R(a, )bn)]zn’1

D (1-p)Adn(n—1)+(A-n+(1-A+5))|na, —R(a,

n—1

D (1-p)(Adn(n—1)+(A—3)n+(1-A+35))|na, - R(a,

where
_lkz (-l _ 1, n:|k+1,
n_k o 0, nzlk+1.

This last expression is bounded above by 1—o if

w)(png+(1-p)h)[R(a )]

n=2

(4.3)

<l-a,

Since inequality (4.3) can be written as inequality (4.1), hence f(z) satisfies the
condition (1.5). This completes the proof of Theorem 4.1. O
Theorem 4.2.

Let 0 <a<1,0<A<1,0<0<1land 0 <p <1 and f(z) € T. Then f(z)
€ T@S(? (p,8,A,a) if and only if
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o

> (Mdnk(nk +1)+ (A —8)(nk +1)+ (1- A+ 8))(nk +1-a)a

n=1

nk+1

o (4.4)
+ Z:(mn(n—1)+(7h—8)n+(1—7»+8))nan <l-oa.
E;Izkﬂ
Proof.
In view of Theorem 4.1, we need only to prove the necessity.
Suppose that f{z) € T2 (p,8,A,0), then from (1.5), we can get
1- on(al HA-0)nH(1-A+0
D" nhdn(al -3y -A+3) |z . (45)
I—ZZ {PnEdn (@1 {HA-3)nH(1-A+3) )a+H p)dn(al HA—3)nH FA+3))ab, } 2

where b, is given by 4.2. By letting z — 1~ through real values in (4.5), we can get

1—Z_zn[mn(1+1H(k—&)m(l—ma)]% N
— 20,
1- E , {pn@3n(r-1 HA—-0)m(1-A+3))a |+ (1—p)dn(r-1 H(A—3)m-(1-A+3))ab, }

>

or equivalently,

oo

Z(XSn(n—l)+(X—8)n+ (1I-A+3)m—a(pn+(1-p))b, )a, 21-a, (4.6)

n=2

substituting (4.2) into inequality (4.6), we can get inequality (4.4) easily. This
completes the proof of Theorem 4.2.
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