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Abstract

A quantum algorithm for the perfect matching problem and its example are reported.
When each of two groups is consisted of n persons, it is decided whether there are
n pairs or not. A computational complexity of a classical calculation is n!. The
computational complexity becomes about (n!)!/? by the quantum algorithm that
uses quantum phase inversion gates and quantum inversion about mean gates.
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1. Introduction

A quantum computer can move quickly to resolve a problem by doing a parallel cal-
culation that uses quantum entangled states. Deutsch-Jozsa’s algorithm for the rapid
solution [1-3], Shor’s algorithm for the factorization [2—4], Grover’s algorithms for the
database search [2,5,6], and so on are known. A quantum algorithm for the knapsack
problem has recently been reported by Fujimura [7]. The perfect matching problem [8]
is examined this time. Therefore, its result is reported.

2. Perfect Matching Problem

When each of two groups is consisted of n persons, it is decided whether there are n
pairs or not [8].
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3. Quantum Algorithm

It is assumed that there are the s-th person M [0 < s < n — 1. s is an integer.] in one
group and the ¢-th person F; [0 <t < n — 1. t is an integer.] in another group. When
M; selects Fy, x;; is 1, or when M doesn’t select F;, x; , is 0. When F; selects My, y; ¢
is 1, or when F; doesn’t select My, y; 5 is 0.

First of all, the quantum registers |ag >, |a; >, --- , |a,—1 >, and |b > are prepared.
When « is a minimum integer that is [ogon or more, each of |ay > that f is an integer
from O to n — 1 is consisted of & quantum bits [=qubits]. States of |[a; > and |b > are
ay and b, respectively.

Step 1: Each qubit of [ay > and |b > is set |0 >.

Step 2: The Hadamard gate |H | [2, 3] acts on each qubit of |a; >. It changes them for
entangled states. The total states are (2%)".

Step 3: Itis assumed that a quantum gate (A) changes [b > for [b+1 > atay > n, orit
doesn’t change |b > atay < n. As a target state for |b > is 0, quantum phase inversion
gates (P 1) and quantum inversion about mean gates (I M) [2,5,6] acton |b >. When B is
a minimum even integer that is (2%/ n)l/ 2 or more, the total number that (P /) and (I M)
act on |b > is B because they are a couple. Next, an observation gate (O B) observes
|b >. These actions are repeated sequentially from |ay > to |a,—; >. Therefore, each
state of [ay >1s0,1,--- ,n — 2, orn — 1, and the total states become n"'[= Wyl.

Step 4: It is assumed that a quantum gate (By) changes |b > for |b + 1 > atag = 0, or
it doesn’t change |b > at ay # 0. It changes |b > for |b + 1 > at a; = 0, or it doesn’t
change |b > at a; # 0. This action repeats to a,_1. As a target state for |b > is 1,
(PI) and (IM) act on |b >. When y is a minimum even integer that is (Wy/ Wl)l/2
(Wi =n(n — 1)”_]] or more, the total number that (P/) and (/M) acton |b > is y .
By these actions, combinations that include only one O [W{] are selected. Next, (O B)
observes |b >, and combinations of W remain. And |b > is set |0 >. Similarly, (B,)
[ <u <n—2. uisaninteger.] changes |b > for |b 4+ 1 > at ap = u, or it doesn’t
change |b > at ap # u. It changes |b > for |b 4+ 1 > at a; = u, or it doesn’t change
|b > at a; # u. This action repeats to a,_1. As a target state for |b > is 1, (PI)
and (IM) acton |[b >. When y, ., is a minimum even integer that is (WM/WIH_l)l/2
[(Wypi =n(n—1)---(n —u)(n — (u+1))"~“*D] or more, the total number that (P1)
and (IM) acton |b > is y,, . By these actions, combinations that include only one
u [Wy41] are selected. Next, (O B) observes |b >, and combinations of W, | remain.
And |b > is set |0 >. These actions are repeated sequentially from 1 ton — 2 at u. After
all, combinations that include different numbers from O ton — 1 [W,,_; = n!] remain.

Step 5: It is assumed that a quantum gate (Cp) obtains a state of |ag >, and it changes
|b > for |b + x0,4Yag,0 > Similarly, (Cy) [1 < w <n — 1. wis an integer.] obtains a
state of |a,, >, and it changes |b > for |b + Xy 4, Ya,,w >. These actions are repeated
sequentially from 1 ton — 1 at w. As a target state for |b > isn, (PI) and (I M) act on
|b >. When y, is a minimum even integer that is (Wn_l)l/ 2 or more, the total number
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that (PI) and (/M) acton |b >is y,. Next, (O B) observes |ay >, |a] >, -+, |[ap—1 >,
and | >. By these actions, ag, ay, - - - , a,—1, and b are obtained. Therefore, when b is n,
a perfect matching that is (Mo, Fy,), (M1, Fg), -+, (My—2, Fy, ,), and (M,,_1, Fy, )

1s obtained.

4. Numerical Calculation

It is assumed that there are the s-th person M, [0 < s < 4] in one group, the 7-th person
F; [0 <t < 4] in another group, xXo,1 = X02 = X0,3 = X1,0 = X1,4 = X2,0 = X2,1 =
X23 = X3,0 = X32 = X34 = X40 = X42 = X43 = X44 = 1, (others of x;,; ) = 0,
Y0,0 = Y0,3 = Y1,0 = V1,1 = V1,2 = Y2,1 = Y2,2 = Y24 = V3,0 = V3,1 = V3,3 = Y34 =
y4,1 = Y42 = y4,3 = 1, and (others of y; ;) = 0.

First of all, |ag >, |a; >, -+, |as >, and |b > are prepared. As logon is log>5
2.3 <3 =a,eachof |ay > that f is an integer from O to 4 is consisted of 3 qubits.

&

Step 1: Each qubit of [ay > and |b > is set |0 >.

Step 2: acts on each qubit of |ay >. It changes them for entangled states. The total
states are (2%)" = (2°)°.

Step 3: (A) changes |b > for |[b+ 1 > atay > 5, orit doesn’t change |b > atay < 5.
As a target state for [b > is 0, (PI) and (IM) act on |b >. When B is a minimum
even integer that is (2"‘/11)1/2 = (23/5)1/2 ~ 1.3 < 2 = B, the total number that (P)
and (IM) acton |b > is 2. Next, (OB) observes |b >. These actions are repeated
sequentially from |ag > to |a4 >. Therefore, each state of |ay >1s 0, 1,2, 3, or 4, and

the total states become n" = 5°[= Wo].

Step 4: (By) changes |b > for |b 4+ 1 > atap = 0, or it doesn’t change |b > at ay # O.
It changes |b > for |b 4+ 1 > ata; = 0, or it doesn’t change |b > at a; # 0. This action
repeats to a4. As a target state for |[b > is 1, (PI) and (IM) acton |b >. When y is
a minimum even integer that is (Wy/ Wl)l/ 2 (W) =5- 44] or more, the total number
that (P7) and (IM) acton |b > is y;. By these actions, combinations that include only
one 0 [Wq] are selected. Next, (O B) observes |b >, and combinations of W remain.
And |b > is set |0 >. Similarly, (B,) [l < u < 3] changes |b > for |b + 1 > at
ap = u, or it doesn’t change |b > at ap # u. It changes |b > for |b + 1 > ata; = u,
or it doesn’t change |b > at a; # u. This action repeats to a4. As a target state for
|b >is 1, (PI) and (IM) acton |b >. When y, | is a minimum even integer that is
(W) Wure DV (W1 =56 =1 -5 —u)(5 — (u + 1))>“FD] or more, the total
number that (PI) and (/M) acton |b > is y, ;. By these actions, combinations that
include only one u [W, 1] are selected. Next, (O B) observes |b >, and combinations
of W, 41 remain. And |b > is set |0 >. These actions are repeated sequentially from 1 to
3 at u. Where, (Wo/ W) /2, (Wi /W) /2, (Wo/ W3)'/2, and (W3/ W4)'/? are about 1.6,
1.5, 1.5, and 1.4, respectively. Therefore, y, ¥,, 3, and y, are same value 2. After
all, combinations that include different numbers from O to 4 [ W4 = 5!] remain.
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Step 5: (Co) obtains a state of |ap >, and it changes |b > for |b+x0, 4y Ya,,0 >. Similarly,
(Cw) [1 < w < 4] obtains a state of |a,, >, and it changes |b > for |b + Xy 4, Ya,,.w >-
These actions are repeated sequentially from 1 to 4 at w. As a target state for |b >
isn =35, (PI)and (IM) act on |b >. When y5 is a minimum even integer that is
(Wg)l/? = (5)V/2 2~ 11.0 < 12 = y, the total number that (P 1) and (I M) act on |b >
is ys = 12. Next, (OB) observes |ay >, |a; >,--- ,|as >, and |b >. For example,
when ag, a1, a>, az, as, and b are 3, 4, 1, 0, 2, and 5, respectively, there is a combination
of a perfect matching that is (Mg, F3), (M1, F4), (M3, F1), (M3, Fy), and (M4, F>).

5. Discussion and Summary

The computational complexity of this quantum algorithm [= S] becomes the following.
In the order of the actions by the gates, the number of them is «n at , nat(A), Bn = 2n
n—1
at (P1)and (IM),nat (OB),n(n—1)at (By) [0 <d <n—2.disaninteger], Yy,
i=1
at (PI) and IM),n — 1 at (OB),n at (C,) [0 < e < n — 1. e is an integer.], y,, at
n

(PI) and (IM), and 1 at (OB). Therefore, S becomes n? + (¢ +5n + Zyi. In
i=1
the example of the section 4, S is 85. The computational complexity of the classical
calculation [= Z] is n! = 5! = 120. After all, S/Z becomes about 2/3. When # is large
enough, S becomes about y, ~ (n))'/?, and S/Z is about 1/(n!)1/2. For example, as
forn = 50, S/Z is about 1/(1.7 x 10°?).
Applications of the quantum computation are expanded by this algorithm.

References

[1] Deutsch D., and Jozsa R., Rapid solution of problems by quantum computation,
Proc. Roy. Soc. Lond. A, 439:553-558, 1992.

[2] Takeuchi S., Ryoshi Konpyuta (Quantum Computer), Kodansha, Tokyo, Japan [in
Japanese], 2005.

[3] Miyano K., and Furusawa A., Ryoshi Konpyuta Nyumon (An Introduction to Quan-
tum Computation), Nihonhyoronsha, Tokyo, Japan [in Japanese], 2008.

[4] Shor P.W., Algorithms for quantum computation: discrete logarithms and factoring,
Proc. 35th Annu. Symp. Foundations of Computer Science, IEEE, pp. 124—-134,
1994.

[5] Grover L.K., A fast quantum mechanical algorithm for database search, Proc. 28th
Annu. ACM Symp. Theory of Computing, pp. 212-219, 1996.

[6] GroverL.K., A framework for fast quantum mechanical algorithms, Proc. 30th Annu.
ACM Symp. Theory of Computing, pp. 53—62, 1998.



Quantum Algorithm for Perfect Matching Problem 395

[7] Fujimura T., Quantum algorithm for knapsack problem, Glob. J. Pure Appl. Math.,
6:263-266, 2010.

[8] Weisstein E.W., Perfect matching, [Online], 2011. Available: http://mathworld.
wolfram.com/PerfectMatching.html.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


