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Abstract

Weighted composition operators have been related to products of composition op-
erators and their adjoints and to isometries of Hardy spaces. In this paper we obtain
several results of normal or hyponormal weighted composition operators.
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1. Introduction

N
For two points z = (z1,...,zy) and w = (wy, ..., wy) in (CN, let (z, w) = szk
k=1

and |z| = /(z,z). Let dV(z) the Lebesgue volume measure on CV and H(CV) the
space of all holomorphic functions on CV (entire functions). For & > 0 the Fock-type
space ﬁS(CN ) is the space of all entire functions f on C" for which

N 2
e = (2)" [ 1@ Fave <o
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It is clear that ﬁi (CN) is a Hilbert space with the inner product

a\N —_ 2
o =(2)" [ rez@e e ave)
T CN
and the reproducing kernel function is K, (z) = e*&¥).

Let ¢ : C¥ — C be an entire mapping and ¥ € H(CY). The weighted com-
position operator W, y, is defined by Wy, y f = ¥ - f o ¢. This operator has usually
arisen answering other questions related to operators on spaces of holomorphic func-
tions, such as questions about multiplication operators or composition operators. For
example, weighted composition operators arise in the characterization of commutators
of analytic Toeplitz operators (see [2]) and in the adjoints of composition operators
(see [3]). Forelli [5] proved that the only isometry of Hardy space H” for p # 2 is
weighted composition operator. Recently, weighted composition operators have been
discussed in many papers(see, e.g., [6]- [8], [9]). Carswell et al. [1] have determined
when composition operators are bounded and compact on Fock space .% f (CM), and they

2

have obtained the following result.
Theorem 1.1. Let ¢ : CV — CV be an entire mapping.

(a) If the operator C, is bounded on .% 2((CN ), then ¢(z) = Az + b, where A is an
N x N matrix and b is an N x 1 vector.

(b) If the operator C, is compact on fz((CN), then ¢(z) = Az + b, where || A| < 1.

Ueki [10] has given some necessary and sufficient conditions for weighted composition
operators on Fock-type space yj (C) to be bounded and compact. Quite recently, Du [4]
has obtained a complete description of Schatten class weighted composition operators
on ﬁf (CM).

In this short paper, we will obtain several properties of normal weighted composition
operators and hyponormal weighted composition operators.

2. Main results
We first prove several auxiliary lemmas.

Lemma 2.1. Let ¢ : CV — CV be an entire mapping and ¢ € H(C") and Wy v be
bounded on .7 (CY). Then W, Ky = ¥ (w) Ky(w).

Proof. For each z € CV, we have
W;,IpKw(Z) = <W<;1/;Kw’ K;) = (Kw, Wy y K)

= (WyyK;, Ku) = ¥ (w) K (¢p(w))
= 1;0(11))[(¢)(w)(z)~
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This completes the proof. |
Lemma 2.2. Let ¢ : CV — CV be an entire mapping and ¢ € H(CY). Then the

bounded operator W, y, : 95(@1\’ ) — 353 (CM) is Hermitian if and only if Woy Ky =
W;,wl(w forall w € CVN.

Proof. 1f W, y is Hermitian, that is, W, y = W;J//, then W,y Ky = W(;,wKw- Con-

versely, for w € CV and f e 330% (CN ), we have
Wop f W) = Wy f. Ku) = (f. Wi, Ku)
= (f Wy Ku) = (W f, Ku)
= W), f(w).
It follows that W, y f = W, f foreach f € F2(CN), and then W, = oy N

Proposition 2.3. If the bounded operator W, y, : ﬁf(CN ) — ?5 (C") is normal, then
either ¥ = 0 or ¥ never vanishes on CV.

Proof. Suppose W, y is normal and v/ (z9) = 0 for some z( in CN. Then by Lemma 2.1,
W, Kz = Y (w)Kpy) = 0. Since Wy y is normal, Wy Kyl = ||W;’]/,KZO||.
Therefore, |Wy 4 K|l = 0 and thus Y (2)e®¥@20) = ( for each z in CV, which
implies Y = 0. Thus, if W,,  is normal, then either ¥ = 0 or ¥ nonzero at every point
inCV. [

Proposition 2.4. Assume that the bounded operator W, y : ﬁ(f((CN ) — ﬁ’f(CN ) is
normal. If ¢ is not a constant and v is not the zero function, then ¢ is univalent.

Proof. Assume ¢ is not a constant and i is not the zero function. Then there exists
points a and b such that a # b and ¢(a) = ¢(b). Since V is not the zero function, from
Proposition 2.3, we get 1 (a) # 0 and ¥ (b) # 0. Define

Ka Kb

=@
and observe f is a nonzero function in ﬁg We have W;W f =0by Lemma 2.1. Since
Wy 4 1s normal, |Wy, 4 f| = ||W;7wf|| = 0. But |Wy 4 fIl = 0 implies f o ¢ is the
zero function. Since ¢ is nonconstant, f must vanish on a nonempty open subset of CV
and hence f must be the zero function, a contradiction. Hence ¢ is univalent. [

If W,y is normal and ¢(a) = a for some a in CN, then v has the following form.

Proposition 2.5. Assume that the bounded operator W, y : ﬁf((CN ) — 93(@1\’ ) is
normal and ¢ (a) = a for some a in CN. Then

—_— Ka
V=@



366 Yong Ying Su and Zhi Jie Jiang

Proof. By Lemma 2.1, we have W;,,;,Ka = ¥ (a)K,, so that K, is an eigenvector for

W;’w with corresponding eigenvalue ¥/ (a). Since W, y, is normal, K, is an eigenvector
for W, 4 with corresponding eigenvalue v (a) and thus it follows that

Y(a)K, = qo,l/fKa =y K009,
from which the proposition holds. |

Because Ko = 1, the preceding proposition and Theorem A yield the following
corollary.

Corollary 2.6. Assume that ¢(0) = 0. Then the bounded operator W, y : 330% CcVy —»

,935 (CN) is normal if and only if v is constant and ¢(z) = Az for some normal N x N
matrix A.

Proof. From the preceding proposition, we see that if ¢(0) = 0, then W,, y, is normal if
and only if v is constant and C, is normal. Thus we only prove that the normality of
C, is equivalent to that of A. This is easy seen by C; = C, where 0(z) = A*z, when
¢(z) = Az. u

Corollary 2.6 motivates us to consider the problem: “What does it happen if ¢
has many fixed points in CV?” Indeed, if ¢(z) = Az + b and the rank of the matrix
(A —1,b) < N, then ¢ has many fixed points. In order to identify this case, we need a
lemma as follows.

Lemma 2.7. Let A be an N x N matrix, b be an N x 1 vector and C,, : 353((CN ) —
ﬁf((CN) be bounded. Then C; = W5 4, Where 0(z) = A"z and g(z) = e®h),

Proof. In fact, by a similar proof, Theorem A is also true for ffi (CM) and thus ¢(z) =
Az + b. For z and w in CV,
C;Kw(z) = Kyu)(2) = edlew) _ oz, Aw+b)
= AT (b)) Wo e Kuw(2).
In other words, C ; = W ¢ on reproducing kernel functions. Since the span of these

functions is dense in L%f ((CN ), we have C:; = W5 4. |

Remark 2.8. By combing Lemma 2.2 and Lemma 2.7, we can also prove that if ¢(z) =
Az + b, then the bounded operator C,, is Hermitian if and only if A is a Hermitian matrix
and b = 0.

Theorem 2.9. Assume that ¢(z) = Az + b and ¢ has many fixed points in CV. Then
the bounded operator W, ; : ﬁ(f (CcVy > ﬁ(f (C") is normal if and only if i is constant
and ¢(z) = Az for some normal N x N matrix A.

Proof. Suppose W, 4 is normal on ﬁf(CN). Let ¢(z) = Az + b and ¢ have many
fixed points in CV. Then we see that there are many points z in C" satisfying the linear
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equation system ¢(z) = Az + b = z. We can choose a sequence {z,},cN of the fixed
points of ¢ with z, — zg as n — oo. From proposition 2.5, we have
K.,

V= W(Zn)Kzn .

from which it follows that ¥ (z,,) = ¥ (z,) for every m, n € N. By this and z,, — z¢ as
n — o0, ¥ is a constant and thus W, y, = aC,. Because W, , = aC, is bounded on

ﬁf (CN), similar to the proof of Theorem A, we also have that ¢(z) = Az+b. Therefore,
we only need to prove that if ¢(z) = Az + b and C, is normal, then ¢(z) = Az and A
isan N x N normal matrix.

By Lemma 2.7, we have

C¢C;Kw(z) =CyWs ¢Ky(2) = go@(2)Ky 00 0¢(2)
and
C;C(pKw(Z) = Wa,gchw(Z) = g(Z)Kw o@o 0(z2).

From this and since C, is normal, it follows that
gow(@)Kyooop(z) =g(@)Kyopoo(z). (2.1)

Replacing g and o by g(z) = @b and o (7) = A*z in (2.1), we have

(Az,b) + |bI* + (Az, Aw) + (b, Aw) = (z,b) + (A*z, A*w) + (z, w) + %k(z, w),
(2.2)

k(z,w) € N. Setting z = w = 01in (2.2), we see that b = 0 and k(0, 0) = 0. Since
¢(z) = Az and by Lemma 2.7, A must be a normal matrix.

Conversely, if i is constant and ¢(z) = Az for some N x N normal matrix A, then
it is clear that W,,  is normal. [

Similar to Theorem 2.9, we have the following conclusion.

Theorem 2.10. Assume that ¢(z) = Az + b and ¢ has many fixed points in C". Then
the bounded operator W, y : 9’3 (CcVy > 9’3 (CN) is unitary if and only if || = 1 and
A is unitary and b = 0.

In the final of this section we supply some properties of hyponormal weighted com-
position operators. Recall that the bounded linear operator 7 on Hilbert space H 1is
called hyponormal if T*T > TT* where > denotes the usual ordering on self-adjoint
operators. Therefore this definition is easily seen to be equivalent to || Tx| > || T *x|| for
all vectors x in H.
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Proposition 2.11. Assume that the bounded operator W o 72 (3 CcMy - ﬁo% (CNy is
hyponormal and ¢(a) = a for some point a in C". Then

Proof. Suppose ¢(a) = a for some a in CcN. By W* WKG = tp(a)Kw(a), we see that
K, is an eigenvector for W .y~ The hyponormality of w .y implies that K, is also an
eigenvector for W, y,. Then there is a number A such that for all z,

V(2)Ka 0 9(z) = Wy y Ka(z) = 2K4(2)- (2.3)
Letting z = 0 in (2.3) shows A = ¥/ (0), and then the desired form of ¢ follows. |

For every bounded composition operator on ﬁf cN

hyponormality as follows.

), we can obtain the result of

Theorem 2.12. Assume that C,, : ﬂg((CN ) — LQZO%(CN ) is bounded. Then C, is
hyponormal if and only if ¢(z) = Az and A* is hyponormal.

Proof. Fist suppose C, is hyponormal. The boundedness of C, implies that ¢(z) =
Az+b. Obviously, 1is an eigenvector for C,. This shows that Ko = 1 is an eigenvector
for Cy. Since C;Ko = Ky (), we get b = 0 which means ¢(z) = Az. Noting that
||C(/,Kw||2 — A g ||C(’;Kw||2 = e“lAw|2, by the hyponormality of C, we have
|A*w|? > |Aw|? for all w. This means A* is a hyponormal matrix.

Conversely, if A* is is hyponormal, then it follows that

2 2
ICy Kull? = 4™ > 2147 = | Ky |12

for all w. In other words, |Cy Ky > ||C ; K || on reproducing kernel functions. Since
the span of these functions is dense in gﬂf (CN), we have 1Co fl = ||C;f|| for all f in
ﬁf (CN), which shows Cy is hyponormal. |

References

[1] B.J. Carswell, B.D. MacCluer and A. Schuster, Composition operators on the Fock
space, Acta Sci. Math. (Szeged), 69:871-887, 2003.

[2] C.C.Cowen, An analytic Toeplitz operator that commutes with a compact operator
and related class of Toeplitz operators, J. Funct. Anal., 36(2):169—184, 1980.

[3] C.C. Cowen, Linear fractional composition operarors on H?2, Integral Equations
Operator Theory, 11:151-160, 1988.

[4] D. Y. Du, Schatten class weighted composition operators on the Fock space
,%((CN), Int. Journal of Math. Analysis, 5(13):625-630, 2011.



Normal or hyponormal weighted composition operators 369

[5] F. Forelli, The isometries of H”, Canadian J. Math., 16:721-728, 1964.

[6] Z.]J. Jiang and S. Stevi¢, Compact differences of weighted composition operators
from weighted Bergman spaces to weighted-type spaces, Applied Mathematics and
Computation, 217(7):3522-3530, 2010.

[7] Z. J. Jiang, Weighted composition operators from Bergman space to Bers-type
space, Acta Mathematica Chinese Series, 53(1):67-74, 2010.

[8] Z.J.Jiang and H. B. Bai, Weighted composition operator on Hardy space H” (By),
Advances in Mathematics, 37(6):749-754, 2008.

[9] S.Stevi¢ and Z.J. Jiang, Differences of weighted composition operators on the unit
polydisk, Siberian Mathematical Journal, 52(2):358-371, 2011.

[10] S. Ueki, Weighted composition operator on the Fock space, Proc. Amer. Math. Sci.,
135:1405-1410, 2007.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


