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Abstract

In this paper, we establish the existence of at least three solutions for a class of
Dirichlet quasilinear elliptic systems. The technical approach is mainly based on a
recent three critical points theorem of B. Ricceri [On a three critical points theorem,
Arch. Math. (Basel) 75 (2000) 220-226.].
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1. Introduction
We study the following quasilinear elliptic systems

uy + Ay (uy) Fy (x,ui,uz, .o up) =0 in (a, b),
uly + Aho(uy) Fyuy (X, ur, uz, ... up) =0 in (a, b),

(1.1)
MZ"‘)“hn(M;l)Fun(X,ul,MZ,---,Mn) :0 ln (aab)a
uij(a) =u;(b) =0forl <i <n.
where A > 0, a,b € R, F : [a,b] x R" — R is a function such that F(., 71, ..., 1,) is
continuous in [a, b] forall (1, ...,1,) € R" and F(x, .,...,.)isa C'in R" for almost

every x € [a, b], and F,, denotes the partial derivative of F' with respect to u;.
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Precisely, we deal with the existence of an open interval A C [0, +o0o[ and a positive
real number ¢, such that, for each A € A, problem (1) admits at least three solutions
whose norms in Wé’z((a, b))" are less than g.

Recently, many papers have published about quasilinear elliptic systems which have
been used in a great variety of application; see [1,5,8-13,18,20] and the references therein.

Since many years, the existence of multiple solutions for Dirichlet or Neumann
boundary value problems has been widely investigated. Several recent results, ap-
proached by variational methods, make use of three critical points theorem of B. Ricceri
([17]) that, for example, we cite the papers [1-4,6,7,13-16].

In the present paper, our main result is Theorem 2.1 based on the following three
critical points theorem proved in [17].

Theorem 1.1. Let X be a separable and reflexive real Banach space; ® : X — R
a continuously Gareaux differentiable and sequentially weakly lower semicontinuous
functional whose Gateaux derivative admits a continuousinverseon X*; ¥ : X — Ra
continuously Gateaux differentiable functional whose Gateaux derivative is compact.
Assume that

Iim (&) + AV (u)) =400

llu]|—>~+o00

for all A € [0, +o0[, and that there exists a continuous concave function 4 : [0, oco[— R
such that

sup inf (®(u) + AW (u) + h(A)) < inf sup(P(u) + AV () + h())).
2>0 ueX ueX 2>0

Then, there exist an open interval A C [0, +o0o[ and a positive real number ¢ such that,
for each A € A, the equation

' () + AW () =0

has at least three solutions in X whose norms are less than g.
The aim of this paper is to extend the main result of [3] to the systems case.

2. Main results

Here and in the sequel, X will denote the Cartesian product of n Sobolev space W(} 2 ((a, b)),
Wy2((a, b)), ...and Wy'2((a, b)), ie., X = W, ((a, b))" with the norm

| (1, ua, ) || = ull2 4 Nusllz + -+ [uy ]2,
F :[a,b] x R" — R is a function such that F(., 1, ..., t,) is continuous in [a, b] for
all (71, ...,1,) € R"and F(x,.,...,.)isa C'in R" for almost every x € [a, b], and

F,; denotes the partial derivative of F with respect to u;, and h; : R —]0, +o0[ for
1 <i < n, is a continuous function such that there exists a positive number m with
hi(x) > mfor1 <i < n and for every x € R.
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Put
gi(y)=/ (/ h—((S)d(S)dT

for 1 <i < n and for every y € R.
Our main result is the following theorem:

Theorem 2.1. Assume that there exist n + 3 positive constants M, ¢, d and y; for 1 <

- b b—a 22": 4d N 4d 8n o for] < i <
wi i i — > —, y:. <2forl <i <
L= c — & b—a & a—>b M Vi b=

and a positive function v € L! such that
(1) hi(y) <M for1 <i <nandforeachy € R,

b—a b—a
(az)F(x,tl,...,tn)zOforeach(x,tl,...,tn)e<|:a,a+ 1 :|U|:b— ,b:|)><
[0, d]",

M(b —a)3
(@3) —5——
| b=t3*
max Fx,t,....ty) < f F(x,d,...,d)dx,
(611, tn) Ela,b] X K " S 1(gz(b4d ) + gi(2 )) b

n
where K = {(t1,....t:)| Y_ 17 < nc?).

n
(ag) F(x,t1, ..., 1) < ux) (1 + Z |ti|7’i) for almost every x € [a, b], forallt; € R
i=1

andforl <i <n,
(a5) F(x,0,...,0) =0 for almost every x € [a, b].

Then, there exist an open interval A C [0, +o0[ and a positive real number g such
that, for each A € A, problem (1) admits at least three solutions in C 2([a, b])" whose
norms in X are less than q.

Proof. We begin by setting
b N
O (u) = / > giuj(x))dx,
4 i=1

b
V(u) = —/ F(x,ui(x),...,u,(x))dx

for each u = (uy,...,u,) € X. Itis well known that W is a Gateaux differentiable
functional whose Gateaux derivative at the point u € X is the functional ¥'(u) € X*,
given by

b n
W' (u)v = —/ > Fu (e un(x), . (0))i(x)dx
¢ i=1
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for every v = (vq,...,v,;) € X, and that ' : X — X™ is a continuous and compact
operator.

Moreover, ® is a continuously Gateaux differentiable and sequentially weakly lower
semi continuous functional whose Gareaux derivative at the point u € X is the func-
tional ®'(u) € X*, given by

b n
O’ (u)v = / > gl wj(x))vj(x)dx,
4 =1

that ®" admits a continuous inverse on X*, and since classical and weak solutions to
problem (1) coincide (for more details, see [14]), the solutions of problem (1) are exactly
the solutions of the equation

&' (u) + AV (u) =0.

From («1) it follows that

1 r2 712
Dy, ..., up) = ﬁ(llulllz+---+ [u,113) (2.1)
for (uy,...,u,) € X and so, thanks to (2) and (c4), for each A > O one has that

Iim (&) + AV (u)) =+00

lu||—~+o0

and so one of the assumptions of Theorem A holds. Now, we want to hold the other
assumptions of Theorem A by using of Proposition 3.1 of [16], namely, we claim that

there exist » > 0 and w = (wq, wy, ..., w,) € X such that
-
sup (—¥(u)) < rﬂ.
ued=1(]—00,r]) D (w)

Moreover, since for 1 <i < n,

(b —a)?

> [l 12

max |u;(x)| <
x€la,b]

n n
b —
for each u; € Wy%((a, b)) (see [19]), we have max 2_1: u?(x) < Ta 2_1: ||u}|[3 for

x€la,b]

eachu = (uy, up,...,u,) € X, then for each r > 0, (2) ensures that

n
® (1 —oo.r) S Yu= (. ua, ... up) € X;max Y uj(x)
i=1

M —
< Mfereachx € [a,b]},
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SO
sup (V@) <b-—a) max F(x,t,...,t).
ueq)_](]_oo’r]) (x,t],...,tn)e[a,b]XK
Put w(x) = (w1(x), wa(x), ..., w,(x)) such thatfor 1 <i <n,
d( ) £ < 4 b—a
—d(x —a ifa<x<a ,
b—a - 4
b—a b—a
w; =3 d if — <x<b-— ,
(x) = 1 if a+ 7 = x < )
4 . b—a
—d(b —x) if b—— <x <b.
b—a 4
It is clear to see that w € X and ®(w) b_ai M) e (2
is clear to see that w an w) = il — il— ).
4 = & b—a & a—>b
. . 2nc?
Moreover, thanks to assumptions («2) and («3), and by choosing r = W one
—a
has ®(w) > r and
(b—a) max Fx,n,...,t)
(x,t1,....,ty)Ela,b]x K
2nc? p—b=a
M®—a) / Y Fod,....dyd
< x,d,..., X
bra s (&G + 8i () Jar bz
_ Y@y
- o (w)
Namely
-\
sup (—¥(u)) < rﬂ.
ued-1(]—o0,r)) (D(w)
Fix p such that
-y
sup (—¥() <p< rM
ued=1(]—o00,r]) @ (w)
and define h (1) = Ap for every A > 0, from Proposition 3.1 of [16], with xg = 0, x| =
w, J = —W¥ we obtain
sup inf (®(u) + AV (u) 4+ pA) < inf sup(P(u) + AV (u) + pA).
A>0 ueX ueX 2>0
Now, our conclusion follows from Theorem 1.1. [ |

Let f be a continuous function in [a, b] and f; for 1 <i < n, be a functions in C I

and .
F(xup,...oup) = f(x) (1'[ ﬁ(ui))

i=1
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for each (x, uy,...,u,) € [a,b] x R". Then, by using the Theorem 2.1, we have the
following result:

Corollary 2.2. Assume that there exist n 4 3 positive constants M, ¢, d and y; for 1 <

, _(b—a\* & 4d 4d 8n ,

zfnw1th< " ) Xg<gi<m>+gi (a—b)) > M’yi <2forl <i<n
1=

and a positive function u € L' such that

(}) hi(y) < M for1 <i < nandforeach y € R,

b— b— -
(ay) f(x) > 0 foreach x € [a,a + 1 a} U |:b — Ta,b] and f;(t;) > 0 for each

ti €[0,d], 1 <i <n,
M® — a)’
/
(@3) 8nc? %

17 iy i) bty
(1l 1<K <f(X) (gﬁ(n)» ) iz (gi <g> + g <ﬂ)) f“+”4“ Jeadx

a—b

n
where K = {(tl,...,tn)|Zti2 < ncz}.
i=1

(o)) f(x) (]_[ ﬁ(t,-)) < u(x) (1 +y |t,~|Vi> for almost every x € [a, b] and for all
i=1
i €R, 1<i<n,
(a5) fi(0) =0for1 <i <n.
Then, there exist an open interval A C [0, +oo[ and a positive real number g such
that, for each A € A, problem

i=1

Vi ’ 7 / & i” .
W+ @) fo)fien | [ fiwd | =0 ina,b),
\i=1,i;ﬁ1
(o .
[l fwn]=0  inG@b),
\

i=1,ix

uhy + Mo (uh) f (x) f3 (uz)

(2.2)

uy + M) f) ) | ] fiwd | =0 in(a,b),
i=1,ixn
ui(a) =u;(b) =0for1 <i <n.

admits at least three solutions in C 2([a, b])" whose norms in X are less than q.

Now, we want to point out a remarkable consequence of Theorem 2.1:
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Theorem 2.3. Let F : R” — R be a C! function and assume that there exist n + 4
positive constants M, ¢, d, n and y; for 1 <i < n with

() D6 () o (225)) -

1

and y; < 2for 1 <i < n such that
(B1) hi(y) <M forl <i <nandforeachy € R,
(B,) F(t1,...,t,) > 0foreach (t1,...,1,) € [0,d]",

82) M(b — a)? max  F 6 Fd,...,d)
_ X Iy ovns < ,
Y Aner ek " S (g (L) + g (4)

n
where K = :(rl,...,tn)|2ti2 < ncz}.
i=1

n
(By) F(ti,... . t,) <n (1 +Z|z,-|yi) forall; e R, 1 <i <n,

i=1
(Bs) F(O,...,0)=0.
Then, there exist an open interval A C [0, +oo[ and a positive real number g such
that, for each A € A, problem

ul + Ay (W) Fy (uy,ug, ... uy) =0 in (a, b),
u’2’+Ah2(u’2)Fu2(u1,u2, ouy) =0 in (a, b),
(2.3)
uy + Ay (u,)Fy, (uy, uz, ... uy) =0 in (a, b),

ui(a) =u;(b) =0forl <i <n.

admits at least three solutions in C 2([a, b])" whose norms in X are less than q.

Remark 2.4. If F : [a,b] x R — R, namely n = 1, the results give back the same
results obtained in [3].

Let us present now an example of satisfying the assumptions of Theorem 2.3:

Example 2.5. Consider the problem

u + e 9 —up) =0 in (—1, 3),
1 1+ |l/t/1| 1( 1) ( )
ul 4+ ——— 7489 —uy) =0 in (—1,3),
172 1+ 20u)l g (2.4)
12 - —u3 8 9_ :0 : _1 3
M3+ 1+3|ug|e I/t3( I/l3) ln( ) )’
ui(=1) =u;(3)=0 forl <i <3.
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With F(uy, us, uz) = e‘”‘u?—l—e‘”zug—l—e_“ug and h(u}) = foreachu; € R

1+ ilu!l
that 1 <i < 3, all the assumptions of Theorem 2.3 since l

max (e_’“u? + e‘”zug + e"“u%) <3 max(e_”iu?)
u%—i—u%—l—u%iz u; =<7z

w

1
for 1 < i < 3, are satisfied by choosing, for instance M = 1, ¢ = X d=2,y=1
and n sufficiently large. So there exist an open interval A C [0, +o0o[ and a positive
real number ¢ such that, for each A € A, problem (5) admits at least three solutions in
C2([a, b])3 whose norms in WOI’Z([—I, 3])3 are less than ¢.

Finally, we conclude this paper with the following very particular case of Theo-
rem 2.3.
Lethj(y) =1 for 1 <i <n and for every y € R. So we have:

Theorem 2.6. Let F : R" — R be a C' function and assume that there exist n + 3
positive constants ¢, d, nand y; for 1 <i <nwith2d >candy; <2forl <i <n
such that

(81) F(t,...,t,) > O0foreach (t1,...,1,) €[0,d]",

1 2
(8,) max F(ty.....1,) < - (5) Fd.....d).
(t1,.tn) €K 8 \d

n
where K = {(rl,...,tn)|Ztl-2 < ncz}.
i=1

n
63) F(t1,...,ty) <n <1 +Z|ti|7’i) forall; e R, 1 <i <n,
i=1
(84) F(O,...,0)=0.
Then, there exist an open interval A C [0, +o00[ and a positive real number g such
that, for each A € A, problem

u/l/—l—kFul(u],uz,...,un):O in (a, b),
uy + AFy, (U, uz, ... uy) =0 in (a, b),
(2.5)
uZ+AFun(u1,u2,...,un)=0 in (a, b),

ui(a) =u;(b)y =0forl1 <i <n.

admits at least three solutions in C 2([a, b])" whose norms in X are less than q.
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