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Abstract

In this article, we show that if IT : X — Y is an unbranched Riemann domain over
an r-complete complex space Y, then for any coherent analytic sheaf 7 on X the
cohomology group H” (X, F) vanishes for all p > g +r — 1. In particular, one gets
a positive answer to a generalization of the local Stein problem and new vanishing
theorems for the cohomology of locally g-complete open sets in ¥-complete spaces.
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1. Introduction

A holomorphic map IT : X — Y of complex spaces is said to be a locally g-complete
morphism if for every x € Y, there exists an open neighborhood U of x such that
I1-'(U) is g-complete. When g = 1, then I is called a locally 1-complete or locally
Stein morphism.

The map IT is said to be r-complete if there exists a smooth function ¢ : X — R
such that:

(a) ¢ is r-convex on X

(b) Forevery A € R, the restriction map IT: {x € X : ¢(x) < A} — Y is proper.
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In [3], Andreotti and Narasimhan proved that if Y is a Stein space with isolated singu-
larities and X C Y is locally Stein in Y, then X is Stein.

In [5], Coltoiu and Diederich have shown that if [T : X — Y is an unbranched
Riemann domain with Y a Stein space and IT a locally Stein morphism, then X is Stein
if Y has isolated singularities. This result clearly generalizes the theorem of Andreotti
and Narasimhan proved when X C Y and IT is the inclusion map.

In [1], we have proved that the above mentioned result of Coltoiu and Diederich
follows if we assume only that Y is an arbitrary Stein space.

It is also known from [8] that if X and Y are complex spaces such that there exists a
locally g-complete morphism IT : X — Y, then Y r-complete implies X cohomologi-
cally (¢ + r)-complete. The aim of this article is to prove that if moreover IT: X — Y
is an unbranched Riemann domain, then X is cohomologically (¢ + r — 1)-complete.

This result has been shown in [1] in the special case ¢ = r = 1 and extends in
particular a theorem in [2] which is proved in the regular case for r = 1 and F = Oy,
namely; if X C Y is locally g-complete in a Stein manifold Y of dimension n and
1 < g <n—2,then X is cohomologically g-complete with respect to the structure sheaf
Ox.

As an immediate consequence of our result is that if X is a locally g-complete open
subset of a r-complete complex space Y, then H” (X, F) vanishes for every coherent
analytic sheaf 7 on X and all p > g +r — 1.

2. Preliminaries

Recall that a smooth real valued function ¢ on a complex space X is called g-convex if
every point x € X has an open neighborhood U isomorphic to a closed analytic set in a
domain D C C" such that the restriction ¢|y has an extension ¢ € C°°(D) whose Levi
form B
0’9, -
L($,&)=) ——§E; £eC",

37;07
ij OC10%

has at most (¢ — 1)-negative or zero eigenvalues at every point z € D.

The complex space X is called g-complete if X has an exhaustion function ¢ €
C*°(X) which is g-convex on X.

We say that X is cohomologically g-complete if for every coherent analytic sheaf F
on X the cohomology groups H” (X, F) vanish for all p > g.

It is well known from the theory of Andreotti and Grauert [3] that every g-complete
space is cohomologically g-complete.

An open subset D of X is called g-Runge if for every compact set K C D, there is
a g-convex exhaustion function ¢ € C°°(£2) such that

Kc{ixeQ:¢p(x)<0lccD

In [3], Andreotti-Grauert proved that if D is g-Runge in X, then for every F € coh(X)
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the cohomology groups H” (D, F) vanish for p > ¢ and, the restriction map
H?(X,F) — HP(D,F)

has dense image forall p > g — 1.

3. Main result

Lemma 3.1. Let X and Y be complex spaces and IT : X — Y an unbranched Riemann
domain. Assume that there exists a smooth r-convex function ¢ on Y. Then, for
any real number ¢ and every coherent analytic sheaf F on X if prof(F) > r and
X, = {x € X : ¢oll(x) > c}, the restriction map H” (X, F) — HP(X.,F) is an
isomorphism for p < prof(F) —r — 1.

For the proof of Lemma 3.1 see [1].
Letnow IT : X — Y be a locally g-complete morphism with ¥ r-complete, and
let  : Y — R be a smooth exhaustion function which is r-convex on Y. We fix a

real number Ao € R. Then there exist a Stein open covering Uy, --- , Uy CC Y of
{¢ = Ao} such that [T~ (U;) are g-complete. We choose compactly supported functions
k
0; € C®(U;,R") such that Ze,-(x) > ( at any point x € {¢p = Ag}. There exist
j=1
J
sufficiently small constantsc; > 0, - - - , ¢y > 0such that the functions ¢ = qb—z c;9;
i=1
are still r-convex for 1 < j < k. We define for every integer j =0, - - - , k, the sets

Yi={zeY:¢;) <i and X; =T"'(¥)),
where ¢, = ¢ and, for every real number A € R we put
YW ={yeY:¢(y) <r}and X() =T (Y(M)).

Let now F be a coherent analytic sheaf on X and A the set of all real numbers p such
that H' (X (1), F) = 0 for every real number A < wandalli > g +r — 1.

Lemma 3.2. The set A C R is not empty and open.

Proof. First we prove that the lemma holds whenr > 3. Since ¢ is proper, then obviously
A is not empty. To prove that A is open, it is sufficient to show that if 1y € A, then there
exists g9 > Osuchthat Ag+eg € A. Infact, since Yo = Y (Ag) CC Y; and ¢ is exhaustive
on Y, there exists &9 > 0 such that Y (Ao + €9) C Yx. Next, weput p =g +r — 1 and
consider the sets X ;(A) defined for every real number A with 19 < A < A¢ + &9 by

Xj()»):X()\.)ﬂXj for j =0,---,k
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We first show by induction on j that
H'(X;(A\),F)=0 forall i >p and j=0,---,k

This is clearly satisfied for j = 0, since Xo(1) = X (A) and Ao € A. Suppose now that
1 < j <kandthat H' (X;_1(1), F) =0foralli > p. Since Y; =Y, U (Y; NU)),
then X ;(A) = X;_1(A) U V;(X), where V; (1) = X;(A) N H_l(Uj). Note also that

Xj—i)NV;0) = {x e TNU)) : poll(x) < A, ¢;_10TI(x) < Ao}

is clearly p-Runge in IT-'(U j).  (See for instance [8]). Then the image of
HP_I(H_I(UJ-),}") is dense in HP_I(XJ-_I(A) N V;(x), F). Moreover, the restric-
tion map
H|Xj_1(k)ﬂvj(k) : Xj_l()») N Vj()x) — Yj_l NY)N Uj
is clearly a g-complete morphism. In fact, if i is a smooth g-convex exhaustion function
on l'[_l(Uj), then forevery ¢ € R, therestriction ofl'[|Xj71(x)mvj()\) from{x € X;_1(M)N
Vid) : ¥ (x) <c}toY;_1NY(A)NU, is proper. It then follows from ([6], p. 995) that
HP! (Xj—1(x)NV;(), F) is separated, which implies that H' Xj1)NV;0), F) =
0 foralli > p — 1, since [T~ (U;) is g-complete, H' (I~ (U;), F) — H (X;—1 (M) N
V;(A), F) has a dense image fori > p—land p—1>gq + 1.
We now consider the Mayer-Vietoris sequence for cohomology

o= HPNX 1) N Vi), F) — HP(X; (L), F)

S HP (X100, F) @ HP (Vi (), F)
— Hp(Xj_l()\,) N Vj()\.),f) — ..

Since Vj(k) ={x € l'[_l(Uj)  ¢oll(x) < A, ¢joll(x) < Ao} is clearly p-complete
and H' (X;—1(A) N V;(x), F) =0fori > p — 1, then

HP(X;(A), F) = HP(Xj—1 (1), F) =0

If we take j = k, we find that X;(A) = X(1). Therefore H” (X (1), F) = 0 for all
A<Ap+egand Ag+ &g € A.

Now suppose that r = 2. Then in view of the previous demonstration we have to
prove only thatif Ay € A and g9 > 0 with X (A9 +&¢) C Xk, then Hq“(Xj A, F)=0
for every A € R with Ag < A < Ao + &0 and all integer j = 0, - - - , k. Since for every
A < o, Xo(A) = X (1) and H' (Xo(1), F) = 0fori > p,sowe assume that 1 < j <k
and H'(X;j_1(1), F) =0foralli > pand 1o < A < Ao + €o.

Now consider the long exact sequence of cohomology

o= HUX;-1(0), F) ® HI(V;(A), F) LN HYX;—1(M) NV, F)
— HITNX;0), F) - HITNX 210, F) @ HITN(V; (L), F)
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Since V;(A) is p-complete and X;_1(A) N V;(X) is p-Runge in ! (Uj), then
Hit! (Vi(A), F) =0and HY(V;(A), F) = H'(X;—_1(A\)NV;(1), F) has dense image.
Moreover, since H7! (X j—1(A), F) = 0 by the inductive hypothesis, then one gets the
exact sequence

s HIX 100, F) @ HIV; (). F) S HIX ;-1 (0) N V(0. F)
— HIY(X,;(0), F) = 0

Because the map r* has dense image, we conclude that H q+1(X i), F)=0. [ |

Lemma 3.3. LetI1: X — Y be an unbranched Riemann domain over an r-complete
space Y. Suppose that IT is a locally g-complete morphism. Then for any coherent
analytic sheaf F on X with prof(F) > 2r + g, the cohomology groups H” (X, F)
vanish forall p > g +r — 1.

Proof. Let A C R be the set of all real numbers p such that H “(X (1), F) = 0for every
real number A < p and alli > g +r — 1. Then in order to prove Lemma 3.3 we have
only to verify that

(a) Aisclosed
(b) for every pair of real numbers A < S, the restriction map
H'N(X(B), F) > H'™!(X(a), F)
has dense image.

For this, suppose first that » > 3 and fix some A9 € A. Then Hp_l(X(k), F)y=20
for A < XAg. In fact, let &9 > 0 be such that Ly + ¢9 € A, and define for every real
number A with Ag < A < A9+ &p and integer j = O, - - - , k, the open sets X} M ={xc¢€

H_I(Uj) : ¢oll(x) > A}. Then, by lemma 1,
H'(X,(0), F) = H'@~'(U;)), F) for | < prof (F) —r — L.

Furthermore, since X;(A) ={xe H_I(UJ)UXJ(A) s @oll(x) > A}, then,if §; = {x €
™' (Uj) UX;(}) : poll(x) < A}, the cohomology group ng(n—l(Uj) UX;(),F)
vanishes for [ < prof(F) — r. (See [1], proof of Lemma 3.3). Moreover, the exact
sequence of local cohomology
<o = Hg (' (U) U X; (), F)
— H' @' U) uX;W), F) > H (X;00. F)
— ng“(n—l(Uj) UX;(n),F) — -
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implies that H'(IT"' (U;)UX;(A), F) = H'(X;(A), F) foralll with! < prof (F)—r—
1 and, therefore H' (T~ (U;)UX ; (1), ) = H\(TT™'(U;), F) forl < prof (F)—r—1.
Now by using the Mayer-Vietoris sequence for cohomology

= H(@M WU UX;0), F) - H(X;(0), F)e H(@M(U)), F)
- H(@m ' w)ynx;n, F) - HT @ wpux;n,F — -

and the fact that [T~ ! (U ) is g-complete and H' (1T~ ' (U UX ; (1), F) = H' (T~ (U}), F)
for < prof(F) —r — 1, we find that H'(X; (1), F) = H' (I '(U;) N X (), F) for
all l withg <[ < prof(F) —r —2.Sinceq < p—1 < prof(F) —r —2 and
HP'\ @ wp) nx;(), F) =0, T 1(U;) U X (1) being p-Runge in [T~ (U;), the
restriction map

H|Xj(x)ﬂH—I(Uj) . Xj()\.) N H_I(Uj) —> Yj()\.) N Uj
is g-complete and p — 1 > g + 1, then
HP~Y (X (W), F) = H' 7N (Xe(L), F) = 0.

Therefore Lemma 3.3 follows from Lemma 3.2 and the approximation result in ( [3],
p- 250).

Now suppose that » = 2. We shall first prove assertion (b). For this, we consider the
set T of all real numbers g such that the restriction map

HY(X(B), F) > HU(X (L), F)

has dense image for every real number A with A < 8. Then clearly T is not empty. Also
T is closed according to an approximation lemma on Fréchet spaces due to Andreotti
and Grauert (See [3], p. 246). To prove that T is open, it is sufficient to show that if
Ao € T and g9 > 0 with X (A9 +¢€9) C Xy, then for any pair of real numbers (X, 8) with
A0 < A < B < Ao + €0, the restriction map

HY(X;(B), F) — HI(X;(A), F)

has dense image for j =0, --- , k.
For this, we consider the long exact sequence of cohomology

> HIMT'WUH U X0, F) —» HU(X; (L), F) @ HI(TTY(U)), F)
— HY(V;(L), F) —» HIT'\ @' upux;o), F) — -

Since we have shown that Hl(l'[_l(Uj) UX;),F) = Hl(l'[_l(Uj),J:) = 0 for
q <1 < prof(F) — 3, we deduce from the long exact sequence of cohomology that
Hq(Xj(k),JT) = Hq(Vj()\),f). Ifwefix A, B € Rwith g < A < B8 < Ao + &0,
since V;(1) is p-Runge in H_I(Uj) and V;(A) C V;j(B) C I'I_I(Uj), then it follows
that H7(X ;(B), F) — H?(X (1), F) has dense range. This proves statement (b).
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It is now easy to see that assertion (a) follows as an immediate consequence of
Proposition 20 of [3] and Lemma 3.2 of [8]. |

Lemma 3.4. Let X be a complex space, Y a complex manifold of dimension » and let
IT: X x Y — X be the first projection. Then for any coherent analytic sheaf 7 on X it
follows that prof (IT*(F)) > n.

Proof. In fact, let n, = emb,(X) denote the embedding dimension of X at an arbitrary
point x € X. Then there exists a neighborhood U of x and a biholomorphic map
f U — Uj onto a closed complex subspace U; of a domain D in C"*. Let F be the
trivial extension of f,(F|y) to D. Then we have on a neighborhood of f (x) a resolution
of F of minimal length

0—>(9$"—>---—>O§°—>]—A——>0

Let y € Y, and choose a neighborhood V of y that can be identified to a domain in C".
Thenthe map h : U x V — Uj x V defined by h(x, y) = (f(x), y) is biholomorphic
onto the closed subspace U; x V of Q = D x V C C"™) % C". If G is the trivial
extension of A, (IT*(F)|yxy) to £ and [1: Q=D x V — D the natural projection,
then G = l:I*(]:" ). Therefore the sequence

0—>O$"—>.--—>O$‘)—>]—A——>O
is transformed by IT* into the exact 2-sequence
o — ... 00 —-G—>0

Since the minimal number of generators of m, = m(Op ;) is equal to n, = emb,(X),
then Of)’ = 0 for all / > n, by a theorem of Hilbert. (cf [3], p. 194). Therefore

O = IT*(OV) = 0if | > n,, which implies that prof ) (IT*(F)) > n. [ |

Theorem 3.5. Let X and Y be complex spacesand IT : X — Y an unbranched Riemann
domain. Assume that Y is r-complete and IT a locally g-complete morphism. Then for
every F € Coh(X) it follows that H” (X, F) =0forp > g +r — 1.

Proof. 1f prof (F) > 2r + g, then the theorem follows from lemma 3. We identify X
with X x {zo} for some zg € C" withn > 2r + g and denote by 1| : X x C" — X the
first projection.

Clearly the map X x C" Dyx C" defined by I1(x, y) = (IT1(x), y) is an unbranched
Riemann domain and locally g-complete. Since Y x C" is r-complete and prof (IT{F) >
2r + g by lemma 3, it follows from lemma 2 that H”(X x C", IT1](F)) = 0 for all
p=>q—+r—1

Let Z(X) be the sheaf of germs of holomorphic functions which vanish on X, Ox =
Oxxcr/Z(X) and ITJ(F)x = M} (F) ®o,, o Ox. If e is the image in Ox of the
section 1 of Oy, then any element of IT7(F)x x can be written in the form o ® ey
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where o € IT(F),. Let n : IIJ(F) — II](F)x be the homomorphism defined by
n(a) = a ® e. Then n is surjective and we have the exact sequence

0 — Ker(n) — IIH(F) > MHF)x — 0

By theorem 3.5 of [8] the group H”(X x C", ker(n)) vanishes for any p > g + r.
Moreover, since H? (X x C", IT](F)) = 0for p > g +r — 1 and, clearly I[1](F)x = F,
the long exact sequence of cohomology

o= HP(X x €' TI}(F)) —» HP(X, I} (F)x) — HPTH(X x C", Ker() — -+
implies that

HP(X, F) = HP(X,TTH(F)x) =0 forall p>q+r—1.

References

[1] Y. Alaoui, Unbranched Riemann domains over Stein spaces, Global Journal of Pure
and Applied Mathematics, 7(1):77-81, 2011.

[2] Y. Alaoui, Cohomology of locally g-complete sets in Stein manifolds, Complex
Variables and Elliptic Equations, 51(2):137-141, February 2006.

[3] A. Andreotti and R. Narasimhan, Oka’s Heftungslemma and the Levi problem for
complex spaces, Trans. AMS 111, 345-366, 1964.

[4] A. Andreotti and H. Grauert, Théoremes de finitude de la cohomologie des espaces
complexes, Bull. Soc. Math. France, 90:193-259, 1962.

[5] M. Coltoiu and K. Diederich, The levi problem for Riemann domains over Stein
spaces with isolated singularities, Math. Ann., 338:283-289, 2007.

[6] A. Grothendieck, Sur quelques points d’ Algebre homologique, Tohuku Mathemati-
cal Journal, IX, 119221, 1957.

[7] J-P.Ramis, Théorémes de séparation et de finitude pour I’homologie et la cohomolo-
gie des espaces (p, g) convexes-concaves, Ann. Scuola. Norm. Sup. Pisa, 27:933—
997, 1973.

[8] V. Vajaitu, Cohomology groups of locally g-complete morphisms with r-complete
base, Math. Scand., 79:161-175, 1996.




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


