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Abstract

A quantum algorithm for the vertex coloring problem by the central limit theorem
and its example are reported. When n vertexes are connected m edges, and both
vertexes of each edge are different colors, a number of colors that is k is decided.
A computational complexity of a classical computation is k". The computational
complexity becomes about n* by the quantum algorithm that uses quantum phase
inversion gates, quantum inversion about mean gates, and the standard normal dis-
tribution. Therefore, a polynomial time process becomes possible.
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1. Introduction

A quantum computer can move quickly to resolve a problem by doing a parallel com-
putation that uses quantum entangled states. Deutsch-Jozsa’s algorithm for the rapid
solution [1-3], Shor’s algorithm for the factorization [2—4], Grover’s algorithms for the
database search [2,5,6], and so on are known. A quantum algorithm for the knapsack
problem has recently been reported by Fujimura [7]. Its computational complexity be-
comes about square root for the computational complexity of a classical computation. In
the vertex coloring problem [8] this time, a polynomial time process becomes possible
by the central limit theorem. Therefore, its result is reported.

2. Vertex Coloring Problem

When n vertexes are connected by m edges, and both vertexes of each edge are different
colors, a number of colors that is & is decided [8].
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3. Quantum Algorithm

It is assumed that n vertexes are connected by m edges, and two vertexes have only one
edge, because several edges don’t change the essence of this problem. Therefore, when
there is an edge between the i-th vertex and the j-th vertex, x; ; [0 <i < j <n — 1.
i and j are integers.] is 1, and when there isn’t an edge between these vertexes, it is
0. Now, it is assumed that a number of colors is k. A distribution of x; ; becomes
the following. When a random variable X; ; becomes x; ; as a probability (k — 1)/k,
a mean is (k — 1)(x; j/k) and a dispersion is (k — 1)(x,-,j/k)2. Therefore, when a
total mean is u = Z (k — D(x;j/k) = (k — 1)m/k and a total dispersion

O<i<j<n-—1

o= Y (k=D /k)? = (k—Dm/k, > Xij—n| /ofollowsthe
O<i<j<n-—1 O<i<j<n-—1
normal distribution from the central limit theorem. When the standard normal distribu-
z m—up)/o
tion f(z) [0 = l]is/ (e_zz/z/(Zn)l/z)dz,andvalues of/ (e_zz/z/(Zn)l/z)dz
0 z

are 1/22,1/2% 1/25,1/28, ..., and 1/2%8 [g is a natural number], each value of z is
assumed r,. Itis obtained from the table of f(z). Each total number of the data between
4 reo and mis k" /2%, k" /2% k" /28, k" /28, - .-, respectively.

Next, a quantum algorithm is shown as the following.

First of all, quantum registers |ay >, |a; >, -, |ay—1 >,|b >, and |c > are
prepared. When o is a minimum integer that is [ogzk or more, each of |ay > that
f 1is an integer from O to n — 1 is consisted of & quantum bits [= qubits]. States of

lap >, lay >, -, |lap—1 >, |b >, and |c > are ag, ay, - -- , a,—1, b, and c, respectively.
Step 1: Each qubit of |ay >, |a; >, -+, |ay—1 >, |b >, and |c > is set |0 >.
Step 2: The Hadamard gate [2, 3] acts on each qubit of |ay >, |a; >, -, |a,—2 >,

and |a,_1 >. It changes them for entangled states. The total states are (2¢)".

Step 3: Itis assumed that a quantum gate (A) changes |b > for [b+1 > atay > k, orit
doesn’t change |b > atay < k. As a target state for |b > is 0, quantum phase inversion
gates (P 1) and quantum inversion about mean gates (I M) [2,5,6] acton |b >. When B is
a minimum even integer that is (2%/ k)l/ 2 or more, the total number that (PI)and (IM)
act on |b > i1s f because they are a couple. Next, an observation gate (O B) observes
|b >. These actions are repeated sequentially from |ay > to |a,—; >. Therefore, each
state of |[ay >1s0,1,--- ,k —2,0r k — 1, and the total states become k' [= Wp].

Step 4: It is assumed that a quantum gate (B; ;) [0 < i < j <n —1. i and j are
integers.] changes |b > for |b + x; ; > ata; # aj, or it doesn’t change |b > ata; = a;.
This action repeats sequentially at i and j. Therefore, |b > becomes from |0 > to
|x0.1 +X02+ -+ + Xp—2.0—1 >.

Step S: Itis assumed that a quantum gate (C) doesn’tchange |c > inu+rioc <b <m,
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or it changes |c¢ > for |c 4+ 1 > in the others of b. As the target state for [c > 1s 0, (PI)
and (/M) act on |c >. The number of the data that is includedin u +rjc < b <m
is Wy =~ k"/ 22. When ¥1 1s a minimum even integer that is (Wy/ W1)'/? or more, the
total number that (P/) and (IM) act on |c > is y; ~ 2. Next, (O B) observes |c >,
and the data of W remain. Similarly, (C,) [2 < v < g — 1. v is an integer. g thatis
a minimum integer follows k! > k"/ 228 k! are numbers at m at least.] doesn’t change
lc >in u + ryo < b < m, or it changes |c > for |c + 1 > in the others of b. As
the target state for |c > 1s 0, (P[) and (I M) act on |c >. The number of the data that
isincludedin u +ryo0 < b < mis Wy, =~ k" /22”. When vy, is the minimum even
integer that is (Wv_l/Wv)l/2 or more, the total number that (P/) and (/M) acton |c >
is y, &~ 2. Next, (OB) observes |c >, and the data of W, remain. These actions are
repeated sequentially from 2 to g — 1 at v.

(Cg) doesn’t change |[c > at b = m, or it changes |c > for [c + 1 > at b # 0.
As the target state for ¢ > is 0, (PI) and (IM) act on |¢c >. The number of the
data that is included at b = m is W, ~ k! > k" /2?8, When Y is the minimum
even integer that is (Wg_l/Wg)l/2 ~ (k" /226Dy (k22 nl2 =2 <2 = Yoo
the total number that (P/) and (/M) act on |c > is Yeg & 2. Next, (O B) observes
lap >, |lay >, -+, |ay—1 >,|b >, and |c >, and one of the data of W, remain. When ¢
is 0, a sum of x; ; becomes m[= b].

4. Numerical Computation

It is assumed that there are n = 4,x01 = X02 = X03 = X12 = x23 = l,x13 =
0,m=5k=3,u=10/3~3.333,0 = (10/9)!/? ~ 1.054, g = 2, r; = 0.5046, and
r = 1.178.

First of all, |ag >, |a; >, |ay >, |a3 >, |b >, and |c > are prepared. When « is the
minimum integer that is [0og3 ~ 1.6 < 2 = «, each of |ay > that f is the integer from
0 to 3 is consisted of 2 qubits. States of |ag >, |a; >, |ay >, |a3 >, |b >, and |c > are
aop, ai, az, az, b, and c, respectively.

Step 1: Each qubit of |ag >, |a; >, |az >, |az >, |b >, and |c > is set |0 >.

Step 2: acts on each qubit of |ag >, |a; >, |aa >, and |a3 >. It changes them for
entangled states. The total states are (22)4.

Step 3: (A) changes |b > for |[b + 1 > atay > 3, orit doesn’t change |b > atay < 3.
As the target state for |b > is 0, (PI) and (IM) acton |b >. When B is the minimum
even integer that is (22/3)!/? ~ 1.2 < 2 = B, the total number that (PI) and (I M) act
on |b > is B = 2. Next, (O B) observes |b >. These actions are repeated sequentially
from |ag > to |a3 >. Therefore, each state of |ay > is 0, 1, or 2, and the total states

become 34[= Wol.

Step 4: (B; ;) [0 <i < j < 3] changes |b > for |b + x; ; > ata; # aj, or it doesn’t
change |b > at a; = a;. This action repeats sequentially at i and j. Therefore, |b >
becomes from |0 > to |xp1 + xp2 + - - - + x23 >.
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Step 5: (Cp) doesn’t change |c >inu+rjo~334+05=38<b<m=>35,orit
changes |c > for |c+1 > inthe others of b. As the target state for |c >i1s0, (PI)and (I M)
acton |¢ >. The number of the data thatisincludedin3.8 < b < 5is W ~ 34 /22. When
¥1 1s a minimum even integer that is (Wy/ w2 ~ (34/(34/22))1/2 =2<2=y,,
the total number that (PI) and (I M) acton |c > is y; & 2. Next, (O B) observes |c >,
and the data of W| remain.

(Cy) doesn’tchange |c > atu+ryo =~ 3.3+1.2 =4.5 < b < 5[b = 5], oritchanges
|c > for |c+ 1 > ath # 5. As the target state for |c > is 0, (PI) and (I M) acton |c >.
The number of the data that is included at b = 5 is W, ~ k! = 3! > 3*/2* When y, is
the minimum even integer that is (Wy/ W2)'/? ~ ((3*/2%)/(3*/2*)/? =2 <2 =y,,
the total number that (PI) and (IM) acton |c > is y, =~ 2. Next, (O B) observes
lag >, |a; >,|ap >,|az >,|b >, and |c >, and one of the data of W, remain. For
example, when ag, a1, az, a3, b, and c are 0, 2, 1, 0, 5, and O, respectively. it is obtained
that the Oth and 3rd vertexes are the Oth color, the 2nd vertex is the 1st color, and the 1st
vertex is the 2nd color. Therefore, 3! = 6 combinations are obtained from this answer
at least.

5. Discussion and Summary

The computational complexity of this quantum algorithm [= S] becomes the following.
In the order of the actions by the gates, the number of them is an at , n at (A),
pn = 2n at (PI) and (IM), n at (OB), n(n — 1) at (B; j))[0 <i < j <n—1],

8
gat (Cyll <v <gl, Z Yy, = 2g at (PI) and (IM), and g at (O B). Therefore, S
v=1
becomes n? + (a +3)n +4g. In the example of the section 4, S is 32. The computational
complexity of the classical computation [= Z] is k" = 3% = 81. After all, S/Z
becomes about 1/2. When 7 is large enough, S becomes about n?+ (a+3)n +4g <
n* + (logak 4+ 3)n +4 x (n/2)logrk = n* + 3(logrk + 1)n =~ n?, where a maximum
value of g is about (n/2)logyk, and S/Z is about n? /k". For example, as for n = 100
and k = 4, S/Z is about 100%/4'%° ~ 10*/10%° = 1/10%.
Therefore, a polynomial time process becomes possible.
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