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Abstract

In this paper, we define the notion of intuitionistic M-fuzzy metric spaces (see,
[13]) as a natural generalization of intuitionistic fuzzy metric space and M-fuzzy
metric space. Also, we introduce the notion of Cauchy sequence in an intuitionistic
M-fuzzy metric spaces. Further, we prove the well-known fixed point theorem of
Banach is extended to intuitionistic M-fuzzy metric spaces.
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1. Introduction and Preliminaries

The theory of fuzzy sets proposed by Zadeh [14] has showed successful applications
invarious fields and laid the foundation of fuzzy mathematics. Especially, several math-
ematicians have introduced fuzzy metric spaces in different ways (see for example [2],
[41, [5], [7], [8] ). In 1983, Atanassov [1] has introduced the notion of intuitionistic
fuzzy sets and Park [9] has defined intuitionistic fuzzy metric spaces and obtained sev-
eral classical theorems on this new structure. Recently Sedghi et al. [12] introduced
D*-metric space as a probable modification of the definition of D-metric introduced by
Dhage [3]. Using D*-metric concepts, They [11] defined M-fuzzy metric space and
proved a common fixed point theorem in it.

We [13] given some new definitions of intuitionistic M-fuzzy metric spaces with the
help of continuous ¢-norms and continuous 7-conorms as a generalization of M-fuzzy
metric space.
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In this paper first, we state some known definitions and results in an intuitionistic M-
fuzzy metric space. Then, we introduce the notion of Cauchy sequence in an intuitionistic
M-fuzzy metric spaces. Further, we prove the well-known fixed point theorem of Banach
is extended to intuitionistic M-fuzzy metric spaces. Our result generalizes and extends
many known results in M-fuzzy metric spaces and intuitionistic fuzzy metric spaces.

In what follows, N the set of all natural numbers and R™ the set of all positive real
numbers.

Definition 1.1. [10] A binary operation * : [0, 1] x [0, 1] — [0, 1] is continuous #-norm
if * is satisfying the following conditions:

(1) *is commutative and associative;
(2) = is continuous;
(3) ax1=aforalla € [0, 1];
(4) axb <c*dwhenevera <candb <d foralla,b,c,d € [0, 1].
Two typical examples of continuous 7-norm are a x b = ab and a * b = min{a, b}.

Definition 1.2. [10] A binary operation ¢ : [0, 1] x [0, 1] — [0, 1] is continuous
t-conorm if ¢ is satisfying the following conditions:

(1) ¢ is commutative and associative;

(2) ¢ is continuous;

B3)aol=aforalla €[0,1];

4) aob <codwhenevera <candb <dforalla,b,c,d e [0, 1].

Two typical examples of continuous z-conorm are a ¢ b = max{a,b} and a ¢ b =
min{l1, a + b}.

Definition 1.3. A 5-tuple (X, M, N, %, ¢) is called an intuitionistic M-fuzzy metric
space if X is an arbitrary set, *x is a continuous 7-norm, ¢ is a continuous #-conorm
and M, N are fuzzy sets on X 3 % (0, 00) satisfying the following conditions for each
xX,y,z,a€ Xandt,s >0,

() M(x,y,z,t) + N(x,y,z,1) < 1;

(2) M(x,y,z,t) > 0;

(3) M(x,y,z,t) =1ifandonlyif x =y =z;

(4) M(x,y,z,t) = M(p{x, v, z}, t), (symmetry) where p is a permutation function;

(5) M(x,y,a,t)y* M(a,z,z,5) < M(x,y,z,t+5);
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(6) M(x,vy,z,.):(0,00) — [0, 1] is continuous;

(7) N(x,y,z,t) > 0;

(8) N(x,y,z,t) =0ifandonly if x =y = z;

9) N(x,vy,z,t) = N(p{x, y, z}, t), (Symmetry) where p is a permutation function;
(10) N(x,y,a,t)oN(a,z,z,8) = N(x,y,z,t +5);

(11) N(x,v,z,.):(0,00) — [0, 1] is continuous.

Then (M, N) is called an intuitionistic M-fuzzy metric on X. The functions M(x, y, z, t)
and NV (x, y, z, t) denote the degree of nearness and the degree of non-nearness between
x and y with respect to ¢, respectively.

Remark 1.4. Since * and ¢ are continuous, the limit is uniquely determined from (5)
and (10). Throughout this paper, (X, M, N, *, ¢) will denote the intuitionistic M-fuzzy
metric space in the sense of Definition ?? with the following conditions:

(12) tlim M(x,y,z,t)=1forall x,y,z € Xandt > 0;
—00

(13) lim N(x,y,z,t) =0forallx,y,z€ X andt > 0.
—0o0

Lemma 1.5. Let (X, M, N, %, ¢) be an intuitionistic M-fuzzy metric space. For any
x,y € Xandt > 0, we have

(D) Mx,x,y,1) = M(x,y, y,1).
2) N(x,x,y,6) = N(x, y, y, ).
Proof. (1) Because for each € > 0 by triangular inequality, we have
(1.1) M(x,x,y, e +1)> M(x,x,x,€)x M(x,y,y,t) = M(x,y,y,t),

(1.2) My, y,x,e+1t) > M, y,y,€) x M(y, x,x,t) = M(y, x, x,t).
By taking limit ¢ — O in (1.1) and (1.2), we get

Mx,x,y,t) = M(x,y,y,1).
(2) Because for each € > 0 by triangular inequality, we have

QD Nx,x,y,e+t) <N, x,x,e) oN(x,y,y,t) =N(x,y,y,1),

R22) Ny, y,x,e+1) <N, y,v,e)oN(y,x,x,t) =N(y, x, x,1).
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By taking limit e — 0 in (2.1) and (2.2), we get
N, x,y,) =N(x,y,v,1).
This completes the proof. |

Example 1.6. [9] Let X be a nonempty set with D*-metric on X. Denote a x b =
min{a, b} and a ¢ b = max{a, b} forall a, b € [0, 1]. For each ¢t € (0, c0), Define

t D*(x,y,z2)
M(x,vy,z,1) = and N(x,vy,z,1) =
(. ) t+ D*(x,y,2) (x.y ) t+ D*(x,y,2)

for all x, y,z € X. Itis easy to see that (X, M, N, %, ¢) is an intuitionistic M-fuzzy
metric space.

Definition 1.7. Let (X, M, N, %, ¢) be an intuitionistic M-fuzzy metric space, For
t > 0, the open ball B (x, r, t) with center x € X and radius 0 < r < 1 is defined by

Bpx,r,ty={y e X : Mx,y,y,t) >1—r, N(x,y,y, 1) <r}.

A subset A of X is called open set if for each x € A there exist? > 0and 0 < r < 1,
such that By (x,r,t) C A.

Definition 1.8. Let (X, M, N, *, ©) be an intuitionistic M-fuzzy metric space and {x,, }
be a sequence in X.

(1) {x,} is said to be convergent to a point x € X (denoted by lim x, = x) if
n—oo

lim M(x, x,x,,t) =1and lim N(x, x, x,,t) =0forallz > 0.
n—oo n—oo

(2) {x,} 1s called a Cauchy sequence if foreach) <€ <l and ¢ > 0,

there exist ng € N, such that

Mxp, Xp, Xm, 1) > 1 —€ and N (x,,, Xp, X, 1) < €

for all n, m > ny.

(3) An intuitionistic M-fuzzy metric in which every Cauchy sequence is convergent
is said to be complete.

Lemma 1.9. Let (X, M, N, %, ¢) be an intuitionistic M-fuzzy metric space. Then
M(x,y, z, t) is non-decreasing and N (x, y, z, f) is non-increasing with respect to 7, for
all x,y,z € X.

Proof. By Definition ?? for each x, y, z,a € X and t, s > 0, we have

M(x,y,a,t)« M(a,z,z,5) < M(x,y,z,t +5)
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and
N, y,a,t)yoN(a,z,z,8) > N(x,y,2,t+5).

If seta = z we get

Mx,y,z,t) * M(z,z,z,8) < M(x,y,2,t+5)

and
N, y,z,t) oN(z,2,2,8) = N(x,y,z,t +5),
that is,
Mx,y,z,t+s5) > M(x,y,z,1)
and
N, y,z,t +5) <N(x,y,z,0).
This completes the proof. [

Definition 1.10. Let (X, M, N, %, ¢) be an intuitionistic M-fuzzy metric space. M
and A\ are said to be continuous functions on X> x (0, co) if

lim M(Xn, Yn» Zn, tn) = M(xv Y, 3, t) and lim N(Xn, Yns Zns tn) :N(X, v, Z, t)
n— 00 n— 00

whenever a sequence {(x,,, yu, Zn, 1)} In X 3% (0, 0co) converges to a point (x, y, z,1) €
X3 x (0, 0), i.e.,

lim x, =x, lim y, =y, lim z, =z,

n— oo n—oo n—oo

lim M(x,y,z,t,) = M(x,y,z,t) and lim N(x,y,z,t,) =N(x,y,z, 1).
n— 00 n—00

Lemma 1.11. [13] Let (X, M, N, %, ¢) be an intuitionistic M-fuzzy metric space.
Then M and A are continuous functions on X> x (0, 00).

2. Main Results

Now, we present the main result in this paper. Hence forth, we assume that * is a
continuous ¢-norm and ¢ is a continuous #-conorm on [0, 1], such that for every u €
(0, 1), thereisa A € (0, 1), such that
IT=-2MD*«x1=-A)*x---x(1—-A)>1—pu and AOCAS ---OA < L.
_—

n n

Lemma 2.1. Let (X, M, N, , ¢) be an intuitionistic M-fuzzy metric space. If we
define E;_aq : X° — RT U {0} by

Exmx,y,z2) =inf{t > 0: M(x,y,z,t) > 1 — A}
and Ej v : X> — RT U {0} by
Exn(x,y,2) =sup{t >0: N(x,y,z,1) < A}
forall A € (0, 1) and x, y, z € X, then
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(1) For all ;& € (0, 1) there exists A € (0, 1), such that
E m(x1, x1, xp) < Ej pm(xy, x1, x2) + Ej pm(x2, X2, x3) + - -

+EA,M (Xn—1, Xn—1, Xn)

and
Ey N(x1, X1, x0) > Ex (X1, X1, x2) + Ej Ar(x2, X2, X3) + - - -

+EA,N(xn—17 Xn—1,Xn)

forall xi,xp, -+ ,x, € X.

(2) The sequence {x,},eN 1S convergent in intuitionistic M-fuzzy metric space
(X, M, N, %, ) if and only if Ex a(xp, Xn, x) — 0and E; n(xpn, X,, x) — 0.
Also the sequence {x,},eN 1s a Cauchy sequence if and only if it is a Cauchy
sequence with Ej A and E; .

Proof. (1) For every u € (0, 1), we can find a A € (0, 1), such that

T=-2MD*«xA=-2)x---x(1—=-A)>1—pu and AoAC---OA < L.
—_—

n n

So by triangle inequality, we have M (x1, x1, X, E) m(x1, X1, X2) + Ej M (X2, X2, X3) +
s EA,M(xn—ly Xp—1, Xp) + nd)

> M(x1, x1, x2, Ex (X1, X1, X2) +6) % - - x M(Xp—1, Xp—1, Xn,

E)L,M(xn—laxn—lyxn) +4)
I=-DxA=-VD*x---x(1=-2)>1—pn

n

v

and
N (x1, x1, xn, Ex N (X1, X1, X2) + Ex N (X2, X2, X3) + -+ - + E) A (Xn—1, Xn—1, Xn) — n8)
S N(xlv X1, X2, E)»,N(xla X1, -x2) - 8) S <>~/\/’(-x}’l—1’ Xn—1sXn,
E}\.,N('xﬂ—la Xn—1, x}’l) - 8)

< AOAO--0A =<
—_—

n

for all § > 0, which implies that

E; m(x1, x1, xp) < Ej m(xy, x1, x2) + Ej pm(x2, X2, x3) + - -
+ EA,M(xn—ly Xn—1, xn) +né

and

Eun(x1, x1,x0) = Ej v(x1, X1, X2)+Ex N (X2, X2, X3)+- - -+E) A (Xpn—1, Xp—1, Xn)—N0.
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Ey pm(x1, x1,x0) < Ej m(xn, x1, x2) + Ej pm(x2, X2, X3) +- - -+ Ej m(Xn—1, Xn—1, Xn)

and

Ey N1, x1,x0) = Ej N(X1, X1, X2) + Ej v(x2, X2, X3) + -+ Ej N (Xn—1, Xn—1, Xn).

For (2), Note that since M and N are continuous in its third place and

and

Eypm(x,x,y)=inf{t > 0: M(x,x,y,t) > 1 — A}

E,n(x,x,y) =sup{t > 0: N(x,x,y,1) <A}

Hence, we have

and

M(x}’l’-xn’x’ 77) > 1 - )“ <:> E)\.,M('xn7‘xn7x) < 77

N Xn, Xn, x, 1) < A <= Ej N(Xp, Xp, X) > 1)

for all n > 0. This completes the proof.

Theorem 2.2. Let (X, M, N, %, ©) be an intuitionistic M-fuzzy metric space. If

M(xn9xn7x}’l+l7 t) Z M(XO,XO,XI,knl) and N(xnsxn,xn—l—l’ t) S N(xo’x05x17 knt)

for some k > 1 and for every n € N. Then sequence {x,} is a Cauchy sequence.

Proof. Forevery A € (0, 1) and x,, x,+1 € X, we have

and

EA,M (xn’ Xn, xn—H)

EA,/\/(xn» Xns xn-i—l)

<

v

inf{t > 0: M(xp, Xy, Xp+1,2) > 1 — A}
inf{r > 0: M(xg, x0, x1,k"t) > 1 — 1}

t
inf{k—n > 0: M(xg, x0, x1,1) > 1— A}

1
k—ninf{t > 0: M(xg, x0, x1,1) > 1— A}

1
k"

Sup{t > 0 : N(xn’ Xns -xl’l+]’ t) < )"}
sup{t > 0 : N(xp, xo, x1, k"1) < A}

t
sup{k—n > 0: N(xo, x0, X1, 1) < A}

kn

1
—F
k"

— E, m(x0, X0, X1)

1
— sup{t > 0: N(xp, x0, X1, 1) < A}

AN (X0s X0, X1).
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By Lemma ??, for every u € (0, 1), there exists A € (0, 1) such that E,, rq(xp, X, Xim)

= EA,M(xn, Xn, xn—l—l) + Ek,/\/l(xn—l—l’ Xn+1, xn—l—Z) +---+ EA,M(xm—l, Xm—1, Xm)
1
= Ermo, x0, x1) + 2o En om0, X0, x1) + -+ A+ o7 Ea (X0, X0, x1)
m—1 1
= Enm(ro,x0,x) ) 75— 0
j=n

and E,; n(Xn, Xn, Xm)

= Ek,/\/(xn» Xns xn—l—l) + Ek,/\/(xn+1 s Xn+1, xn—l—Z) +---+ E)L,/\/’(xm—l y Xm—1, Xm)
1 1 1
> k—nE/\,N(Xo, xo0, X1) + WEA,N(XO» x0, X1) + -+ WEA,N(XO, X0, X1)
m—1 1
= Ej n(x0, X0, X1) Z g 0.
j=n
Hence the sequence {x,} is a Cauchy sequence. This completes the proof. |

The following theorem is Jungck’s [6] generalization of Banach’s contraction prin-
ciple in metric spaces.

Theorem 2.3. Let f be a continuous mapping of a complete metric space (X, d) into
itself and let g : X — X be a map that satisfy the following conditions:

(@) g(X) € f(X);

(b) g commutes with f;

(c) d(g(x), g(y)) <kd(f(x), f(y)) forall x, y € X and for some 0 < k < 1.
Then f and g have a unique common fixed point.

The above result has an intuitionistic M-fuzzy metric space analogue in the following
theorem.

Theorem 2.4. Let (X, M, N, %, ©) be a complete intuitionistic M-fuzzy metric space
and let f, g : X — X be maps that satisfy the following conditions:

(@) g(X) € f(X);
(b) f is continuous;

(c) M(g(x), g(»), g(y), kt) = M(f(x), f(y), f(y),1)and N (g(x), g(y), g(¥), kt) <
N(fx), f), f(), D)
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for all x, y € X and for some 0 < k < 1.
Then f and g have a unique common fixed point provided f and g commute.

Proof. Let xo € X. By (a), we can find x; such that f(x;) = g(xo). By induction, we
can define a sequence {x,} such that f(x,) = g(x,—1). By induction again,

M(f(xn), f(xn-i-l)’ f(xn-i-l)s t) = M(g(xn—l)’ g(xn)a g(xn), l)
> MO Ga1)s £ Con)s fCin), é)

> =M <f<x0>, FGe0, fG, ki>
and
NG, FGnss FOng, D) = N(@(a1), 86, 86, 1)
N (f(xn_n, Gy ), é)

A

A

LN (f(xo>, FG0, fG), ki)
forn=1,2,..., which implies that
Ex m(f )y f(ent1)s f (1)) = inf{t > 00 Mf(xn), fns1)s fxng1), 1) > 1 — A}

< inf{r >0: M (f(XO), J&x), fx), kt—n> >1-2}

=k"inf{t > 0: M(f(x0), f(x1), f(x1),1) > 1 — A}
= k" E5, m(f (x0), f(x1), f(x1))

and
E, n(f (n)s f ng1)s f(xpg1)) = sup{t >0 N(f(xn)a S Ong1)s fxng1), 1) < A}
sup{t > 0: N (f(x0)7 S e, fxn), kl—n) <A}

= k"sup{t > 0: N(f(x0), f(x1), f(x1),1) <A}
= K'E; n(f(x0), f(x1), f(x1)).

for every A € (0, 1). Now, we show that { f(x,)} is a left Cauchy sequence. For every
u € (0, 1), there exists y € (0, 1) such that, form > n,

Ey m(f(xn)s [xm)s [m)) = Ey m(f (Xm—1), f )5 f(xm))
+E7/,M(f(xm—2)’ f(xm—l)» f(xm—l))
+.. .+ Ey m(f )y fxnt1)s f(Xn+1))

m—1

< Ey m(f(xo). f(x1). f(x1) > kI — 0.

j=n

Y
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and

Eu n(f (en)s [ xm), fm)) = Ey N(f om=1), fXm), [ (xm))
+Ey N(f (om—2), f(Xm-1)s f(Xm-1))
+. + Ey N(f (), f(Xng1)s f(Xns1)

m—1

> Eyn(f(x0), fx1), fOr) Yk — 0.

Jj=n

\%

as m,n — o0o. Since the space X is left complete, there exists a point y € X such
that lim f(x,) = y. So g(x,—1) = f(x,) tends to y. It can be seen from (c) that
n—oo

the continuity of f implies the continuity of g. Therefore, {g(f(x,))} converges to
g(y). However, g(f(x,)) = f(g(x,)) by the commutativity of f and g. So { f(g(x,))}

converges to f(y). Because the limits are unique, f(y) = g(y). So f(f(¥)) = f(g(y))
by commutativity,

M(g(y), g(g(y)), glg(y),t) = M <f(y), g, f(gly)), é)
> M (g(y>, 2(g)). g(g)). é)
> =M (g(y>, 28, (g, ki) 1

and

Ny, gle), &gy, 1) < N(f(y),f(g(y)),f(g(y)),%)

A

N (g(y), g(g()), g(g(y), é)

A

o N(g(y), g(g(»). g(g(»), kLn) -0

as n — oo, which implies that, g(y) = g(g(y)). Thus g(y) = g(g(y)) = f(g()),
which implies that g(y) is a common fixed point of f and g. If y and z are two common

fixed points of f and g, then

1> M(y,z,z,t) = M(g(y), g(2), g(x), 1) = M (f(y), f @), [, %)

t
= M s Ky Ky 7 2---
(yZZk)

t
M(y,z,z,k—n)—>1

v
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and

OSN(}’,Z,Z,t)ZN(g(Y),g(Z)ag(Z),t) =< (f(y)9 f(Z)’ f(Z)a£>

NG

_ N( £)<

= y,z,z,k <...
N

t
(y,z,z, k_"> — 0

as n — 0o, which implies that y = z and so the uniqueness of the common fixed point
follows. |
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