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Abstract

In this present work, we prove the sufficient condition for the controllability of
impulsive neutral functional integrodifferential inclusions with an infinite delay in
Banach spaces. The results are obtained by using fixed point theorem for condens-
ing maps due to Martelli.

AMS subject classification: 34K40, 34A60, 49N25, 93B05.
Keywords: Controllability, Impulsive, Neutral equation, Functional-differential
inclusions.

1. Introduction

In the past three decades, the mathematical explanations of many hybrid dynamical sys-
tems have an impulsive attitude due to sudden changes at certain instants during the
evolution process. Recent development in the theory of impulsive differential equations
and inclusions has been object interest because of its wide applications in medical do-
mains, industry, information science, system and control, communication security and
space techniques see for instance ([16, 29]). These processes tend to be more suitably
modeled by impulsive systems which allow for discontinuities in the evolution of the
state. For more details about this theory and its applications, we refer to the monographs
of Bainov and Simeonov [ 1], Lakshmikantham et al. [18] and Samoilenko and Perestyuk
[26] and the papers of [11, 12, 21].

On the other hand, controllability is one of the fundamental and important concepts
in mathematical control theory. This is the qualitative and quantitative property of
dynamical control systems and is of particular importance in control theory. For example,
Balachandran et al. [25], Benchohraetal. [4, 5, 6], Gunasekar etal. [23], Changetal. [8,
9], Vijayakumar et al. [27] and Jose et al. [17] discussed the controllability of functional
differential and integrodifferential inclusions in Banach spaces with the help of some
fixed-point theorems. Specially, it should be pointed out that Benchohra and Ntouyas
[7] investigate the controllability for neutral functional differential integrodifferential
inclusions with the aid of a fixed-point theorem for condensing maps due to Martelli.
Since many systems arising from realistic models heavily depend on histories (i.e., there
is the effect of infinite delay on state equations) [28], there is a real need to discuss partial
functional differential systems with infinite delay.

Recently, in many areas of science there has been an increasing interest in the in-
vestigation of functional differential equations incorporating memory or aftereffect, i.e.,
there is the effect of infinite delay on state equations. Therefore, there is a real need to
discuss functional differential systems with infinite delay. And the development of the
theory of functional differential equations with infinite delays depends on a choice of a
phase space. In fact, various phase spaces have been considered and each different phase
space has required a separate development of the theory (Hino et al. [14]). The common
space is the phase space B proposed by Hale and Kato [13], which is widely applied in
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functional differential equations with infinite delay and references therein. However, in
this paper, we introduce an abstract phase space I35 which has been adopted by [2, 25, 8].

Very recently, by using the same fixed point theorem, Liu [20] proved the control-
lability of the first order impulsive partial neutral functional differential inclusions with
infinite delay:

%[X(t) —g(t,x)l € Ax(t) + F(t,x;) + (Bu)(t), t € J =[0,b], t # 1,

Axlt:[k :Ik(x(tk_))’ k: 1329"'9m’
X0 = ¢ € By.

To the best of our knowledge, there is no work reported on a controllability of impulsive
partial neutral functional integrodifferential inclusions with an infinite delay by using
abstract phase space Bj and using fixed point theorem for condensing maps due to
Martelli. To close the gap, motivated by the above works, the purpose of this paper is
to study the controllability of impulsive neutral functional integrodifferential inclusions
with an infinite delay

t
L lwe)y = p(t upl € Alu() — p(t, un)] + F(r, s, f a(t, s, u;)ds) + Gx(1),
dt 0

teJ=[0,b], t #tr, k=1,2,...,m, (1.1)

Au|t=tk :Ik(u(tk_))’ k= 1,2,...,m, (12)

uo = ¢ € By, (1.3)

where the state variable u(-) takes values in Banach space X with the norm | - |; A

is the infinitesimal generator of a strongly continuous semigroup of bounded linear
operators 7'(¢) in X, G : X — X is abounded linear operator from a Banach space U of
admissible control function into X and the control function x € LZ(J , U). The function
F:JxBy,xX— 2% is a bounded, closed, convex-valued map, p : J x By, — X, a:
JxJIxB,—>X,0=tg<tj < - <ty <tpy1=b, L1 : X—> X k=1,2,...,m
and Aul;—, = u(t,j ) —u(t, ), u(t, ) and u(t,j ) represent the left and right limits of u(r)
at t = t, respectively. The histories u; : (—00,0] — X, u;(s) = u(t +s),5s <0,
belong to an abstract phase space B, which is defined in Section 2.

2. Preliminaries

At first, we present the abstract phase space 3, which has been used in [8, 2, 25]. Assume
0

that & : (—o00, 0] — (0, 400) is a continuous function with £ = f h(t)dt < 4o0.
—00
For any e > 0, we define

B = {y : [—e, 0] — X such that ¥/ (¢) is bounded and measurable},
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and equip the space B with the norm

[V ll[—e.o) = sup |¥(s), V¢ eb.
s€[—e,0]

Let us define

By = {y : (—00, 0] — X such that forany ¢ > 0, Y¥|[—c01 € B

0
and [ hOIlicods < +o0).
—0o0

If BB;, is endowed with the norm

0
uwmzf BV ls.0ds,

V€ By,

then it is clear that (B, || - [|3,) is a Banach space.
Now we consider the space

B;; ={u:(—o0,b] - X suchthatu; € C(Ji, X) and there existu(t,:r) and u(z, ) with
u(ty) =u(t,), uo=¢ € By, k=0,1,..,m},

where u;  is the restriction of u to Jy = (t, tx+1]1,k = 0,1, ..,m. Set || - ||, be a
seminorm in B), defined by

lully = llelis, + sup{lu(s)| : s € [0,b1}, u € By,

Next, we introduce definitions, notations and preliminary facts from multivalued
analysis which are used throughout this paper.
The notation C(J, X) is the Banach space of continuous functions from J into X

with the norm ||u|lo = sup|u(?)| for u € C(J, X). B(X) denotes the Banach space
teJ
of bounded linear operator from X into X. A measurable function u : J — X is

Bochner integrable if and only if |u| is Lebesgue integrable (For properties of the Bochner
integrable see Yosida [30]. LI(J , X) denotes the Banach space of continuous functions

b
u : J — X which are Bochner integrable norm by |lu|/;1 = / lu(t)|dt for all u €
0

L'(J, X).
Let (X, | - ||) be a Banach space. A multivalued map F : X — 2% is convex (closed)
valued, if F(u) is convex (closed) for all u € X. F is bounded on bounded set if

F(B) = U F(u) is bounded in X, for any bounded set B of X (i.e., sup sup{||y| €

ueB ueB

F(u)} < oo). F is called upper semicontinuous (u.s.c.) on X if for each u, € X, the
set F(uy) is nonempty, closed subset of X, and if for each open set B of X containing
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F (u), there exists an open neighbourhood V' of u, such that 7 (V) C B. F issaid to be
completely continuous if F(B) is relatively compact, for every bounded subset B C X.

If the multivalued map F is completely continuous with nonempty compact values,
then F is u.s.c. if and only if F has a closed graph (i.e., u, — Uy, Yo = V«, Yn € Fuy,
imply y. € Fu,). F has a fixed point if there is u € X such that u € Fu.

Let BCC(X) denote the set of all nonempty, bounded, closed and convex subsets of
X. A multivalued map F : J — BCC(X) is said to be measurable if for each u € X
the function G| : J — R defined by

Gi(t) =d(u, F(t)) = inf{lu —y| : y € F(1)}

belongs to L' (J, R). For more details on multivalued maps see the books of Deimling
[10] and Hu et al. [15].

An upper semicontinuous map H : X — X is said to be condensing [3] if for
any subset B C X with a(B) # 0, we have «(H(B)) < «(B), where o denotes the
Kuratowski measure of noncompactness [3]. Itiseasy to see that acompletely continuous
multivalued map is a condensing map.

For our approach, we need the following fixed point theorem.

Theorem 2.1. [Martelli [22]] Let X be a Banach space and ® : X — BCC(X) a
condensing map. If the set

A={ueX:iuec du, forsomei > 1}
is bounded then @ has a fixed point.

3. Controllability Results

In this section, we prove the controllability of the systems (1.1)-(1.3). First, we give the
mild solution for the problem (1.1)-(1.3).

Definition 3.1. A function u : (—o0,b] — X is called a mild solution of problem
(1.1)-(1.3) if the following holds: uy = ¢ € Bj, on (=00, 0]; Aul—, = L (u(t,)), k =
1,2,...,m, the restriction of u(-) to the interval [0, b) — {f1, 12, ..., t;;} is continuous,
and for each s € [0, ¢), the impulsive integral equation

t

u(t) =T@)[e0) — p0, )]+ p(t, us) +f Tt —s)f(s)ds

0
t
+/ T(t—s)(Gx)(s)ds (3.1)
0
+ ) T~ wh@), tel
O<tr <t

1s satisfied, where

t
feSpa= {f eL'(J,X): f(1) e F(t, u,,/ at, s, us)ds>, forae. t € J}.
0
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Definition 3.2. The system (1.1)-(1.3) is said to be controllable on the interval J if for
every ug € By, u; € X, there exists a control x € L2(J , U) such that the mild solution
u(t) of (1.1)-(1.3) satisfies u(b) = u;.

For the study of the problem (1.1)-(1.3), we need the following hypotheses:

(H1) A isthe infinitesimal generator of a compact semigroup of bounded linear operator
T (t) in X and there exists positive constant M such that |T(¢)| < M.

(H2) G isacontinuous operator from U to X and the linear operator W : L2(J ,U) —> X,
defined by
b
Wx = / T —s5)Gx(s)ds,
0

has a bounded invertible operator WL, which takes values in LZ(J ,U)/kerW
and there exist positive constants M, M; such that |G| < M and || w! | < M
(see [24)).

(H3) I € C(X, X) and there existconstants d; suchthat || Iz ()| < dy, k=1,2,...,m
foreachu € X.

(H4) (1) The function p : J x B, — X is continuous and there exists a constant
L > 0 such that the function p satisfies the Lipschitz condition:

Ip(t1, u)—p(t2, u2)| < L(|ti—t2|+llur—u2llg,), ti,t2 € J, ur,uz € By.
(i1) There exist constants L, Ly such that £L; < 1 and
Ip(t,u)| < Lillullp, + L2, te€J, uc€by,
0
where £ = / h(s)ds < +o0.

—0o0

H5) (G) F:JxB,xX — BCC(X);(t,u,y) - F(t,u,y) is measurable with
respect to t for each u € By, y € X, u.s.c. with respect to u, y for each
t € J, and for each fixed u € By, y € X, the set

t
Sk = {f e L'(J,X): f(t) € F(t, u,,/ a(t, s, us)ds), forae. e J}
0

is nonempty.
(i1) There exists an integrable function m : J — [0, co) such that
1F (e y) I =sup {1 £1: f € F(.u.y)]

<=m@®)QLullg, + lylD, t € J, u € By,
yeX,

where 2 : [0, o0) — (0, 00) is a continuous nondecreasing function.
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(iii) For each (¢, s) € J x J, the function a(t, s, -) : By, — X is continuous and
for each u € By, the function a(-, -, u) : J x J — X is strongly measurable.
There exist an integrable function p : J — [0, 0co) and a constant y > 0,
such that

la(t, s, w)|l < yp(s)O(lulls,)
where ® : [0, c0) — (0, 00) is a continuous nondecreasing function. As-

t
sume that the finite bound of / yp(s)ds is Ly.
0

(H6) The following inequality holds:

b N 00 ds
/ m(s)ds </ —_—,
0 n S2(s) + O(s)

where
b, — lells, + K
1= "5 >
1—4¢L,
h M o {ha, yp()),t € J
= ’ = max 9 El k]
2 1 — 0L m 2,¥YP
m
K1 = M{le©)|+ Lillllg, + Lal+ Lo+ M Y _di + MbN
k=1
and

N = M1M2[|u1| + M[leO)| + Lill¢ls, + L21 + Lilluplls, + L2

b m
+ M/O Rl s, + Lo® e ) Jm(s)ds + M Y g |.
k=1

Remark 3.3.
(i) If dim X < oo, then for each u € By, Sr,, # ¥ (See [19]).

(i) Sr,, is nonempty if and only if the function ¥ : J — R defined by Y (r) =
inf{| f|: f € F(t,u, y)} belongs to L'(J, R).

Lemma 3.4. (Lasota and Opial [19]) Let J be a compact real interval and X be a
Banach space. Let F be a multi-valued map satisfying (H5)(i) and let I" be a linear
continuous mapping from L (J, X)to C(J, X). Then the operator ' o S¢ : C(J, X) —
BCC(C(J, X)), utr> I'oSr)(u) :=TI'(SF)isaclosed graph operatorin C(J, X) x
c(J, X).
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At first, using hypothesis (H2) for an arbitrary function u(-), define the control

b
x(0) = W {u1 = Tl = p(0. g1 — plb. up) - /0 T(b—s)f(s)ds

- > Th- Wk )},

O<ty<b

t
feSpy= {f eL'(J,X): f(1) e F(r, u,,/ at, s, us)ds), for ae. t € J}.
0

Lemma 3.5. [20] Assume u € B, then fort € J, u, € Bj,. Moreover,

Llu@®)] < llucllp, < lluollg, +¢€ sup |u(s)l,
s€[0,t]

0
where £ = / h(t)dt < +o0.
—0o0

Consider the multivalued map ® : B, — 284 defined by ®u the set of p € B}, such
that

o(t), if t € (—00, 0]

t
TO1p0) — p(0, )] + p(t.ur) + fo T( —5)f(s)ds
+ > T — ) Lu)

O<t <t

p) = +/0 T(t — n)BW_l{ul — T D)e0) — p0, o] — p(b, up)

—/ T —s)f(s)ds
0
= Y Tl -k |mdn, 1ed,

O<ty<b

where f € Sf .
We shall show that the operators & has fixed points, which are then a solution of
system (1.1)-(1.3). Clearly, u; € (du)(b).
For ¢ € By, we define ¢ by
3(t) = {‘p(”’ ree 0l yn Gen,.
Tt)pO), tel,
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Letu(t) = y(t) + ¢(t), —oo < t < b. Itis easy to see that u satisfies (3.1) if and
only if y satisfies yp = 0 and

t
y(r)=—T(r)p<0,<o>+p<r,yt+¢t>+fo T(t—s)f(s)ds+ Y T —n)x

O<t <t

t
L) + §(6) +/O T —mBW ™ ur = T®)e©) — pO. ¢ = pb. 35 + )

b
- /0 Th—9)fds— Y Th-mkGE) +ea)) mdn, rel.

O<ty<b
Let B) ={y € B}, : yo=0 € By}. Forany y € By,
I¥lle = lIyolls, + sup{ly(s)| : 0 <5 < b} =sup{|y(s)|: 0 <s <D},

thus (B}, || - |I») is a Banach space. Set B, = {y € B, : ||yl < r} for some r > 0, then
B, C B;{ is uniformly bounded, and for y € B,, from Lemma 3.2, we have

1ye + @llg, < lyells, + @il

<€ sup [y()l+llyolls, + € sup 16 +ldolls, (3.2
s€[0,t] s€[0,t]

<L+ MleO)) + llels, ="
Define the multivalued map ®; : B, — 284 defined by @,y the set of p € B; such that

0, ift € (—o0,0]
TOPO.0) + Pty + i+ [ T=5) 0+ 0 T =10

O<t <t
t
pt) = L(y(,) + @) +/0 T(t— U)BW_I{MI — T(b)[¢(0)
b—p(O, @l — pb, yp + ¢p)
—/O T —s)f(s)ds — Z T(b—tk)lk(y(tk_)+<ﬁ(tk_))}(n)dn, rel.

O<ty<b

where f € Sp,.

Lemma 3.6. If the hypotheses (H1)-(HS) are satisfied, then @ : BZ — 254 is a com-
pletely continuous multivalued, u.s.c. with a convex closed value.

Proof. We divide the proof into several steps.
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Step 1: @y isconvex foreachy € BZ. In fact, if p1, ps belong to @1y, then there exist
f1, f2 € SF,y such that for each € J, we have

t
5i() = =T p(0, 9) + plt. y1 +G1) + /0 Tt — ) fi(s)ds

+ Y T — 1) x L(y() + ¢(t)

O<t <t

t
+ [ 76— mBW i = TN — p0.91 = pb. 30+ 3

b
- /0 T(b—s)fis)ds = Y Th =k +@a ) mdn, =12

O<tx<b

Let A € [0, 1], By operator G and W_l( since Wis linear )are linear, we have

(Ap1 + (1 = 21)p2)(t)

t
= T pO. 9) + Pty + G0 + /O T(t = )fi(s) + (1= 2) fa(s)lds

+ Z T — )k (y(t,) + @)

O<ty <t

t
+/0 T —mBW ™ {u1 = T®)IeO) - pO. ¢]

b
— pb, yp + ¢p) — fo T —9)rfi(s) + A —=2)fals)]ds

= Y TO-wkGE) + e | () dn.

O<tr<b

Since Sf,y is convex (because F has convex values), we have Ap; + (1 —A)p € Pyy.

Step 2: ®; maps bounded sets into bounded sets in 3} .
Indeed, it is enough to show that there exists a positive constant /C such that for each

p €Dy, yeB ={yebB,:|lylls <r} onehas |l < K.
If p € @y, then there exists f € Sg y such that for each r € J, we have

t
5(t) = —T()p(©, ) + plt, i + @) + /0 T( — ) f (s)ds

+ ) T =) x L(y) + ¢(t)

O<t <t

+ fo T(t— n)BW_l{m —T(B)[e0) — p0, @] — pb, yp + ¢p)

b
- / Th—9)f®)ds = Y Th =1k +e)]| mdn. (3)

0 O<ty<b



Controllability of Impulsive Neutral Functional 11

By (H1)-(HS), (3.2) and (3,3), we have for ¢t € J
b
16 < M|p©0, )|+ Lir' + Lo + MQ[r' + Lo® ()] f m(s)ds
0

m
+M de +bMM M,
k=1

[Iull + Mll(0) + |pO, @)1+ L1r’ + Lo

b
+ MQ[r' 4+ Lo® ("] /

m(s)ds + Mde} - K.
0

k=1
Thus, for each p € ®;(B,), we have ||pll, < K.

Step 3: ®; maps bounded sets into equicontinuous sets of ;. Let 0 < 7; < 7 < b,
foreach y € B, ={y € B}, : |lylly <r}and p € Py, there exists f € S, satisfying
(3.3).

Thus, we see that

|o(2) — p(z)| = T (r2) — T (z)IIp(0, )|
+ L(|T2 - Tl| + ”y?:z — Y ”B}, + “(/)‘Ez — @ ”Bh)

2

+f0 IT(fz—S)—T(n—S)Ilf(S)IdS+f [T (t2 = s)ILf(s)lds

1

+ Y =) —T@m —wld+ Y |T(02—uw)ld

O<ty<1) T <l <Tp

+ [ 17— = @ =l Mol + MU+ 1O, 1+ L

b
+ Ly + MQr' + Lo® ()] / m(s)ds
0

m 1-2
MY di dn+/ IT(z2 — ﬂ)lMle{lull + Ml (O]
k=1 o

+1pO, o)1+ Lir' + Ly

b m
+ MQ[r/ + Lo®(r/)]/ m(s)ds + Mde} dn.
0 k=1

The right hand side of above inequality is independent of y € B, and tends to zero as
70 — 11 — 0. Thus the set {®1y : y € B,} is equicontinuous (Note that this proves
the equicontinuity for the case where t # ,, k = 1,2,...,m + 1. Easily we prove
the equicontinuity for the case where t+ = t;. And also the other cases 71 < 7 < 0 or
71 < 0 < 15 < b are very simple).
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As a consequence of steps 2 and 3 together with the Arzela-Ascoli theorem we can

conclude that @; : B; — 2Bhisa compact multivalued map, and therefore, a condensing
map.

Step 4: & has a closed graph.
Let y, = V&, on € @1y, and p, — p,. We shall prove that p, € ®y,. Indeed,
Pn € @1y, means that there exists f, € Sg y, such that

pn(t) = =T () p(0, @) + p(t, yn, + ¢1) +f0 T(t —s)fa(s)ds + Z T(t—n)x

O<ty <t

t
L (yn (1) +@(t,)) +/ T(t —s)Bxy,(s)ds, t € J,
0
where
xy,(0) = Wy = T®)1g(©0) = p(0, 91 = p(b, v, + @)

b
- f Th=9)fuds = Y Tb =) + 66| 0.

0 O<tr<b

We must prove that there exists fi € SF y, such that

t
Pelt) = —=T(Op(O0, 9) + plt. o, + 1) + /0 T —$)fus)ds+ Y T( —n)x

O<t <t

t
LOW60) + 56O + [ T = 5B, 0)ds. 1 €
0
where
Xy (1) = W {Ml —TD)[@0) — p0, 9] — p(b, y«, + @p)

b
- fo T(b—s)fuls)ds — Y T(b—rkﬂk(y*(t;)wa;))}<r>.

O<tr<b

Set
@) =w! {Ml — T ®D)[e0) — p(0, 9] — p(b, yb + ¢p)

-y T(b—tk>1k<y<t;)+¢<r,:>>}<r>.

O<ty<b
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Since g, w!

@ + PO 0) = p 3, +60 = Y TC =101 + 67

O<tr <t

t
_ fo It~ )Bxy, (9)ds| — |50 + T0p©.9) — pit. ys, + @)

are continuous, then uy, (t) — uy, (t) fort € J, and

= Y T = RO + ) /0 T( = )Bx,, (5)ds ||

O<rty <t

— 0 as n— oo.

Consider the linear operator I : L! (J, X) = C(J, X) defined by

t b
=T = / T(r — s)[f(s) + GW‘I(/ T — r)f(r)dr)(s)]ds.
0 0

Clearly, I' is linear and continuous. Indeed, one has
ITflloo < (bM*M Ms + M)| £l 1.

From Lemma 3.1, it follows that I" o SF is a closed graph operator.
Moreover, we have

pn(®) + T () p(0, 9) — p(t, yn, + @1) — Z Tt — 1) l(n () + @)

O<ty <t

t
—/ T(t —s)Bxy,(s)ds € I'(SF,y,).
0
Since y, — Yy, it follows from Lemma 3.1 that

px(1) + T (1) p(0, @) — p(t, ys, + ¢1) — Z Tt — 1) Ik (y« (1) + @(1,))

O<t <t

—/ T(t —s)Bx,y, (s)ds
0

for some f; € Sf y,.

Hence @ is a completely continuous multivalued map, u.s.c. with convex closed
values.

Now in order to apply Theorem 2.1, we introduce a parameter A > 1 and consider
the following equation:

d[ ) — ~pt )] € afuw Lo >]+1F(t / (t.5.1)ds) + 1 Gx (1)
dl’ u )\‘p , U u )Lp y Ut )\‘ s Uty 0 all, s, Ug N )\‘ X )
rel=[0blt 6, k=1,2,...m,
o
Au|t:tk = Xlk(u(tk ))’ k: 1’27“'9 m, (3'4)

u0=(p€Bh.
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Thus, by Definition 3.1, the mild solution of (3.4) can be written as

1 1
u(t) =TOlpO) = —pO. @)1+ - plt, ur)

Y ds + 1 T(t — ) Ik (u(t,
+X/0 (—s)f(s)s-{-xz (_k)k(u(k))

O<ty <t

1 t
+ X/o T(r— U)GW_I{MI — T (D)[¢(0) — p(0, o] — p(D, up)
b
— / T(b—s5)f(s)ds
0

- T(b—rkﬂk(u(t,:))}(n)dn, tel,

O<ty<b
@), € (—o0,0] (3.5)

where

t
feSpy= {f eL'(J,X): f(1) e F(r, u,,/ at, s, us)ds), for ae. t € J}.
0

Lemma 3.7. If hypotheses (H1)-(H6) are satisfied, let () be a mild solution of system
(3.4), then there exists a priori bound K > 0 such that |u;||5, < K, ¢t € J, where K
depends only on b and on the functions m(-), 2(-) and ©(.).

Proof. From equation (3.5), we obtain

lu(@®)| < MlleO)| + Lillells, + L2+ Lillu/lls, + L2

t
+ M/O Q[llusllg, + Lo®(llucllg,) ]m(s)ds

m

+ MY di -+ MBM M| [y + MIIgO)] + L llpls, + La]
k=1

+ Lillupll, + L2

b m
M [ il + Lo® s Im(s)ds + 1Y di ]
0 k=1

< M[leO)| + Lillells, + L2] + Lillu:ll5, + L2
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t
+M/ Q[””s”Bh+LO®(””I”B;,):|m(S)dS
0
m
-l—Mde-i—MbN
k=1

t
< K1+ Lilluslls, + M/ Q[llusliz, + Lo®(luclls,) m(s)ds, 1€ J.
0

Thus from this proof and Lemma 3.2, we get

lurlls, < €sup{lu(s)|: 0 <s <t} +llols, < llels, + €K1 +LLy sup [luslls,

O<s<t

t K
+8M/ m(s)sz(||us||sh+/ yp(DO (luclis )7 )ds, 1 € J.
0 0

Let u(¢) = sup{|lusli, : 0 < s < t}, then the function 1 (#) is nondecreasing in J, and
we have

u(t) < hy +h2/0 m(S)Q(/L(S) +./0 yp(r)@(,u(t))dr)ds, teld.

Denoting by the right hand side of the above inequality as v(z), we see that v(0) =
hy, n@) <v(), t € Jand

t
V0 = me(u(n) + fo yP()O(u(s)ds ).

Since €2 is nondecreasing
t

V(1) < h2S2<v(t) +/ yp(s)@(v(s))ds), tel.
0

Let

t

w(r) = v(1) +/ yp($)O(v(s))ds.

0
Then w(0) = v(0) and v() < w(r).

w' (1) =v' (@) + yp()OW@)) < haQ(w(1)) + yp()O(v(1))
< m()[Qw()) + Ow(1))].

This implies

w(t) ds b 00 ds
[ [ [T e
w©) S2(s) + O(s) 0 n $2(s) + O(s)
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This inequality implies that w(#) < oco. Hence there is a constant K such that w(r) < K,
t € J. Thus, we have |lu|lg, < @) < v(@) < w() <K, r € J, where K depends
only on b and on the functions m(-), 2(-) and ®(.). [ |

Theorem 3.8. Assume that the hypotheses (H1)-(H6) hold. Then system (1.1)-(1.3) is
controllable on J.

Proof. Let A = {y € B} : Ay € ®1y forsome A € (0, 1)}. Then for any y € A, we
have

1 1 1 [t
u(t) = —T(t)xp(O, @) + Xp(t, Vi + @) + X/O T(t—s)f(s)ds

1
+ - Z Tt — 1) (y(,) + o))

O<t <t

1 t
+ X/o T — n)GW—l{ul — T(B)p©) — p(0, ]
b
— p(b vy + ) — fo T(b— ) f(s)ds

-y T(b—tkﬂk(y(z;)+¢(r,:)>}<n>dn, tel,

O<tr<b

which implies the function u = y 4 ¢ is a mild solution of above system (3.4), for which
we have proved in Lemma 3.4 as ||u;||5, < K, t € J, and hence from Lemma 3.2 and
[20] we have

Iylls < I7'K + Mp(0)]

which implies that the set A is bounded on J.

Hence it follows from Lemma 3.3 and Theorem 2.1 that the operator & has a fixed
point y, € BZ. Let u(t) = y«(t) + ¢(t), t € (—o0o, b]. Then u is a fixed point of the
operator ® which is a mild solution of the problem (1.1)-(1.4). |
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