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Abstract

fo
Let p and [ are distinct odd primes, o (1), = f and gcd (lTl,p) = 1.Then

explicit expressions for all the primitive idempotents in F;(H; X H,), H; and
H, are abelian groups of order 2 and exponent p™ respectively, are obtained.
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1. Introduction
Let F; be a field of odd prime order [ and k > 1 be an integer such that gcd (I, k) = 1.
It is well known that a cyclic code of a given length k over F; is an ideal of the

semisimple ring R, = <§§<[_xi> Since, every ideal in Ry, is the direct sum of its minimal
ideals, therefore, to describe the complete set of ideals (codes over F}) in Ry, it is
sufficient to find its complete set of primitive idempotents. Many authors obtained
primitive idempotents in R, = F;G, where G is cyclic group of order k. Therefore, a
natural case of more general on the group G arises i.e. G is an abelian group. A minimal
abelian code over a finite field is a minimal ideal of the group algebra F,G, where G is
an abelian group (Berman and Camion). In view of above discussion abelian codes are
the generalization of cyclic codes. Bhandari and Grover [3] determined explicit

expressions of all the primitive idempotents of the group algebra F;(C,r X Cyn), 7 < n,
f-1
where o(1),, = f and gcd (T,p) =1.
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In this paper, we consider pandl are distinct odd primes, o (), =

fo
f and gcd l—l,p = 1. In Section 2, some results on finite fields are discussed. In
14

Section 3, (Theorem 3.1), the explicit expressions for all primitive idempotents
in F;(H, X H,), H; and H, are abelian groups of order 2 and exponent p™ respectively,
are obtained.

2 Some Results on Finite Fields
Lemma 2.1.

Fo
(i) Let p and [ be two distinct odd primes o (I),, = f and p does not divide 171_
Then, o (),n = fp™~ 1. Further, o (D)g,n = fp™~*.
fo
(i) Let p and [ be distinct odd primes, ef = ¢ (p) and p does not divide 171. If

0 (Dypn = fp™ 1, n>1 be an integer, then o (Dopn-i = o) _ fp™/ for

e
allj; 0 <j<n-1. '
(iii) The set {g* g*l, ..., g®l'P" =1} forms a reduced residue system modulo

p™~/, where g is primitive root modulop"J,0 <k <e—1land0<j<n-—
1.

Lemma 2.2. Let F; be the field containing [ elements and a be the primitive 2p™th root
of unity. Let K = F;(a) and ¢ : K = K is an F; — automorphism defined by o(a) =
a', then

() K =F/n.

(i) The Galois group G(K/F,)) =< d >.

Proof. To prove (i) part, we need to show that a € F s,n-1. For this it is sufficient to

n-1

prove " = a.ByLemma2.1,0 (),pn = fp" " givesthat /""" = 1 (mod 2p™).
Thus, /P"™" = 1 4 A2p™, for some integer 1.S0,
VP 2 gitat =y g A2
n n-1
As, a is primitive 2p™th root of unity so, a??" = 1.Thus, VP =

(ii) By the given condition ¢ : K — K defined by o(a) = a' for some a € G(K/F,).
We claim that o(c) = fp™ 1. Let o(o) = t, for some integer t > 1.
Ift = 1,then o = I, which is not possible. Hence, t > 1.Now, itis easy to see, 02 (a) =
n— n-1

oo(a) = o(ab) = v, consequently o* (a) = a“implies /7" (a) = a¥”

n— n— n-1
As, 0(D)ypn = fp™1, s0 /P ' =1mod (2p™) s0 o/P" (@) = a7 = a. But,
o(o) = t, gives that t divide fp"~1.
On the other hand, ot = I, implies ot(a) = I(a) = a. This gives a'" = a, implies
a'"~1 = 1. Thus, I* = 1(mod 2p™) which gives fp™1, divides ¢ as o(Dgpn = fp™ .
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Hence, t = fp" 'Also, o (G(K/F))= [K:F]. But by part (i) K=Fgn1.
Therefore, o(G(K/F))) = [Flfpn—l : Fl] = fp™ ' Hence, G(K/F) =< 7 >.

Corollary 2.3. Let F; be the field containing [ elements and « be the primitive p™th
root of unity. Let K = F;(a) and o : K = K is an F; — automorphism defined by
o(a) = a', then

() K=Fy
(i) The Galois group G(K/F)) =< >.

n-1,

Notations 2.4. _
Letd, =X/ S a?" 9 and L = {1,1,1%,..., /1.

Definition 2.5. Let F = [F;m be a finite extension of the field K = [F, then the trace
function Trgk () of a over K is defined by Trg x (@) =a+a? + ..+ a?™

Definition 2.6. Let G be a group and V a finite-dimensional vector space over a field
K. LetT : G — GL (V) be a representation of G over K. Then, the character x of G
afforded by the representation T is the mapping x : G — K given by x(g) = tr (T,)for

allg €G.

Theorem 2.7. Let F = [F;m be a finite extension of the field K = [F,. Then the trace

function Ty satisfies the following properties:

(i) Tre(a+B) = Tre(a) + Tre (B) forall a, f € F;

(i) Trpk(ca) = cTrp/x (a) forallc € K,a € F;

(ili) Trg/ is a linear transformation from F onto K, where both F and K are viewed
as vector spaces over K;

(iv) Trpk(a) =maforalla € K;

() Trex(a?) = Trgk (a) forall a € F.

Observe that
f-1
n—1 ,tji t -1
At:Zap gl :Trpi(ﬁg )'apn :ﬁ
i=0 Fy

Then, A; are elements of F; and can be evaluated by using properties of Gaussian
periods,0 <t<e-—1.

Definition 2.8. Let G be a finite abelian group of exponent n and F a finite field of
order [, where Lisaprime such that gcd(n,l) = 1. Let K = F (&,,) where &, is primitive
nth root of unity, C be set of all characters of G and G (K, F;) be the Galios group. Then
{ooy} is orbit of y, where 0 € G(K, F;) and y € C.
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3 Primitive Idempotents in F;G
The following Theorem 3.1 and Proposition 3.2 are given in Grover

Theorem 3.1. Let G be a finite abelian group of exponent n and F a finite field of order
[, where [ is a prime such that gcd(n, 1) = 1. Let K = F (§,,) where &, is primitive nth
root of unity and C; = {X1,1,X1.2, -, X1, }» -» Cr = {Xr 1, Xr.2, -+ Xr1,.} DE the orbits of
the set C, which is the set of all characters of G under G (K, F;), then complete set of
primitive idempotents of group algebra FG is given by

e = |G|ZT7”F5 JF (i (@ D)g

gea
for

1<i<rd;=[G:Kery;].

Theorem 3.2. Let Hyand H, be two abelian groups of exponents p™, (n = 1)and
q™, (m = 1), where p and q are distinct odd primes. Let [ be an odd prime with
ged(l, pq) = 1 and F, a finite field with [ elements. Let (1), = f and (), = g such

that gcd( ,p)—llfn>1 and gcd( ,q)—llfm>1 Let gcd(f,g) =

sand G = H1 X H,, then all the primitive |dempotents of the group algebra F;G are of
the form Tres/r, (eHieHy), where eH; and eH, are primitive idempotents in F;sH;

and F;sH,, respectively.

In Theorem 3.1, it is observed that if C; = {x11,. x11,}s--» Cr = {Xr1,.. X1, } b€ all the
orbits of C under the action of Galios group G (K/F;), where C is set of all the
characters of G.Then, the number of primitive idempotents in F;G is equals to the
number of orbits of C. Therefore, to obtain the primitive idempotents F;G, we need to
find all the orbits of set of characters of G.

3.3. Characters of H,

Let H, be abelian group of exponent 2 and K; is smallest field extension of F; containing
2" root of unity, then K; = F, and Galois group GF (K, /F,) = {I}.

The characters of H, are defined as ¢, (x) = 1 and ¢, (x) = —1.

Then the orbits of set of characters of H, are {Io¢,} and {Io¢,}.

Let us denote Jogp; = ¢, and logp; = ¢4 5.

3.4. Characters of H,

Let H, be abelian group of exponent p™ and K, is smallest field extension of F;
containing p™th root of unity, then by Corollary 2.3

() K=Fpg
(i) The Galois group G(K/F)) =< >.

n-1,

The characters of H, are defined as ¥, (y) =1 and ¥, j,s(y) = aP" 9 0 <k <

e—1,0<s<fpl-11<j<n



Primitive Idempotents of Some Minimal Abelian Codes of Length 2p™ 223

Then the orbits of set of characters of H, are {ooy,} and {ooy, s}, Where
o €G(K/F,). Let us denote ooy, = 141 and goy, j i s = Tz k- Then, the orbits of set
of characters of H, are 7, ,(y) = 1and 75, (x) = a?" /9* 0 <k <e—1,1<j <
n — 1. The total number of orbits of set of characters of H, are en + 1.

Proposition 3.5. Let G = H; X H,, where H; and H, be any two abelian groups of
exponents 2 and p™ respectively. Let a be the primitive 2p™th root of unity and K =
F(a). Then any character x of G can be expressed uniquely as a direct product of
characters of H; and H, and each orbit of set of all characters of G can be obtained
uniquely, as products of orbits of sets of characters of H; and H,.

3.6 The 2en + 2 orbits of set of characters of G with values in K are given below:
Let g e G, g = xy, where x e H; y € H,, then
L %1 =x.0)=1,
2. X12(0) = -1,x.(y) = 1.
For0<k<e—-1,1<j<n-1,
n—j ks
3. X3k =1x3,k(y) =aP S

—jqk
Xa,jk () = =1, Xqjk (x) = aP" e,

Theorem 3.7. Let Hyand H, be two abelian groups of order 2 and exponents p™,n > 1,
respectively. Let [ be an odd prime and F; a finite field with [ elements. Let G = H; X
H,, then all the 2en + 2 primitive idempotents of the group algebra F,G are given by

1. 6:(x,y) = E(1+x)zz o y

2' 02 (x’y) |G| (1_X)Zl =0 y
For0Sk<e—11<]<n,

7 , i _ i
3 Osi @) =55 (142 (fZEO(m"dPJ)y +A°Zp——l;",-k_‘1 moaper 7 T
A1) gky yt.
e—1 p_z;gj_1 e-1p, )
_ , i
4 Bay(ay) =1 o (1= <f21 o(moaph " + 4o Zv-—ffk_‘l moaper 7 T T

Aq_ ki L.
el Zp—jj_; (mod p)eg®~1L y

Proof. Evaluation of 84 (x, y)

By Theorem 2.7,60, (x,y) = dec Trpl (()(l,l(g‘l)) g and by (1) of 2.6

X11(x) = x11(y) = 1, implies 8, (x,y) =

IGI

] dec Treyr, (Dg.
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By Definition 2.4, Trg,/r,(1) = 1, which gives

n

1 .
0100) = 7 (1 +3) ) ¥

Evaluation of 6, (x, y):
By Theorem 2.7, 8,(x,y) = m dec Tre,F, (X1z(g )) g and by (2) of 2.6
X1,2 (x) = =1, %12 =1,
implies
02(6,%) = 1 Zgee TTryr, (~1)g.

By Definition 2.4, Trg, /s, (—1) = —1, which gives
p"-1

0,3) = o (1= %) 2 yi

Evaluation of 85 ;(x,y),for0 < k<e—1,1<j<n:
By Theorem 2.7 and Theorem 3.2,
p"-1

O34 (x,y) = IGI (1+x) z Trg/r X3k](y ))

where x3 ;(y) = a?" 9" and K is smallest field extension of F, containing primitive

p’th root of unity.Using Lemma 2.2, we have K = Flfpj—l. |

Also by (3) of 3.6, Xax;(*) = Lxax;(y™%) = a "9l which gives that
i _n—jk1s; .

Try/r ()(3,,{,]-(31 l)) = Trg/r (@7P ’9°1°1y  As discussed above, K = Flfpj_l,so

TT'K/F (a—pn_jgklsi) — TT'F _pn_jgklsi).

lfpj—l/Fl (0{

By Definition 2.4,
—pn—J gksi fp] 14 kls
G B Al
where
p=a?"’
Since a is primitive p™th root of unity, then 8 is primitive p/th root of unity.

Case (i) If i = 0(mod p/), then J A
This gives that

j-1_4q kis; fa . . _an—j kis; .
pr LIVt = fpi~Timplies TrFlfpj_1 JF) (a p"g"l l) = fp/~L.
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Case (ii) Let i # 0(mod p/).

Sub-case (a) If i = ‘L, forsomet, 1 <t<e-—1.

Then, pr] Tlgatii o pr] ~1y9° where y is primitive pt® root of unity.

Now o (1), = f, 50 I" = [Miff r = h (mod £), thus zf p"l‘lygt = p/-1 zf Lygt
By Notation 2.3, A, = ¥/-1aP" "9 hence /P "1y = pi-tyflyeft =
p/14,.

Sub-case (b): If i 2 0(modp’/~1), then i = g*p"lt, for some,0 <a<e—1,0<
_ 9

h<j—2and0<t<fp/1-1

Then a_pn—jgklsi = q pn -h bls+t

= B (say).

Thus £ is primitive p"th root of unity and 0 < h < j — 2 and hence
_yn—j kls- _
TrFlfpj_l/Fl (a{ p 9 l) = TrFlfpj_l/Fl (ﬁ)

Then, as discussed in Section 2, Grover and Bhandari [48], we get
_n—j kls- _
TrFlfpj—1/Fz (a p"ig l) =0.

Combining case (i) and case (ii), we get

O3, (x,y) = %(1 + %) (f Z yi+ A, Z yi+ ot Ae Z yi)

i=0(mod pJ) g.kil (mod p)ege1L
p/=

p—

Evaluation of 84, ;(x,y) for0<k<e—-1,1<j<n:
By Theorem 2.7 and Theorem 2.2,
p"-1

94,k,j(x'y) |G| 1-x) Z Trg/r X4k1(y ))

where x4 (¥) = a?" 9" and K is smallest field extension of F; containing primitive
p’th root of unity. Using Lemma 2.2, we have K = Flfp,-_l.

Also by (4) 0 3.6, X4 1,; (%) = —1,Xae;(y ) = @ "9

which gives that Try r (X4,k,j(y_i)) = Try/r CRARCALDY
As discussed above, K = szp’ 1, S0

_nn—j,kis;
Trgp (@7 P 790

_nn—j,kis;
N = TrFfjl/Fl(a P ‘g“)-
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By Definition 2.4,
—pn=J gksi fp] 114 kys;
e (7Y = SI2 p
where
p=a?

Since a is primitive p™th root of unity, then g is primitive p’/th root of unity.

Case (i) If i = 0(mod p’), then B9V = 1,
This gives that
fpi=1-1

> petti= i
s=0

which implies
T‘r'F - /Fl (a_pn_jgklsi) = fpj_ll

Jpl~t

Case (ii) Let i # 0(mod p/).

Sub-case (a) If i = tLforsomet,0 <t<e-—1,

then pr] Slpghri = pr] “1y9" where y is primitive p™ root of unity.
Now o (1), = f,s0 " = 1" iff r = h (mod f), thus

fp’ -1 gtis _ j-1yf-1, gt
I yY P Yo VY

By Notation 2.3,
f-1
At — Z apn—lgtli
i=0
hence,

Jj-1_ P — t ‘.
WP Ty = pimiy Tyt = yinig,

In view of above discussion,
_n—j kls- _ i—1

Sub-case (b): If i # 0(mod p/~1), then i = g%p"lfwhere 0<a<e—-10<h<
j—2and0<t<fpi~t-1.

Then a—pn_jgklsi -« —pn= h bls+t ﬁ (Say)

Then B is primitive p™th root of unity, 0 < h < j — 2 and Trplfpj_l/pl (a‘p"_jgklsi) =

TrFlfpj_l/Fl B).
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Then, as discussed in Section 2, Grover and Bhandari, we get

—pn_jgklsi) _
TrFlfpj—l/Fl (a 0.

Combining case (i) and case (ii), we get

pit : . .
Osr,j,(x,¥) = C] a1-x)|f Z vyt + A, Z v+ L+ A Z vt

i=0(mod p/)

K
‘qj_ll (mod p)ege'L

gki (mod p)€EL p—
j=1 p

L
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