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Abstract

In this paper, we shall extend a fundamental variational inequality which is
developed by Simader-Sohr to a variable exponent Sobolev space. The inequality
is very useful for the existence theory to the Poisson equation with the Neumann
boundary conditions in Lp(')-framework, where LP() denotes a variable exponent
Lebesgue space. Furthermore, we can also derive the Helmholtz decomposition
theorem in a variable exponent Lebesgue space.
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1. INTRODUCTION

In Simader and Sohr [18], the authors derived a variational inequality of a quadratic
form. More precisely, let €2 is a bounded domain of R? (d > 2) with a C'-boundary
0 and 1 < p < oo. They proved that there exists a positive constant C' = C(p,2) > 0
such that

Vulpr) < C  sup (Vu, Vo)

vewl? (Q) HV”“LP’(Q)
Vv#0

for all u € W'?(Q), (1.1)
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where (Vu, Vv) = fQ Vu - Vudz and V denotes the gradient operator. They also
considered the case where €2 is an exterior domain and got a variational inequality like
asin (1.1).

This inequality has many applications. For example, let v € LP((), then it follows
from (1.1) that the Neumann problem for the Poisson equation

ou (1.2)

{ Au=dive in (),
on

=v-n ondf,

where n denotes the outer unit normal vector to 0€2, has a unique (up to an additive
constant) solution in a generalized sense. The equation (1.2) plays an essential role for
the Helmholtz-Weyl decomposition for vector fields in L?(Q2) (cf. [18] and Kozono
and Yanagisawa [13]). As an application of (1.1), we can show the Helmholtz
decomposition for LP(£2). It is basic for the treatment of Navier-Stokes equation, for
example, see Fujiwara and Morimoto [9], Miyakawa [16].

In this paper, we attempt to derive an improvement of the above variational inequality
(1.1) to a variable exponent Sobolev space (Theorem 3.3). We restrict ourselves to
the case where variational inequality in a bounded domain. Though we follow the
arguments of [18], we have to proceed the analysis very carefully. The result brings
about the existence theory of weak solutions to the Neumann problem for the Laplacian
in the variable exponent Sobolev space, that is, for given functions f € (W'2()(Q))’
and g € (Tr(W'P0)Q))), where W'P()(Q) is a variable exponent Sobolev space,
(WLPC)(Q)) is the dual space of W1P() () and Tr(W () (€2)) denotes the trace space,

satisfying a compatibility condition, the following problem

{—Au:f in Q,

g—fL:g on 0f?

has a unique (up to an additive constant) weak solution. According to our best
knowledge, the result for the Neumann problem in a variable exponent Sobolev space
is the most general and new. Furthermore, we show that the Helmholtz decomposition
in a variable exponent L” (')—space which also seems to be new.

The study of differential equations with p(z)-growth conditions is a very interesting
topic recently. Studying such problem stimulated its application in mathematical
physics, in particular, in elastic mechanics (Zhikov [23]), in electrorheological fluids
(Diening [4], Halsey [11], Mihiilescu and Radulescu [14], Razicka [17]).

For the Dirichlet case of the variational inequality, we will give a result in the future
work (cf. Simader [19] for the case p(-) = p = const.).
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The paper is organized as follows. In section 2, we give some preliminaries on
variable exponent Lebesgue-Sobolev spaces. In section 3, we give main theorems
(Theorem 3.3) which is an extension of variational inequality of type (1.1) to a variable
exponent Sobolev space. Section 4 is devoted to a proof of main theorem. In section
5, we consider the existence theory of weak solutions for the Poisson equation with
the Neumann boundary conditions. Finally, section 6 is devoted to a proof for the
Helmholtz decomposition in a variable exponent L”(')-space.

2. PRELIMINARIES

Throughout this paper, we only consider vector spaces of real valued functions over
R. For any space B, we denote B¢ by the boldface character B. Hereafter, we
use this character to denote vectors and vector-valued functions, and we denote the
standard inner product of vectors @ = (ay,...,aq) and b = (by,...,by) in R? by
a-b=>" ab; and |a] = (a-a)'/?. Occasionally, we also use the same character
for matrix values functions. Moreover, for the dual space B’ of B (resp. B’ of B),
we denote the duality bracket between B’ and B (resp. B’ and B) by (-, ) g 5 (resp.
<'7 '>B/ ,B)-

In this section, we recall some well-known results on variable exponent
Lebesgue-Sobolev spaces. See Diening et al. [5], Fan and Zhao [8], Fan and Zhang
[6], Kovacik and Racosnik [12] and references therein for more detail. Let G be a
(Lebesgue) measurable subset of R? with the measure |G| > 0. Then we define a
set of variable exponents by P(G) = {p; G — [1,00);p is measurable in G} and for
p € P(G), define

p~ = essinfp(x) and p* = esssup p(z)

and
P(G)={peP(G);1<p <p’ <oo}

For any measurable function v on G and p € P(G), a modular p,( ¢ is defined by
o) = [ fute)r s
The variable exponent Lebesgue space is defined by
LPY(G) = {u;u is a measurable function on G satisfying p(.) c(u) < co}

equipped with the Luxemburg norm

. u
Jullzrooiey = nf {A > 0:py () < 1}
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Then LP0) (@) is a Banach space.

The following proposition is well known (see Fan et al. [7], Wei and Chen [20], [8],
Zhao et al. [22], Yiicedag [21]).

Proposition 2.1. Letp € P, (G) and let u,u,, € LPY)(G) (n = 1,2,...). Then we have
() lulleore) < 1= 1>1) <= pyey.au) < U=1,>1).
() o > 1 = [0l < prr0(®) < [l

+
(iii) ||U||Lz><~>(G) <l= ||U||Izp<->(c) < ppiyalu) < ||U||]£p(-)(g)-
(iv) limy, o0 [|Un — ul| o) () = 0 = limy, o0 pp(),a(Un — 1) = 0.

(V) llunllpoe) ) — 00 as n — 00 <= pp().a(un) — 00 asn — oc.

The following proposition is a generalized Holder inequality.

Proposition 2.2. Let p € P, (G). For any u € LP")(G) and v € LP'V)(G), we have

1
[ wtde < (=4 =) ool < 2ol

where p/(+) is the conjugate exponent of p(+), that is, 7+ Lo —1.

p(w ' (z)

When G is a domain (open and connected subset) of R? and p € P, (G), we can define
a Sobolev space, for an integer m > 0,

WrO(G) = {u € LPY(G); 0% € L'V(G) for [a| < m},

where @ = (ay,...,qq) is a multi-index, |o| = Y%, a;, 0 = 92 ---9% and
0; = 0/0x;, endowed with the norm

||u||Wm«P(-)(G) = Z ||aau||LP<'>(G)'

la|<m
Of course, W%P()(G) = LPU)(G). The local Sobolev space is defined by

WG = {u; for all open subset U € G,u € WO (U)},

loc

where U € G means that the closure U of U is compact and U C G.
For p € P, (G), define

Aple) g d
. L p(x) < d,
p(m)—_{dp() (2)

00 if p(x) > d.
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Proposition 2.3. Let p € P (G) and m > 0 be an integer. Then we can show the
following properties.

(i) The space W™P()(@) is a separable and reflexive Banach space.

(i) Let G =  be a bounded domain of R?. If ¢(-) € P, () satisfies ¢(z) < p(x)
for all z € €, then W™P() () — W™40)(Q)), where — means that the embedding is
continuous.

(iii) Let G = € be a bounded domain of R% If p,q € P, () N C(Q) satisfies that
q(z) < p*(x) for all z € Q, then the embedding W'?()(Q) — LI0)(€) is compact.

Let G be a domain of R¢ with a Lipschitz-continuous boundary G and p € P (G).
Since W'*0)(G) € W,oH(G), the trace u|8G to G of any function u in WP0)(G) is

loc
well defined as a function in L] _(092). We define

loc

Te(WPO(G)) = {f; f is the trace to OG of a function F € W0 (G)}
equipped with the norm
HerI‘r(lem')(G)) = inf{]|FHW1,p<<>(G); F e Wl’p()<G) satisfying F’E)G: f on 8G}
for f € Tr(WH0)(G)). Then Tr(W'P()(@3)) is a Banach space. More precisely, see
[5, Chapter 12].

For general measurable subset G of R?, we say that p € P°8(G) if p € P, (G) and p
has the globally log-Holder continuity in G' and globally log-Holder decay condition,
that is, p : G — R satisfies that there exist a constant Ci,g(p) > 0 and po, € R such
that the following inequlities hold:

C’log (p )

x) — < forall z,y € G,
Ip(z) — p(y)| < Ty E— y
and ()
log\P
T) — Poo| < —————forall z € G,
p(z) = poo| < Togle + 127
respectively.

We also write P\%¢(G) = P¢(G) NP, (G).

Proposition 2.4. If G is a domain of R and p € P*8(G), then it has an extension
q € PE(RY) with Ciog(q) = Ciog(p), ¢~ = p~ and gt = p*. If G is unbounded, then
additionally ¢ = Poo.

For the proof, see [5, Proposition 4.1.7].
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Proposition 2.5. Ifp € P%(G), then D(G) := C3°(G) is dense in Wol’p(')(G) ={u e
WLrh)(G); u|8G: 0}.
For the proof, see [5, Corollary 11.2.4].

Frequently we use the following Poincaré inequality later.

Theorem 2.6. (i) If Q is a bounded domain of R and p € P}fg (Q), then there exists a
constant ¢ depending only on d and Cog(p) such that

]l oy < € diam(Q)[|[ V| oo g for all u € Wy (Q),

where diam(€2) denotes the diameter of .

(i) If Q is a bounded domain of R? with a Lipschitz-continuous boundary 09 and

p € P8(Q), then there exists a constant ¢ depending only on d and Ciog(p) such that

lu = (@all ooy < e diam(Q)[[Vull oo q) for all uw € WHD(Q),

where (u)q = ﬁ o, ud.
For the proof, see [5, Theorem 8.2.4].

3. THE SPACE E"")(G) AND A MAIN THEOREM

This section consists of two subsections. In subsection 3.1, we define a closed
subspace EP")(G) of LP)(G) when G is a domain (not necessarily bounded) of R?
and p € P°%%(G), and then we consult some properties of EP)(G). In subsection
3.2, we state a main theorem in the case where G = () is a bounded domain with a

C'-boundary.

3.1. The space E*V)(G).

Let G be a domain (not necessarily bounded) of R? (d > 2) with a Lipschitz-continuous
boundary dG and p € P'*8(G). Define a space

EPO(G) = {Vuv;v e IXY)(G), Vv € L')(G)}

loc

equipped with the norm || V|| gro gy = | V| oo (- Here

LYY)(@) = {v;v] 4, z€ LV (G N B) for each ball B with G N B # 0}

loc
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Proposition 3.1. Let G be a domain of R (d > 2) with a boundary OG and let

p € PR@G). Ifu; € VVl(l)f (G) (J = 1,2,...) such that {Vu;}3, is a Cauchy
p(-)

loc (G), then there exist a sequence {c;}32, C R and u € VVlif (G)
such that u; — ¢; — u in WP )(G) as j — oo.

loc

sequence in LY

Proof. Step 1. For z € G, define

. { Ldist(z,0G) if 0G # 0,

1 otherwise ,

and put B(x) = {y € R% |y — x| < d,}. Then by the Poincaré inequality (Theorem
2.6 (ii)), there exists a constant C,, = C(d, Ciog(p), |B(z)|) > 0 such that

Hf— 7o)y

< CﬂC“Vf“LP(')(B(x)) (31)

) Js@) LPO) (B(z)

for all f € WO (B(z)). Assume that u; € WLPY(G) (j = 1,2,...) such that

loc

{Vu;}52, is a Cauchy sequence in L PO(@). 1f we put ¢;(z) = B Jp@) W)y,

loc

then it follows from (3.1) that {u; — ¢;(x)}52, is a Cauchy sequence in LU (B(x)).

Step 2. Let 2,y € G and H = B(z) N B(y) # 0. Assume that {a;}52,,{b;}52, C R
such that {u; — a;}52, converges in LPU)(B(x)) and {u; — b;}52, converges in
L) (B(y)). According to the generalized Holder inequality (Proposition 2.2), since

u%—@ww%—mn::uﬂ/{ ~ (ax — b))

< b _b D ]_ D
< |H|I|(% i) = (@ = bl oo 1 2o gy

= CH)[{(u; — a;) = (wx — ax)}
—{(uj — bj) — (ur — o) Hl v )
CH)|(u; = a;) = (we = ar)l|oor
+[|(w; — b)) = (ug — )|l oy g1y — O

IA

as j,k — oo with some constant C'(H). Thus the sequence {a; — b;}52, converges in
R. Moreover, we see that u; — a; = u; — b; + (b; — a;) converges in LPV)(B(y)).

Step 3. Choose an arbitrary but fixed zy € G and define ¢; = ¢;(zy). Put
M = {z € G;{u; — ¢;} is a Cauchy sequence in L") (B(x))}.

Then xy € M. M is an open subset of G. Indeed, let x € M. Then for any y € B(z),
since B(x) N B(y) # 0, {u; — ¢;} is a Cauchy sequence in LP")(B(y)) from Step 2,
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soy € M, thatis, B(x) C M. So M is open. M is a closed subset of GG. Indeed,
let z, € M and z,, — z € G. Then there exists ny € N such that x,, € B(z) for all
n > ng. Hence B(x,,) N B(z) # 0. From Step 2, {u; — ¢;} is a Cauchy sequence
in LPV)(B(z)), so 2 € M. Thsu M is a closed subset of G. Since G is connected, we
conclude M = G.

Step 4. There exist open subsets {G;}°; such that G; € Gy € --- € G and
G = UX,G;. Since {(u; — cj)‘Gi} is a Cauchy sequence in W'P()(G;), there exists
u; € WHO(G,) such that (u; — Cj)lGi—> u; in WP (G,). Without loss of generality
= U, for i > k. Define u € W,"?(G) by u(z) = Ty(z) if

we may assume u; 0w

e,
x € Gj. Then the definition is well defined. Then u; — ¢; — u in Wli’f(')(G) as

J — oQ. ]

Corollary 3.2. Let G be a domain of R (d > 2) with a Lipschitz-continuous boundary
and let p € Pfg (G). Then the space E* (')(G) is complete with respect to the norm
IV vy = V] ooy gy SO EPY(G) is a closed subspace of LP") (G). Therefore,
EPY(Q) is a reflexive Banach space.

Proof. Let {Vu;}52, be a Cauchy sequence in EPO(G). For any U € G, choose
a ball B such that U C B. Then by definition, u; € LPO(G N B) c LPO(U).
Hence u; € WP (')(G). By Proposition 3.1, there exists a sequence {c¢;} C R and

loc
u € WEPY(@) such that u; — ¢; — u in W.PY(@), so Vu; — Vu in LPY(@)
as j — oo. On the other hand, since {Vu;} is a Cauchy sequence in Lp(')(G),
there exists g € L)(G) such that Vu; — g in LPY(G) as j — co. So we have
Vu =g € L’V (G). Thus we see that u € VVlif(')(G) C LL.(G) and Vu € LY (@).
For any ball B with G N B # (), there exists a bounded set C' such that B C C' and
d(GNC) is Lipschitz-continuous. Therefore, u € L\ _(GNC) and Vu € LPY(GNC).

loc
By [5, Corollary 8.26], we have, for any G' € G,

IN

lu = (Wer || v @ney
< C(d,Cig(p), GNCO) HVUHLP(')(GOC)

< C(d, Ciog(p), G N OVl oy o) < 00

[ = {werll oo @y

So we get u € LPO)(G N B). Therefore, Vu € EPY(Q). O

3.2. A main theorem.

We are in a position to state a main theorem.
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Theorem 3.3. Let Q2 be a bounded domain of RY (d > 2) with a C'-boundary 0$) and

p € P8(Q). Then there exists a constant Cy = Cy(p, d, Q) > 0 such that

Vil < sup BVl o G BOQ), (B2)
EPO(Q)

0£VveEP ()(Q) HVUHEM»(Q)

where

(Vu, Vu)g = / Vu - Vuvdz.
0

If 2 is bounded, then it clearly follows that E*)(Q) = {Vv;v € W'()(Q)}. Hence
we have the following corollary.

Corollary 3.4. Let ) be a bounded domain of R (d > 2) with a C*-boundary 092 and
p € P8(Q). Then there exists a constant Cy = Cy(p, d, Q) > 0 such that

IVullprorqy < C1 sup Mfor all w € WO(Q). (3.3)

vty O VOl o)
Vv#0
Remark 3.5. If Q) is a bounded domain, the authors of [18] showed the result in the

case where p(-) = p is a constant such that 1 < p < oo.

4. PROOF OF THEOREM 3.3.

In this section, we give a proof of Theorem 3.3. For the purpose, since we use the
localization method, we devide this section into four subsections. In subsection 4.1, we
consider the properties in the general domain GG. In subsection 4.2, we treat the case
G = R, Subsection 4.3 devote to the case G is a half-space or a bended half-space. In
the last subsection 4.4, we complete the proof of Theorem 3.3.

4.1. The case where G is a general (not necessarily bounded) domain.

Definition 4.1. Let G be a domain of R? with a C*-boundary and q € Pfg (@).
(i) We say that G has the property QQ1(q) if there exists a constant C; = C(q,d,G) > 0

such that

Vu, Vo
IVl <€y sup 1o Viel

forall Vu € E'(G),  (4.1)
0£VveEY () (G) HVUHE{/(-)(G)

where (Vu,Vv)g = [, Vu- Vudz.
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(ii) We say that G has the property (Q2(q) if we define a linear operator o : EV(Q) —
(BE7Y(G)) by

0,(Vu)(Vo) = (Vu, Vo) for Vu € E'V(G) and V¢ € ETV(G), (4.2)

then o is topologically bijective and there exists a constant 6’; =C (q,d,G) > 1 such
that

—~_1 — )
Cyq ||VU||Eq<‘>(G) < Haq(V“)H(Eq/U(G))/ < CqHVUHEq(?(G)fO” all Vu € Eq()(G)-
(4.3)

Lemma 4.2. Let G be a domain of R with a C"-boundary and p € P'*(G). Then G

has the property Q1(q) for ¢ = p and q = p' if and only if G has the property (QQ2(q) for
q=pandq=Yp.

Proof. Suppose that G has the property Q)1(q) for ¢ = p and ¢ = p'. Let Vu €
E%0(@). Then it follows from (4.1) and the generalized Holder inequality (Proposition
2.2) that

- Vu,Vo)a|

C 1||VUH q(+) S sup |<’—

! B 0£VpcEY ()(Q) ||V¢||Eq'(»>(g)
|04(Vu) (V)|

= sup
0£VHeET )(G) HV¢HEQ’(~)(G)

- ”O-q(VU)H(Eq’(')(G))/
201V ull s | V0l g

< sup
0£VpecET O)(Q) ||V¢”Eq/(‘>(g)
= 2|Vl gaor .

Thus the estimate (4.3) holds and o, is linear, continuous and injective.

As in the proof of Proposition 3.1, we can see that o,(E?")(Q)) is closed subspace of
(E7O(Q)Y. If 0, (E1(G)) ¢ (ETV(G)Y, then it follows from the Hahn-Banach
theorem that there exists F” € (Eq’(')(G))” such that F” # 0 and F”|aq(Eq(A)(G)): 0.
Since E7)(Q) is reflexive, there exists uniquely V¢ € E?)(G) such that F”'(F') =
F'(V¢) forall F' € (E7Y(G)) and IVl grory = 1F"l gy > 0. For any
Vu € EV(G), we have 0 = 0,(Vu)(V¢) = (Vu, Vo)g. From Q,(¢'), we have
Nl 'O = 0 This is a contradiction. Thus o, is surjective. By the Banach open
mapping theorem, 0;1 is also continuous.
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Conversely, suppose that G has the property (Q2(q) for ¢ = p and ¢ = p’. Since
oy (EYY(G)) = (E1(G)) and Q,(¢') holds, for any Vu € E1V(@),

[F'(Vu)

IVul gy = sup o

0£F' e(E0)(G || | (BE1O(@))

Vu)(V

N LA I\ 0]
0£VveEY ()(Q) ||0q(VU)||(E‘1<'>(G))’
< é sup [(Vu, Vol )
Oq/ O;éVveEq/(')(G) ||VU||(E‘1(‘>(G))’
So we can get the estimate (4.1). L]

Corollary 4.3. Let G be a domain of R% with a C'-boundary and p € P8(G). If G has
the property Q1(q) for ¢ = p and q = p/, then for any F' € (EYY(G)Y, there exists
a uniqgue Vu € E(Q) such that (Vu,V¢) = F'(V¢) for all Vo € ETV(Q).

Furthermore, there exists a constant ¢ = ¢(q,d, G) > 1 such that

C_l”VUHLq(')(G) < HF,H(E‘J/(‘>(G))/ < CHVUHLq(‘)(G)'

4.2. The case G = R?

In this subsection, we consider the case G’ = R%. Let p € P5(R?).

Lemma 4.4. If we define M = {Av;v € D(RY) := C°(RY)}, then M is dense in
LPO(RY),

Proof. Suppose that M ¢ LP0)(R?), where M is the closure of M in LPO)(RY). By
the Hahn-Banach theorem, there exists F € (LPV)(R?))" with || F'|| 1) gayy > 0 and

} +7= 0. Since we can regard (LPO(RY)Y = LP'O)(R?) isometrically, there exists
v € LPO(RY) such that o]l o ay = 1F[[(zro ®ayy > 0 and F'(w) = (v, w)ga
for all w € LPO(R?). Since F’|M— 0, we have (v, Ap) = [, vAPdz = 0 for all
¢ € D(RY), so Av = 0 in D'(R%). By the hypoellipticity of the Laplacian, we can
regard that v € C*°(R?) (eventually after change of a set of measure zero), so v is
harmonic in R¢. For any r € R? fixed, it follows from the second mean value theorem

for harmonic functions that
1

YO = 1B Lo

where Br(z) = {y € R? : |y — 2| < R} and | Br(z)| denotes the volume of Bgr(z).
By the generalized Holder inequality (Proposition 2.2),

v(y)dy,

2
’ ( )’ = ’B ( )‘HU”LP()(BR Hll‘LP()BR(Z’))
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Since || 1| o) (Bp@)) < Pp().Br(x) (1)YP" = |Br(z)|/?” for large R > 0 and p~ > 1,
we have
lv(x)] < Q\BR(x)]’Hl/fHvHLp/(A)(Rd) —0as R — oo.

Therefore, we have v(x) = 0. Since z € R? is arbitrary, v = 0 in R%. This is a
contradiction. ]

-----

C(p,d) > 0 such that
CIV?0]| o) ay < [[A0]| o) may for all v € D(RY). (4.4)

For the proof, see [5, Corollary 14.1.7] (cf. when p(-) = p (constant), see Gilbarg and
Trudinger [10, Corollary 9.10]).

For p € PI8(R%), we have E*O(RY) = {Vu;u € L'V (RY), Vu € LO(RY)} by

loc

definition.
Lemma 4.5. Let p, g € P5(RY). If Vu € E1V(RY) satisfies
Vu,V
sup (VU Volrl _ 4.5)
0#£vED(R?) ||VU||LPI(‘)(Rd)
then Vu € EPY)(R?) and there exists a constant Cy = Cy(p, d) > 0 such that

| <VU, VU>Rd|

IV ul| gro)gay < C1 sup : (4.6)
B RG 0£veD(RE) ”VU”LP’(-)(Rd)
In particular, if Vu € EPY(RY), then
Vu, Vu)ga
[Vl < G sup oVl @)
0#£vED(RY) ||VUHEP’(-)(Rd)
<0 osp VYR
0;£Vv6Ep,<‘)(Rd) ||VU||EP’(-)(Rd)
that is, R? has the property Q(p) in the Definition 4.1.
Proof. Let Vu € E‘I(')(Rd). Forevery:=1,...,d, using (4.4),
Vu,V
oy RO
0#£vED(RY) ||VU||Ep'<-)(Rd)
Vu, V(0;
[V
0#£weD(RY) HvainLP’(-)(Rd)
0£weD(Rd) ||V wHLp'(')(Rd)
Ou, A
> ¢ sy 0w Al (48)

0#£weD(RY) ||Aw||LP’(<>(Rd)7
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where C' is the constant in (4.4). Therefore, the functional v +— (J;u, v)ga is linear
and continuous on the dense subspace M of LP()(R?), so the functional is uniquely
extended to a continuous linear functional on L”')(R?) which is norm preserving. Thus
there exists g € LP0)(RY) such that (O;u, v)ga = (g, v)ga for all v € M, that is,

(O, Aw)ga = (g, Aw)ga for all w € D(R?).

If we define W = Qu — g, then AW = 0 in D'(R?), so W is harmonic in R
By the same argument as in the proof of Lemma 4.4, we can regard W(x) = 0, so
du = g € LPO(R?). Hence we have Vu € LPV(R?). Since Vu € LPV(RY) and
ue LY (RY) C L (R?), for any ball B, it follows from [5, Corollary 8.2.6] that

loc
Ju— <U>B||Lp<->(B) < C(p,d, B)HVUHLP(') B

This implies that u € L10C (R%), that is, Vu € EPY(R?). Since M is dense in
LP'O(RY), using (4.8),

0;
[ _ sup Uf>]Rd’
Out) oy {
0 feLr' () (RY) Hf”LP()(Rd)

|{(Ou, Aw)pal
= sup
0£weD(RL) ||Aw||LP’(<)(Rd)
c oty (TR
0£vED(R?) ||VU||LP’(->(Rd)
Hence (4.6) holds. [

Corollary 4.6. Let p € Plog( 4). If we define E*(R?) = {Vv;v € D(RY)}, then
E>(R?) is dense in E*") (R%).

Proof. Let EX(R?) ¢ EPY(R?). Then by the Hahn-Banach theorem, there exists

F' ¢ (EPY(R%)) such that F' # 0 and F’ = 0. For ¢ = p and ¢ = p/, since

|E°° (R4)

IVl goy gy < € sup VU, Vo)ga|

for all Vu € E7V(R?)
0£VpecE1? ') (R4) HVQb”Eq ) (R%)

from Lemma 4.5, R? satisfies (1 (¢) for ¢ = p and ¢ = p’. By Corollary 4.3, there exists
uniquely Vu € EPO)(R?) such that IV ul| g ) gay > 0 and

F'(V¢) = (Vu, Vé)ga for all Vo € EPV(RY).
On the other hand, since F’ ‘ o) 0, we have

0= F'(V¢) = (Vu, V@) for all ¢ € D(R?).

From (4.7), we have Vu = 0. This is a contradiction. O
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4.3. The case where G is a half-space or a bended half-space

In this subsection, we consider the case where G is a half-space or a bended half-space.
Let G = H = {o = (2/,2q9);2 = (x1,...,74-1) € R 24 < 0} and define
Co(H) = {v] v € Cg(RY)}.
Lemma 4.7. Let p,q € P2(H). If Vu € EV)(H) satisfies
|<VU, VU>H|
sup o
0£veCse (H) HVUHEP’(')(H)
then Vu € EPY)(H) and

Vu, Vo
IVl oy < o sup [0Vl @9)
0#£veCs® (H) I UHEP’(-)(H)
where Cy = 2C' and C is the constant of the inequality of (4.6).

In particular, if Vu € EPY)(H), then (4.9) holds, that is, H has the property Q1 (p).
Proof. We reduce this case to the previous case by reflection argument. For any

function v : R? — R, define o(z’, 24) = v(z’, —x4), and for any function u : H — R,
define

. u(z' xg)  ifxg <0,
u* (2’ xg) = .
u(z!, —xq) ifxg > 0.

We note that if p,q € P °5(H), then clearly p*, ¢* € P(R?). Let Vu € EV(H),
that is, v € L) (H) and Vu € L (H). Since

. O;u(x) for x4 < 0,
6iu (CL’) - S5
(=1)%(Qu) (2, —x4) forzg >0
fori=1,...,d. Since
pera(IVU]) = | [Vu'|"Wdy
R4

_ / |Vu*|q(x)dl’ +/ V(2 _xd)‘q(x/’,xd)dx
H {$d>0}
= 2/ |Vu*|"@dz < oo,
H
we can see that Vu* € LY (R?). For any v € D(R?),

(Vu*, Vo)pa = /{ o Vu(z) - Vou(zr)dx +/ Vu*(z) - Vou(z)dx

{zq>0}

_ /H Vu(z) - Vol)de + /H Vu(z) - Vo(z)de.
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Hence (Vu*,Vu)ga = (Vu,V(v + 0))y. Since [V(v + 0)|prory <
2|Vl Loy ey and v + T € C°(H), we have

Vu*, V Vu,V v
wp UVl (VY4 )]
0£veD(R?) ||VU||LP()Rd) vED(R?) ||V<U+U)HLT—’() H)

v—i—v;éO
Vu,V
BN\ A 207
0£weCse (H vaHLp()(H)

By Lemma 4.5, Vu* € E”*(')(Rd), so Vu € Ep(')(H) and

* VU*,VU d
IV allgriony < V0 o < Ci sup o )zl
0veD(®) [ V[ Loty (gay

< 2Cy sup
0#weCse (H) HVwHLP'(‘)(H)

]

Next we consider the case of a bended half-space. Let w = w(z’) be a C''-function
defined in R¢~! such that w(z’) = 0 for |2/| > R = R(w) > 0 and define a bended half
space

H,={z=(2,24) € RY: 24 < w(2))}.

Lemma 438. (i) Let G = H, and p € PY(H,). Then E*(H,) = {Vo| v €
C°(H,)Y is dense in EPO(H,).

(i) Let G = Q, where Q is a bounded domain with a C"- boundary and p € P%(Q).
Then E*°(Q)) := {Vv‘— v e C°(Q)} is dense in EPV)(Q).

Proof. For each case, it follows from Proposition 2.4 that we can assume that p €
PE(RY). Let Vo € EPY(G). Since G is of class C, there exists Vo € EPY(RY)
such that Vo = Vv in H, (cf. [5, Theorem 8.5.2] and Miyajima [15, Theorem
6.17]). Then from Corollary 4.6, there exists {¢;} C C§°(R?) such that ||V, —

VOl o)y — 0 as j — oo. Thus V(MGG E>*(G) and [|[V¢; — Vvl o) <
vabj — V;-l\}-/HLp(-) (Rd) — 0asj — oo. [
Lemma 4.9. Let p,q € Plog( H,). Then there exists a constant K = K(p,q,d) >
0 such that if ||V'w||peori-1y = esssupycpa:|V'w(2')] < K, where V' =
(Ouys .-, 0z, ,), then there exists a constant C(s) = C(s, K, d) > 0 such that
Vu, Vv
IVl pso g,y < C(s) sup [V, Vo), |

0£VveE™® (H,) V]

fors(-) =p(-),P'(-),q("), ¢ (") and any Vu € E*V)(H,).

L' O(H,,)
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Proof. Define a mapping y = y(z) from R? to R? by y;(z) = x; fori =1,...,d — 1
and y4(z) = w4 — w(2’). Then the mapping is of class C' and y maps H, to H
bijectively with the Jacobian J(y(z)) = 1. Let z = xz(y) be the inverse mapping.
For s € P'%(H,,). Denote (3)* by an even extension of 5 with respect to y4, and define
s*(x) = (3)*(y(z)), Then s* € P5(RY). For Vu € E*V)(H,), define u(y) = u(x(y)).
We use the following notations 9; = 9/dy;, 0; = 0/0x;, V = (01,...,04),
V = (0),...,0;). Then 0; = 0; — g—;gd fori = 1,...,d — 1 and 9; = 0g.
Hence Vu € E°*V(H,) if and only if Vi € E°"(H) and there exist constants
e; = ¢;(s(+),d) > 0 (z = 1, 2) independent of w such that

Vo]

L¥ O (H) < 31(1 + HV,wHL‘X’(Rd—l))va L¥ O (H)

and
| <VU, VU> H, ‘
/ (V1 — V'w(941),041) - (V1 — V'w(90), 040)dy
H

> (VT VO | — e2]| V'w]| g a-1) (1 + [[ V'@l Lo @a-1) [V s 4y VT oo -
Therefore, we have

(Vu, Vo), |
sup _—_
oxveer=) [Vl Lo,

-1 Vﬂ, V@ H

Z (61(1 + ||V:E’WHL°°(R‘1*1))) 7SU_p |<__—>|

0£VDeEE™ (H) V7] L¥ O ()

—6261_1 || VxleLoo(Rd—l) ||Vﬂ| LE(.)(H) .

Choose K < 1o that (e;(1 4 K))™'Cy ' — e;'ea K > 0 and put
Cls() "' ={(ea(1+ K))'C ' —er e K } (e (1 + K))
Then using Lemma 4.7, we have

sup |<VU, VU>H“)|

> C(s(-) | Vu
DL B (s(-) " [[Vul

Ls()(Hw) .

L' O (H,,)
This completes the proof. ]
4.4. End of the proof of Theorem 3.3

Lemma 4.10. Ler Q2 be a bounded domain with a C'-boundary and p € 'Pfg Q). If
Vu € EPY(Q) satisfies (Vu, Vu)g = 0 for all Vv € EYO(Q), then Vu = 0.
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Proof. Since p(z) > p~, p/(z) < (p~) and Q is bounded, E*V(Q) C EP (Q)
and E?)'(Q) ¢ E”O(Q). Hence Vu € EP () satisfies (Vu, Vu)g = 0 for all
Vv € E?)(Q). Therefore, it follows from [18, Lemma 3.9] that Vu = 0. O

Proof of Theorem 3.3.

Let 2 be a bounded domain of R? with a C'*-boundary 9). For every z, € 052,
there exist p > 0 and 0 € C'(B,(x¢)) such that Vo(zo) # 0, QN B,(zy) =
{x € B,(xp);0(z) < 0} and 0Q N B,(z9) = {x € B,(x);0(x) = 0}. Then
(Vo (x0)| "'V (zo) is the exterior unit normal vector at zo. Hence there exists an

orthogonal matrix S such that S (|VV‘;((Z 00)))|> = eq ="(0,...,0,1). Define a map
y(x

(a: — xg) from B,(zg) to Ep(O) = {y € Ryl < p} and

( ) o+ S ty), Q, = QN B,(x), Q = SQ and ﬁp =Qn Ep(()). Then for
s € PLE(Q), Vu € E*V(Q,) and Vv € E¥O(Q,), we define 5(y) = s(wo + S™'y),
a(y) = ulwo + S~'y) and 5(y) = v(wo + S~'y). Then we see that 5 € P%(Q),

) =
ol
Q

(Vu, Vi)g = (Vu, Vo),

and by definition of L*()-norm, | V|

0@, @esp. [Vl o g ) ) and [Vl peo g
(resp. || Vul|gs)(q,)) are equivalent. Slnce Va(0) = |Va(:1:0)|ed # 0, using the
implicit function theorem there exist 0 < p' < p, h > 0 and ¢ € Cl(B_;,), where
B_,’o/ = {y' € R |y/| < p'} such that

Zi=Zyp={y= (' va) €RG Y| < 0\ |yal < h} C B,(0),

W.y()) € Zify € B, 5(y,¢(y)) = 0,4(0) = 0, (V'¥)(0) = 0, where
V' = (81117 s 78@/(171)’

0UNZ =4y € Ziya=d(y)}and AN Z = {y € Z;ya < ¥(y)}.

Let n € C3°(RY!) such that n(y') = 1 for |[/| < 1 and n(y’) = 0 for |y'| > 2. For
0 <\ < p//2,if we define ny(y') :==n(A~'y) and

wa(y') = { m)Y(y)  for |y < o,

0 otherwise ,
then by ¢(0) = 0, V¢ (0) = 0 and the mean value theeorem, we have

sup{|V'wr(y);y € R} — 0as A — +0.

Thereby if we choose KX > 0 as in Lemma 4.9 and A > 0 is small enough, then
V' wr(y/)|pe®e-1y < K. Choose 7 = (o) > 0 such that 0 < r < p' and
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B,(xy) C Z and choose ¢ € C°(B,(z)) such that 0 < ¢ < 1, ¢(z) = 1 on
B'(z0) = B,pa(xo). If Vu € EPY(Q), then V(¢u) € EPV(Q). Here we extend

¢u outside €2 N B, (z() by zero, we may assume that ¢u is defined in H,,,. By Lemma
4.10, there exists C'(p(-)) = C(p(+), K, d) > 0 such that

V(u), Vo),
||V<¢U)HEP(‘)(BT(a:O)nQ) < C(p(+)) sup [(V(¢u), V) g A|

0£VvEE™ (H,, ) ||Vi]\||EP/(')(Hu)\) .

Since O is compact and of class C', there exist finitely many x; € 9Q and
r; = ri(z;) > 0(i = 1,...,M) such that B := B, js(x;) C B; := B, (z;) and
0Q C UM, B!. If we choose ¢; € C5°(B;) such that 0 < ¢; < 1 and ¢; = 1 on B/, then

‘(V(@'U), V@H% \
||V(¢zu) ||Ep(')(BiﬁQ) < Cz R sup Vo
0#VVeE™ (Hu, ) H U”E”'<‘>(HW/\_)

(4.10)

Since € is bounded, ; = Q \ (UM, B!) is compact. Hence 7 := dist (Q1,99) > 0, so
there exist finitely many z; € Q (i = M +1,..., N) such that Q; C UY ., B/, where
B} = B, s(x;) and B; = B,(z;). Let ¢; € C5°(B;) such that 0 < ¢; < 1, ¢; = 1 on B.
By Corollary 4.6, forevery = M +1,..., N,

\v4 iU,VU
IV (Gl gmiogsy < G sup L0t Voigal

4.11)
0£veD(R?) HVUHEP’(~)(Rd)

Now suppose that the statement of Theorem 3.3 is not true. Then there exists a sequence
{Vu,} ¢ E*Y(Q) such that Vgl gre) ) = 1 and
- [(Vug, Vo)g

£ 1= sup —_——

— 0as k — oo. 4.12)
0£VveEP' () (Q) HVUHEP/(')(Q)

Without loss of generality, we may assume that [, updz = 0. Since EPO(Q) is a
reflexive Banach space, there exist Vu € EP")(Q) and a subsequence of {uy} (still
denoted by {u;}) such that Vu, — Vu weakly in E?O(Q). For any Vv € EP0(Q),
using (4.12), we have

(Vu,Vu)g = klim (Vuy, Vo)g = 0.
—00

By Lemma 4.10, we have
Vu=0. (4.13)

From the Poincaré inequality (Theorem 2.6 (ii)),

[ukl| zoer @) < C0(), d, Q[ Vg pocs -
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Since p(z) < p*(z) for all # € Q, the embedding W) (Q) — LPO)(Q) is compact
from Proposition 2.3. Hence choosing again a subsequence, we may assume that
uy, — w strongly in LPU(Q). Since [, ugdz = 0, we see that [, udz = 0. From (4.13),
we have u = 0, so u, — 0 strongly in LP*)(Q). Fixanyi = 1,...,M,M +1,..., N.
Ifi=1,..., M, from (4.10) C; ||V (¢su) || oo 5,00y < di» Where

i (Y (6). VD), |
d;, = sup .

0#£VIEE™ (Ha, ) ||V5||EP’<->(HWX>
Ifi=M+1,...,N,from (4.11), C; |V (¢sur) || oo,y < di where

] v ) aV
i s V00 Vo]
0#£vED(RY) ||VU||EP/(')(RL1)

For each k € N, there exist V7, € EP")(H,, ) such that IV Ok oy g, ) = 1 and
7 W)‘i

, — 1
0< d’;c - <V(¢Zuk)7 Vak’)Hw)\i < E fori = 17 sy M)

and Vv, € EPV(R?) such that || Vo[ 1) ey = 1 and
‘ 1
0 < dy = (V(diur), Vog)pe < L fori=M+1,...,N

We may assume that [, Tpdy = 0 fori = 1,...,M and [, vpdz = 0 for
“X; 7
1=M+1,..., N. By the Poincaré inequality, we conclude

for some constant C' > (. Passing to a subsequence, we can assume that there exist
Vo, € EPU(H,, )and Vu; € EPV(R?) such that

V7, — Vu; weakly in Eﬁ(')(Hmi) and T, — 0; strongly in L7 )(B; N H,, )
fore =1,..., M and
Vo, — Vu; weakly in EP O (R?) and v, — v; strongly in LP')(B;) fori = M+1, ..., N.

For the brevity of notations, we write G = H% fori = 1,...,M or G = R for
it=M+1,...,N and vy, v; by vy, v;. Then we have

di, < + (Vug, V(oup)) e + (up Vi, Vog) o — (Vug, e Vi) o

<

e

+ ekl V(0ivr) | o ) + (ueV di, Vool + [(Vug, vV di)al-
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Since suppV¢; C B;, u, — 0 strongly in LPO)(B; N G) and Vv, — Vu; weakly
in L"O(B; N G), we have |(u;Vé;, Vug)a| — 0 as k — oo. Similarly, we have
| (we, ve Véi)g| — 0 as k — oo. Since ey — 0as k — oo and |V (¢jvp) || oo ) < C,
we have dy — 0 as k — 00, 50 |V (¢iur)|| ) (p;n0) = 0ask — ocofori=1,..., N,
Since 2 C UY, B!, we have

=2

IV ttk]| o Z (D51i) | Lo (e <Z||V (i) | o) (,n0) — O

i=1 =1

as k — oo. This is a contradiction. This completes the proof of Theorem 3.3.

S. POISSON EQUATION WITH THE NEUMANN CONDITIONS

In this section, as an application of Corollary 3.4 we consider the following Poisson
equation with the Neumann boundary condition in a bounded domain 2 of R¢ with a
C'-boundary ).

—Au=f in(,
ou (5.1)
=y on 0f).

First we consider the normal trace of a vector field.

Lemma 5.1. Let ) be a bounded domain of R* with a C*-boundary 052 and p €
PLEQ). If v € LPY(Q) satisfies divv € (WY O(Q)Y, then we can define v - n €
(Te(WH7'0(92))) by

(v-n, p)aq :/v-Vgpdx—i—(divv,¢>(W1,p/(_>( Q) Wi () for ¢ € wh'O(Q). (5.2)
Q

Proof. The definition (5.2) is well defined. Indeed, if ¢ € W' ()(Q) satisfies ¢ = ¢
on 0X, then x = ¢ — ¢ € Wol’p/(')(ﬂ). Since D(f2) is dense in WoLp/(')(Q) from
Proposition 2.5, there exists a sequence {x;} C D(£2) such that y; — x in Wol’p/(')(Q).
We see that

/ v - Vxdz + (divw, X>(Wl,p/c)(Q))I,Wl,p’c)(g)
Q
j—00

= hm (/ v - ijdx + <diV v, Xj>(Wl,p/(~)(ﬂ))/’wl,p,(<)(Q))
Q

= lim (/ v - Vy;dr + (div 'Uan>D’(Q),D(Q)>
Q

J—00

= lim (/'U-ijdx—/v~Vde:c> = 0.
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Hence
/ v Vedz + (divo, 90>(Wl,p’(-)(Q))/,Wl,p/(»(g)
Q

— / v - V¢d$ + <d1V 'U, ¢>(Wl*p/(')(Q))/,WLPI(')(Q)'
Q

Let ¢ € Tr(W''0)(Q)). For any ¢y € W'P0)(Q) with ¢» = ¢ on 95, using the
generalized Holder inequality, we have

/'v - Vibdz
Q
2|l oo IVl o g + 1div vl e @y 19w @

< 2(|[vll o) + 1div ol o @) 1Y e o g)-

IN

[(v -7, p)oal + [(div v, ¢>(Wl,p’(-)(Q))gwl,p’(-)(g)|

IN

From the definition of ||| w1001 (), We see that v - n € (Tr(W'#'0)(Q)))" and

v - nH(T‘r(Wl,P’(‘)(Q)))/ < 2(”””1:19(0(9) + HdiVUH(Wlm’U(Q))/)-

For the brevity of notations, we write

(fip)a = (f, 90>(Wl,zﬂ/(')(Q))/,WLP/(‘)(Q) for f € (Wl’p/(.)(Q»/ and ¢ € Wl’p/(.)(Q)y
(g:p)o0 = (g, @)(Tr(WLP’(-)(Q)))’,Tr(WLP’(-)(Q)) for g (TT(Wl’p,(')(Q)))/
and ¢ € Tr(W0(Q)).

We are in a position to state a main theorem in this section.

Theorem 5.2. Let Q) be a bounded domain with a C*-boundary dQ and p € P'%(Q).
Assume that { € (W''O(Q)) and g € (Te(WHP'O(Q))) satisfying the compatibility
condition

(f, Do+ (g, 1)oa = 0. (5.3)
Then problem (5.1) has a unique weak solution [u] € W'P")(Q)/R, that is,

/ Vu-Vode = (f,0)a + (g, o forall [p] € WO(Q)/R. (5.4)
Q

We note that the right-hand side of (5.4) is independent of the choice of representative
of [¢| according to the compatibility condition (5.3).

Furthermore, there exists a constant C = C(p(-),d, ) > 0 such that

Nl < CU oo @y + 190 oo gy (5.5)
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For the proof of Theorem 5.2, we apply Corollary 3.4 and the following proposition.

Proposition 5.3. Let X and M be two reflexive Banach spaces, and X' and M' be their
dual spaces, respectively. Assume that a : X x M — R is continuous bilinear form,
and let A € L(X, M') be the continuous linear operator from X to M’ defined by

a(v,w) = (Av,w)pp p forv e X,w e M,
and put V' = ker A. Then the following statements are equivalent.

(1) There exists a constant 3 > 0 such that

a(v,w)
inf sup ————— >
0AweM gxpex ||v]|x[|w|| s

(ii) The operator A : X/V — M’ is a topological isomorphism and 1/ is the

continuity constant of A™1.

For the proof, see Amrouche and Seloula [1, Theorem 4.2].
Proof of Theorem 5.2.
Define a linear functional [ on W'#'()(Q) /R by

L)) = (£, 9o + (g, an for [p] € WTO(Q)/R. (5.6)

We note that from the compatibility condition (5.3), the right-hand side of (5.6) is
independent of the choice of representative of [p]. For any ¢ € [¢],

IA

(D = (D)

11l (Wr'O(Q)) Hl/’”Wlp/(v(Q +HgH(Tr(W1P'(')(Q) ||1/’HTr(W1m’<-)(Q))
< (A llgrrwrer @y + 19l arro @y ) ¥ lwiroe)

Therefore, we can see that [ € (W'*'()(Q)/R)’" and

HZH(WLP’(J(Q)/R)' = ||fH(W1w’(->(Q))' + HgH(Tr(leP/(')(Q)))" 5.7

Since p € PY2(Q), we can see that W'P()(Q)/R is a reflexive Banach space
and according to the Poincaré inequality (Theorem 2.6 (ii)), ||[u]l[w1.re)(0)r =
Hvu”LP(‘)(Q)'

We apply Proposition 5.3 with X = W'?0)(Q)/R, M = WH'()(Q)/R and

a([u], [v]) = /QVU - Vudz for [u] € X, [v] € M.
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Using the generalized Holder inequality, there exists a constant C' > 0 such that

/ Vu-Voudzx
Q

Thus a is a continuous bilinear form on X x M. The operator A : X — M’ is defined

la([u], [])| =

< 2V ull ooy o) IVl s ) < Clllulllx [ [V]]]ar-

(A([u]), [v]))ar e = al[u], [v]) = /QVU - Vudz for [u] € X, [v] € M.

If [u] € KerA, then 0 = [, Vu - Vudz for all [v] € M. By Corollary 3.4, we have
Vu = 01in €, so u = const., that is, [u] = 0. Hence KerA = {0}. Proposition
5.3 (i) follows from Corollary 3.4. Thereby, A : X — M’ is an isomorphism and
|A7 ]| x < Cy||l||ar for all I € M, where C; is the constant of (3.3). Thus for the
linear functional [ in (5.6), there exists a unique [u] € X = W0 (Q)/R such that
A([u]) =l and ||[u]]|x < C1||l||ar, thatis, (5.4) holds and from (5.7), the estimate (5.5)
holds.

Taking ¢ € D(€2) as a test function of (5.4), we have
(f,ola= / Vu - Vodr = (—Au, 9)p(9)p9)-
Q

So we have —Au = f in (W7 0)(Q))". Since Vu € LY (Q) and —div Vu = —Au =
fe (Wh'O(QY, for any p € WP ()(Q), we have

(n-Vu,p)aq = / Vu - Vodr + (div Vu, ©) o))y w0 @)
Q

= /QVu -Vodr — (f,0)a = (9, ¢)aa.

Hence n - Vu = 24 = g in (Tr(W'?'0)(Q)))". This completes the proof of Theorem
5.2.

6. THE HELMHOLTZ DECOMPOSITION

As the next application of Corollary 3.4, we consider the Helmholz decomposition. Let
Q be a bounded domain of R? with a C'*-boundary O and let p € P°%(Q2). Then
EPO(Q) = {Vuv;v € W0 (Q)} and define

D,(2) = {peD();dive =0inQ},
LPO(Q) =  the closure of D, () in L’V (Q).
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Lemma 6.1. Ifu € L”Y)(Q) satisfies
(u, p) = / u - pdx = 0 forall ¢ € D,(Q),
Q
then there exists 1 € W) (Q) such that uw = V' in Q.

Proof. If u € LPY(Q) satisfies
(u,p) = / u - pdx = 0 for all p € D, (),
Q

then clearly u € W17 ) (2) and by the simplified version of the de Rham theorem (cf.
Aramaki [2], [3]), there exists 7 € LP()(€) such that w = V' in W’l’p(')(Q). Since
Vr =u e LPY(Q), we see that m € W20 (Q). O

We state the following main theorem in this section.

Theorem 6.2 (The Helmholtz decomposition). Let 2 be a bounded domain of R? with
a C'-boundary 9Q and let p € P 5(Q). Then for every f € LPU(Q), there exist
uniquely w € LPY(Q) and V7 € E*V(Q) such that

f=u+Vn,
that is, LPY)(Q) = L*Y(Q) @ EPY(Q). Furthermore,
||V7T||Lp<'>(Q) < Cl“f”LP(')(Q) and ||u||LP<')(Q) < (Ci+ 1)||f||Lp(‘)(Q)a

where (' is the constant in Corollary 3.4.

Proof. Step 1. If u € LY(Q), then (u, Vw)Lp(.)(Q) 7O
Ep/(')(Q).

@ = 0 for all V¢ €

Indeed, if w € LPY)(1), then there exists a sequence {u;}52, C D,(Q) such that
[ — || oy ) — 0 as j — oco. Then for all Vi) € E¥0)((),
<’U/j, Vl/)> = —<diV’U/j,1/)> =0.
Hence
(u, Vip) = lim (u;, Vb)) = 0 for all Vop € EPO(Q).
Jj—o0
Step 2. L*Y(Q) n E*Y(Q) = {0}.

Indeed, let u = Vv € LPY(Q) N EPY(Q). By Step 1, we can see that 0 = (u, Vi) =
(Vv, V) for all Vip € EPO(Q). By Corollary 3.4, Vu = 0, so u = 0.
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Step 3. L2V(Q) @ EPV(Q) is a closed subspace of LP) ().

First we note that L?") (Q) and EP")(Q) are closed subspaces of L”)(Q). Suppose that
f; =u;+ Vu;, where u; € L2V (Q) and Vv; € E*V(Q), and f; — f in L)(Q) as
j — oo. By Corollary 3.4 and Step 1,

Vv, —v), V
HV(Uj - Uk‘)HLp(')(Q) < Cl sup ’< (V] k) w>|
0£VyeEP ()(Q) || wHLP’(‘)(Q)

_ o (f; — £1. VO)]
- 1 sup v
0£VYeEY ()(Q) I wHLP/(‘)(Q)
< Cl”fj - -kaLP(')(Q) — 0as j,k — oo.

Hence {Vv;} is a Cauchy sequence in E”)(Q2) which is a closed subspace of L()(12).
Therefore, there exists Vo € EY(Q) such that Vo; — Vo in EPY(Q). Thus
u;=f; — Vv, > u:=f—-Vovin LPY(Q). Since LPY(Q) is a closed subspace of
LPO(Q), we see that u € LPV(Q) and f = u + Vo € LPY(Q) @ EPV(Q).

Step 4. L'V (Q) & EPO(Q) = LY (9).

Suppose that L*Y)(Q) @ EPY(Q) ¢ LPY(Q). By the Hahn-Banach theorem, there
exists F' € (LPV(Q)) su<I:h that F’ # 0 and F"L?‘)(Q)@EM‘)(Q)
identify (LP")(Q)) with LP ) (Q), there exists u € LP ) (Q) such that F'(g) = (u, g)q
for all g € LPY(Q) and lull o)) = I F'|| ze) 0y > 0. For any /cb € D,(Q) C
LPY(Q), F'(¢) = 0 = (u, ¢). By Lemma 6.1, there exists 7 € W' ()(Q) such that
u = V. Since

= 0. Since we can

(Vr, V) = (u, V) = F'(Vy) = 0 for all Vo € EPO(Q),
it follows from Corollary 3.4 that V7 = 0, so w = 0. This is a contradiction.

Step 5. Estimate.

Let f = u+ Vr, f € L'V(Q),u € LXY(Q), Vr € E’Y(Q). By Corollary 3.4 and
Step 1,

Vr,V
|’V7T|’LP(‘)(Q) S Cl sup |<V—¢>|
OyévweEP’(-)(Q) || 7vDHLp’(-)(Q)

[(f, V)|

= O sup SACEE S A
0£VypeEP' ()(Q) ||V17ZJHLP’(Q)

< OleHL”(‘)(Q)

and

/| oo @ = l(w + V) = V7 ooy = I1F = V7l o) < (Cr+ DIFll g -
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]

We have the following characterization of L?) ().

Corollary 6.3. We have L?")(Q) = WP (Q), where
WP (Q) = {v € LPY(Q): (v, V) = 0 for all Vi) € EPO(Q)}.

Proof. By Step 1 in the proof of Theorem 6.2, we see that LE) (Q) ¢ WPV (Q).
Letu € W”(')(Q). Then by Theorem 6.2, we can write

u=wv+ Vr, where v € L*V(Q), Vi € E?V(Q).
Using again Step 1 in the proof of Theorem 6.2, we have
(Vr, Vi) = (u, Vi) — (v, Vi) = 0 for all Vi € EPO(Q).

By Corollary 3.4, Vi = 0, s0 u = v € L!Y(Q). This means that W70 (Q) C
(). O
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