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Abstract

Obtaining a new curve from a given parameterized curve in n-dimensional Eu-
clidean space (in short curve in E" or nD curve) is an important tool used in
differential geometry, computer graphics and computer aided design. An example
of such a creation is the unique focal curve of any Frenet nD curve. The aim of
this paper is to present a three-stage construction for a new associate curve in the
Euclidean 3-space to any Frenet 3D curve of class C*. The new curve is called
a generalized focal curve of a Frenet curve in E3. The first stage of the proposed
construction defines a unit-speed Frenet 4D curve from a given unit-speed Frenet
3D curve. The second stage of the construction is finding the focal 4D curve of the
considered Frenet 4D curve. The final third stage determines a generalized focal
curve of the given Frenet 3D curve as a projection of the obtained focal 4D curve
into the Euclidean space E3. The construction is accompanied by an algorithm and
three illustrative examples in which the generalized focal curves are expressed in

an explicit form.
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1. INTRODUCTION

A Frenet curve in n-dimensional Euclidean space E" (n > 3) is a parametrically defined
curve of class C" whose derivatives up to order n are linearly independent for any
parameter value. Such a curve determines a Frenet frame consisting of a unit tangent
vector function T and n — 1 unit normal vector functions N;, i = 1,...,n — 1. For
any parameter value, n-tuple of vectors T, Ny, ...,N,_; form a positively oriented
orthonormal basis of R”. Any Frenet curve specifies (n — 1) real-valued functions
k1 >0, ..., ky—9 > 0, k,—1 # 0 called curvatures (also known as Euclidean or Frenet
curvatures). The relations between the Frenet frame and the curvatures are expressed
by so-called Frenet-Serret equations. Two approaches for determining the Frenet frame
and computing the curvatures of the Frenet curves were presented by Gluck in [8] and
by Banchoff and Lovett in [2].

Finding the focal curve of a given Frenet curve is an important task in differential
geometry of curves. The focal curve is a locus of centers of osculating hyperspheres
of the original Frenet curve. A parametrization of the focal curve can be obtained by
the parametrization, the unit normal vectors, and the curvatures of the original curve.
These and other significant properties of the focal curves were discussed in detail by
Uribe-Vargas [20]. In particular, he proved that the focal curves of the self-congruent
curves are also self-congruent curves. There are additional results that investigate the
focal curves of various classes of Frenet curves. Encheva and Georgiev [6] showed that
the focal curve of any self-similar curve in E” is also a self-similar curve in E". Oztiirk
and Arslan [15] verified that the focal curve of a curve in E"” with constant curvature
ratios is another curve with constant curvature ratios. Oztiirk et al. [16] discussed focal

curves of so-called k-slant helices in B!,

In the last decade, different associated curves of a Frenet curve in E? have been ex-
tensive studied. Choi and Kim [3] investigated some integral curves called a principal
(binormal)-direction curve and a principal (binormal)-donor curve, which are associated
curves of a Frenet curve in E?. They obtained the relationships between curvature and
torsion of the original curve and the curvature and torsion of these associated curves.
They also characterized special curves, known as general helices and slant helices, in
terms of principal-direction curves and principal-donor curves. Recently, Deshmukh
et al. [5] derived relationships between several classes of Frenet curves in E3. One
of their interesting results is that there exists a unique circular helix, i.e. curve with
constant non-zero curvature and torsion, which is associated with a non-helical curve

in E3 of class CK, k > 4, i.e. a curve with a non-constant ratio of torsion to curvature.
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In this way, new characterizations of slant helices, Salkowski curves, spherical curves
and rectifying curves are presented. Associated curves of Frenet curves in E? are also
discussed in [4], [12], [14] and [17].

The purpose of this paper is to present a new construction of a parameterized curve in E?
from a given unit-speed Frenet curve of class C* in E3. This construction is divided into
three consecutive parts. In the beginning, the given curve in E3 generates a unit-speed
Frenet curve in E*. After that, the unique focal curve in E? of the obtained curve in E4
can be determined parametrically. Finally, the orthogonal projection of this focal curve
into a fixed hyperplane in E* is identified with a curve in E? called a generalized focal
curve of the given Frenet curve in E3. The transfer from a Frenet curve in E3 to a Frenet
curve in E* depends on the type of the original curve. We examine the following three
types of Frenet curves in E3:

1. Non-helical curves, i.e. Frenet curves with non-constant ratio of torsion to curvature;
2. General helices different from circular helices, i.e. Frenet curves with a constant
ratio of torsion to curvature, a non-constant curvature and a non-constant torsion;

3. Circular helices,i.e. Frenet curves with a constant non-zero curvature and a constant
non-zero torsion.

The proposed construction is explained by a detailed algorithm and suitable examples.

The paper is organized as follows. In the next section, we recall definitions and basic
facts concerning the Frenet curves and their focal curves in the Euclidean spaces E? and
E*. Then, a three-stage construction for determining a parametrized space curve from a
given unit-speed Frenet curve in E3 is presented. The main part of this construction, i.e.
the transfer from a Frenet curve in ES to a Frenet curve in E?, is discussed in detail. The
construction is accompanied by an algorithm which covers all cases of Frenet curve in
E3. In the sequel, three illustrative examples are given. The paper ends with concluding

remarks.

2. FOCAL CURVES OF CURVES IN THE EUCLIDEAN SPACES WITH DI-
MENSIONS 3 AND 4

In this section we recall some basic definitions, computations and constructions for
parameterized curves in the Euclidean spaces E3 and E*. These curves are also known

as 3D curves and 4D curves.
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2.1. Frenet curves in the Euclidean three-space

We consider the Euclidean 3-space E? as an affine space with an associated vector space
R3. Any point of E? can be represented by its position column vector from R®. For any
two column vectors a € R? and b € R3, the scalar (or dot) product a- b € R and the
vector cross product a X b € R3 are well known operation.

Leta : I — E3 be a curve defined on an interval I C R by a vector parametric equation

a(t) = (x(1), y(1), z(1)))", tel (1)

Suppose that the coordinate functions x(z), y(t), z(¢) have continuous derivatives up
to order 3. If the vectors a@’(t) = (x’(t),y’(t),z’(t))T, a’(t) = (x”(t),y”(t),z”(t))T,
" (1) = (x"(1),y" (1), z’”(t))T are linearly independent for any ¢ € I, then « is called
a Frenet curve in E®. For such a curve the norm ||@’(7)]| = \/m is a positive
real number, the vector cross product &’ (¢) X a”(t) is a vector different form (0, 0, 0)”
and [a’(t) X a/”(t)] -a”’(t) # 0. Therefore there are determined the curvature of a by

_ /(@) xa” (@) ||

0= O

2)

and the torsion of @ by

[ (1) x a”(1)] - (1)
la’ (1) x a”(1)||?

(1) =

(3)
Moreover, there are three vectors

61 = e’ ()
n(1) = e - Twar e () x @’ (0] x e’ (0} (4)
b(l) = M[a”(ﬁ X Q’”(l‘)]

defined at any point @(z) of the curve. These vectors form a so-called Frenet frame
which is a positively oriented orthonormal basis, i.e. |[t(?)|| = |[n(?)|| = ||b(?)| = 1,
t(7) -n(r) =t(¢) - b(r) =b(¢) - n(r) =0, and [t(t) X n(t)] -b(t) = 1. A focal curve (or
an evolute) of the Frenet curve @ given by (1) is the unique space curve af .1 — B3

with a parametrization

1 1y 1
0 =at+ 0+ () b(r) B
a’ (t a(r) + n(z) + ).
k(1) k(1)) lla’ (0|7 (1)
If the Frenet curve @ : I — E3 is a unit-speed curve, i.e. ||@’(¢)|| = 1 for any ¢ € I,

n_n

then usually the parameter "t" is replaced by the parameter "s" and the vector equation
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(1) is called an arc-length parametrization of @. In this case, the formulas (2), (3), (4)

and (5) can be written in a simpler form. In detail, the curvature and torsion are

[/ (s) x @’ (s)] - @ (s)

k(s) =|l@”(s)]| >0 and 7(s)= TOTE , (6)
respectively, the Frenet frame is
’ _ 1 ” _ 1 ’ ”
t(s) = ad'(s), n(s) = T Ol a’(s), b(s) = Ol [a (5) X a (s)]. (7)

Further, the Frenet-Serret equations for the unit-speed curve &

t'(s) = k(s)n(s), n'(s) = —«k(s)t(s) +7(s)b(s), b'(s) =—-7(s)n(z). (8)

hold. In addition, the parametrization (5) of the focal curve of the unit-speed curve «

becomes 1 L)1
o 1 I R
a’(s) =a(s) + «(s) n(s) + (K(S)) 7(s)

There are two important classes of Frenet curves in E?: the class of circular helices and

b(s). 9)

its extension the class of general helices. Any circular helix has a constant curvature

and a constant torsion, and possesses an arc-length parametrization in the form
a(s) = (p cos(as), p sin(as), bs)T, where a#0,b#0,p#0, a’p?+b>=1

(see [11, Ch. 2]). An alternative parametrization of an arbitrary unit-speed circular

T
a(s) = (,/ 1;5’2 cos(as), ,/ 1;52 sin(as), bs) , (10)
where a € R\ {0}, b € {(-1,0) U (0,1)}.

For such a curve, the curvature and the torsion are

helix is

k(s) =+/a®(1-b2%) and 7(s)=ab, (11)

respectively, and the right hand side of (9) consists of the first two summands.

Any general helix, or curve of constant slope, is a curve in E3 whose tangent vectors
make a constant angle with a fixed unit vector. Without loss of generality, this fixed
vector can be considered to be a vector parallel to the z-axis. Then, the most common

parametrization of a unit-speed general helix is

a(s) = (x(s), y(s), bs)T, sel,
where I C R is an interval,

b € {(-1,0) U (0, 1)} is a constant, and
(X' ()?+ (¥ (s)? + b2 =1 for any s € [.

(12)
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A Frenet curve in E? is a general helix if and only if it has a constant ratio of the
torsion to the curvature (see Lemas 8.18 and 8.19 in [9]). Obviously, all circular helices
form a subclass of the class of general helices. Relations between plane curves and
general helices are obtained by Izumiya and Takeuchi [10]. Parametric representations
of general helices with a given constant angle between the tangent vectors and a fixed
unit vector, and a given curvature function are studied by Ali [1]. Some examples of
unit-speed general helices are given in [7]. More detailed description of differential
geometry of space curves can be found in [2] and [9].

2.2. Frenet curves in the Euclidean four-space

We assume that the Euclidean four-space E* is an affine space whose associated vector
space R* consists of real column four-vectors. In other words, any point X € E* can
be identified with its position vector X = (x1, x2, X3, x4)T € R*. The vector space R* s
equipped with the standard scalar (or dot) product of two vectors. If U = (uy, us, us, us)’
and V = (v1, va, v3,v4)! are four-dimensional vectors, then the scalar product of U and

V is the real number U - V = uv{ + usva + ugvs + usv4 and the norm of the vector U is

||U||:VU-U=\/u%+u%+u§+uZ.

Let B : I —s E* be a unit-speed curve of class C* defined on an interval / C R by a

vector parametric equation

B(s) = (b1(5), ba(s), ba(s),ba(s))", sel. (13)

This means that the coordinate functions b;(s), i = 1, 2, 3, 4 have continuous derivatives
up to order 4 and B'(s) = % B(s) is a unit vector for any s € I. Furthermore, if the
vectors B'(s), B (s) = % "(5), B (s) = % ”(s), and B (s5) = %,B’”(s) are linearly
independent for any s € I, then the curve B : I — E* is called a unit-speed Frenet
curve. Equivalently, the curve 8 : I —s E* given by (13) is a Frenet curve if and only
if det (ﬂ’(s),ﬁ”(s), B (s), BY (s)) # 0 for any s € I. Following [8], we may consider
four unit vector functions T(s) = B’(s), Ni(s), Na(s), N3(s) and three real-valued
curvature functions Ky (s) # 0,K2(s) # 0, K3(s) satisfying following conditions for any
value of the parameter s:

(i) the vectors T(s), N1(s), Na(s), N3(s) form a positively oriented, ordered basis of
R%;
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(ii) the so-called Frenet-Serret equations

T'(s) = Ki(s)Ni(s), Nj(s) = -Ki(s)T(s) + K2(s)N2(s),

14
Ny = -Ka(sNi(9) + Ka@Na(s), Ny(o) = Ka(o)Na().

hold. According to [2] the Frenet frame along B consists of the unit tangent vector
T(s), the first unit normal vector N (s), the second unit normal vector No(s) and the
third unit normal vector N3(s). As shown in [8], these vectors can be obtained by the
Gram-Schmidt orthogonalization process applied to the vectors B’(s), B”(s), B (s),
and B9 (s) . Then, the curvatures K (s),K2(s), and K3(s) can be computed easily. In
[2], Banchoff and Lowett gave explicit formulas for curvatures and proposed another
recursive way for determining the Frenet frame. In what follows, we use their approach

to examining Frenet curves in E*.

Suppose that the unit speed Frenet curve g : I — E* is parameterized by (13).
Proposition 3.1.9 in Banchoff and Lovett’s book [2] shows that the curvatures of the

curve B in E* can be expressed explicitly by the matrices Bo(s) = (ﬂ’(s),B”(s)),

B3(s) = (ﬁ’(S)B”(S)ﬁ’”(S)), By(s) = (ﬂ’(S).B”(S)ﬂ”’(S)B(4)(S))- More precisely, the

first curvature is

Ki(s) = yJdet (Ba(s)7 Ba(s) = 18" (5, (15)

the second curvature is

Ka(s) = by fdet (By(s) By(s) (16)

and the third curvature is
1

K -
0= o) Ka)?

det (By(s)). (17)

Note that the condition B to be a Frenet curve in E* is equivalent to the condition 8 to
be a curve of class C* with curvatures K (s) > 0, Ko(s) > 0 and K3(s) # 0.
The unit speed Frenet curve B : I — E* defined by (13) has the unit tangent vector

T(s) = B'(s)
because of T(s) - T(s) = B'(s) - B'(s) = 1. Then, T(s) - T'(s) = B'(s) - B”(s) =0, or
T(s) L T'(s) and B'(s) L B”(s). The uniquely determined vector

!
1876

Ni(s) B"(s)
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is the first unit normal vector of . From second equation of (14) we derive the second

unit normal vector of B

Na(s) = (N7 (s) + Ki(5)T(s)) .

1
Ko (s)
Similarly, from the third equation of (14) the third unit normal vector of B can be
expressed as

N3(s) = (N5 (s) + K2(s)N1(s)) .

K3 ( )
Thus, the curvatures of a Frenet curve in E* can be computed firstly. Then, the vectors
of the Frenet frame can be determined as shown above.

Analogously to the three-dimensional case, there is an unique osculating hypersphere
at any point of a Frenet curve 8 in EX. Centers of these osculating hyperspheres form
a new curve called a focal curve of B. Uribe-Vargas [20] investigated focal curves in
arbitrary dimension. From his main result it follows that the unit-speed Frenet curve
B : I — E* given by (13) possesses a focal curve with a parametrization

B/ (s) = B(s) + c1(s)Ni(s) + ca(s)Na(s) + c3(s)N3(s), (18)

where N;(s), i = 1, 2, 3 are the three unit normal vectors of 8 and the coefficients c;(s),
i = 1,2, 3 called focal curvatures can be expressed by the curvatures K1 (), K2(s), K3(s)

of B. If K;(s) are non-constant functions, then the focal curvatures are

1 1) _1
ci(s) = Ki(s)’ C2(S):(K1(s)) K> (s)

c1(s)
(S o) £

[l ol
K6 KW o) | Kl

It is shown in [20] and [13] that the curve B : [ — E* is spherical if and only if

(c1())* + (€2(5))” + (e3(5))? (20)

is a positive constant function. As consequence of (19), if the curve

c3(s) (19)

p: 1 — E? has constant curvatures Ki(s), i = 1,2,3, then its focal curvatures
are also constant functions determined as follows: ci(s) = ﬁ(s) c2(s) = 0 and
c3(s) = #ﬁg(” Therefore by (20), such a curve is spherical. In [11, Ch. 2]),
it is shown that any 4D Frenet curve with constant curvatures possesses an arc-length

parametrization in the form

B(s) = (p cos(as), psin(as), g cos(bs), g sin(bs))T,

21
where p,q#0, a,b#0, a#bh, a2p2+b2q2:1. @h
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3. A CONSTRUCTION OF A GENERALIZED FOCAL CURVE OF A FRENET
SPACE CURVE

Let / C R be an interval containing zero and let @ : I —> E? be a Frenet curve of class

C* with an arc-length parametrization

a(s) = (x(s), y(s), 2(s))", sel (22)

Under above assumptions, for any s € I, the curvature k() of « is a positive real number,
the torsion 7(s) of & is a nonzero real number and the Frenet frame (t(s), n(s), b(s)) is
well-defined. Using the Frenet-Serret equations (8) we have

a'(s) = t(s), a”(s) = t'(s) = k(s)n(s),
a”(s) = t"(s) = —«(s)%t(s) + & (s)n(s) + k(s)T(s)b(s),
aW(s) = t7(s) = —3k(s)K(s)t(s) (23)

+ [—K(s)3 + k" (s) — K(S)T(S)Q] n(s)
+[2"(s)T(s) + k(s)T"(5)] b(s).

Then we calculate the dot products

@(s)-a(s)=1, &'(s)-@’(s) =0, @ (s) - @ (s) = = (x(s))*,
@' (s) - @@ (s) = -3k(s)K' (),
@’(s) - @"(s) = (k(5))*, @”(s) - @ (s) = k(s)K'(5),

@ (5) - @ (s) = k()K" (5) — (k(5))* = (k(5)) (x(s))°, 9
@ (s) - @”(s) = (K(5))® + (k()) + k()2 (2())7,
@ (s) - @D(s) = K ()K" (5) + k(5)7(s) (k()7(5)Y
and the vector cross product
@(5) x @(s) = (k(5))>T(5)t(s) + (x(s))* b(s). 23)

As consequence of (23) and (25), we get

(@”(s) x @”(s)) - @D (s)
(k()? (7' (5)k(s) = K ()7(5)) (26)

5 (7(s) ,
o ()

det (a'”(s), o (s), a® (s))

Npw we can examine unit-speed curves in E* which are closely related to a.
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Theorem 3.1. Let (22) be a parametrization of a unit-speed Frenet curve a : [ —s E3
of class C*, and let k(s) and T(s) be the curvature and the torsion of a. Suppose that
the curve By : I — E* is defined by

L 1
\@x(s) E 0 0 0
() 0 L o 0
Bi(s)=| V2 V2o as) + o | osel (27)
@Z(S) 0 0 % :
% 0 0 O V2
Then:
(i) B1 is also a unit-speed curve.
(ii) By is a Frenet curve in B* with curvatures
7(s)
)
Ki(s) = 9 k()= <2 14 (@) Ky(s) = ———<O L g
V2 V2 K(s) (T(s))
1+2(—=
K(s)
if and only if a is a non-helical curve, i.e., (%) # 0 for any s.
K(s

Proof. The derivatives of the vector function 81 (s) up to fourth order are

Bi(s) = (5 (). Ly (51, L2/ (o). I)T
BL(5) = (L27(5). Ly (5). 27(9.0)
BY(s) = (—x'”<s>, Ly (s), 527().0)
B (5) = (x(s). LyD (). L2 (s).0)'

Since the norm ||B](s)]| is equal to 1 for any parameter value, then B is a unit-speed
curve. From (26) and (29) it follows that

det ((5)., By (s), B (). 8" (5))
- (17t (o7 (5), (60, a0 (9) = =3 )

(29)

T(S)) (30)
(s)
() -

Hence, B is a Frenet curve whenever the ratio *(s) 18 Dot a constant function. Itis easily
to see that B (s) - B, (s) = @’ (s) -@'(s) = Land B (5) - B (s) = e (5) - @) (s) for
i=1,2,3,4,j=1,2,3,4and i + j > 2. Replacing the dot products ,B(l)(s) ﬁ(J)(s) in
(15), (16), (17) with the right hand sides of the above identities and having in mind (24)
and (30) we obtain (28). O
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Let us consider other ways to determine a 4D unit-speed curve from a unit-speed Frenet
curve in E3.

Theorem 3.2. Let a : I — E? be a unit-speed Frenet curve of class C* given by (22).
Then, the curve B : I —> E* defined by

Ba(s) = (x(s), y(s), cos(z(s)), sin(z(s)))", sel €1y

and the curve B3 : I —s B* defined by

T
Bs(s) = (x(s), v(s),2arctan(z(s)) — z(s),In (1 + (z(s))z)) , sel (32)

are unit-speed curves of class C*. Moreover:

(a) For the circular helix a given by (10) with constant curvature and torsion (11),
the curve B9 is either a spherical curve with constant nonzero curvatures or a circle
in 2-dimensional affine subspace of E*, and the curve B3 is a Frenet curve in E* with

curvatures

Ky (s) = \/(1—b2)(ab252+a2)2+4b \/(K(S))2 L apt

(b2s52+1) (b252+1)°

KSTS2 s
K2(s):\/ (k(9)()?p(s) 2 ’ (33)

a4(b2s2+1)2((1<(s))2(b2s2+1)2+4b4)
2627(s)(1-b%) [a* (b25%+1) +2(r(9))? (34 ~2b252-5) +24b*
(K1(5))% (Ka(5))? (b2s2+1)*

K3(s) =

where p(s) = 4 (3b% = 2) (at(s))? (b%s% + 1)4 + (c12/<(s))2 (b2%s? + 1)6

+16b% (b2 (52 = 3) + 1) (ab%s® +a)” + 64b5.

(b) For any general helix a of class C* given by (12), the corresponding curve Ba defined
by (31) is a Frenet curve in E* if and only if

(34)

Ao(s) = det ( X7 (s)+b2x'(s)  y"”(s) + b2y (s) )

xW(s) +0%x7(s) yD(s) + b2y (s)
is nonzero for any parameter value.

Proof. 1tis clear that both vector functions B2 (s) and B3(s) have continuous derivatives

up to fourth order. The first derivatives

B5(s) = (x'(s),y'(s), =2 (s) sin(z(s)), 2’ (s) cos(z(s)))? and
_ 2
Bi(s) = [¥(5).(s), 1-(z(5)" , 2z(s)

1+ (Z(s))QZ (S) T+ (2(s ))22 (s)| are unit vectors for any s.
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Therefore, both B>(s) and B3(s) are unit-speed curves.
(a) Suppose that @ has a parametrization (10). Then the parametrization of B is

T
Pa(s) = (,/1;—52 cos(as), ,/1;—52 sin(as), cos(bs), sin(bs)) , (35)

and the parametrization of B3 is B3(s)=

T
(w/ 1;32 cos(as), +/ 1;32 sin(as), 2 arctan(bs) — bs,In (1 + (bz)2)) . (36)

Obviously, B2 lies on the 3-sphere x% + x% + x% + xi = #. By (21), B2 has three

constant nonzero curvatures whenever a # b. In the case a = b, B9 is the intersection

of the above sphere and the plane

{xl -4/ 1;§2x3 =X — ,/1;§2x4 = O}. The vector function B3(s) given by (36) has

derivatives

T
/1_1,2 . /1_;,2 b(1-b2s? 2b2s
ﬂé(S) = (_a a2 SlIl(ClS), a a2 COS(aS), (b2S2+1 )’ b232_::1

T
. 3 2_o9p4.2
B5(s) = (_a2 1;52 COS(GS),—GQ\/i—SQSHl(aS), —Ab%s  2b7-3b s )

(b25241)% (b2s2+1)°
T
[1_p2 . [1- 4b3(3b%52-1) 4b*s(b%52-3)
= a3 1282 sin(as ,—a’ 162 cos(as , ,
3 ( {,12 ( ) a2 ( ) (b2s2+1)3 (b2S2+1)3
4
By (s) =
T
_ b2 . 48bh°s(b2s2-1 12(b85* 66052 +b*
(a4w/1a—§2 cos(as), a*y/2 b2 sin(as), — s(PP71) _12(%s o )) .

a? (p2s2+1)" 7 (b2s241)"

Consider the real-valued function

As(s) = det (By(s). B5(5). B(9), 85 (5)

2ab% (1= b?) [a* (6252 + 1)° + 242 (365 - 26252 - 5) + 24b]

(b2s2 +1)*

Since the equation A3(s) = 0 has no real roots, B3 is a Frenet curve. Substituting
obtained expressions of the derivatives and the determinant into (15), (16) and (17)
yields (33).

(b) Suppose that @ has a parametrization (12). Then the parametrization of B2 is

Bo(s) = (x(s), y(s), cos(bs), sin(bs))!  sel. (37)
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The first four derivatives of the above vector function are

B5(s) = (x'(s),y'(s), —bsin(bs), b cos(bs))T
B5(s) = (x”(s5), y"(s), —b? cos(bs), —b> sin(bs))T
B (s) = (x”(s),y" (s), b* sin(bs), —b> cos(bs))T

ﬁgl) (s) = (x(4) (s), y#(s), b* cos(bs), b* Sin(bs))T .

x"(s) y"(s)

x”/ (s) y”l (S)
() y () |

Consider the matrices A = (

X(s) y(s) )

—bsin(bs)  bcos(bs)
—b2cos(bs) —b?sin(bs) |
_ ( b3sin(bs) —b3 cos(bs)

btcos(bs) bisin(bs) | Then, B2 given by (37) is a Frenet curve if and only
COS\DS sin(bs

if

det (By(s). By(5). B (). B () = det By(). By (). By (). BV (s))

det # 0.

D

Since D is an invertible matrix, the well-known formula for the determinant of a 2 X 2

A B
block matrix (see [18]) yields det ( c D ) =

" b2 ’ " b2 ’
det(D) det (A - BD1C) = b3 det | () + b7 (s) ¥ (s) +Db%Y(5) )

x® () +b%x"(s)  yD(s) + b2y”
This completes the proof of the assertion (b). O

Corollary 3.3. For a circular helix a given by (10) with a = b, the curve B3 defined by
(36) is a Frenet curve in BE*, but the curve P2 defined by (35) is not a Frenet curve in E*.

Let us consider a set of general helices in E? which are not circular helices.

Proposition 3.4. Suppose that @ : (—c0,00) —> E? is a unit speed Frenet curve

parameterized by

T
a(s) = (\/ L ;QbQ (2arctan(as) — as), 4/ L ;;92 In (1 + (as)2) , bs) , (38)

where a and b are real constants satisfying a # 0, b € {(-1,0) U (0,1)}. Then, the

curve a is a general helix with a non-constant curvature and a non-constant torsion.
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Moreover, by (31), the curve a determines a parameterized curve

T
1;—32(2 arctan(as) — as), 1;—32 In (1+ (as)z) ,cos(bs),sin(bs)| ,

Ba2(s) = (
§ € (=00, 00)
(39)
which is a Frenet curve in B,
2—'51122521;’2) and a torsion 022;’2]1 T
first assertion. The proof of the second assertion is similar to the proof of Theorem 3.2
(a). O

Proof. The curve a has a curvature This proves the

Corollary 3.5. For a general helix a given by (38) with a = b, which is not a circular
helix, the curve Bo defined by (39) is a Frenet curve in E*, but the new curve defined by

(32) B3(s) = (1/ 1;5‘2 (2 arctan(as) — as),

T

v 1;32 In (1 + (as)?),2arctan(as) — as,In (1 + (as)?)| ,

a € {(-1,0) U (0,1)} is not a Frenet curve in B

By Theorems 3.1 and 3.2 we may define a new curve in E3 from a given unit-speed Frenet
curve @ : I C R —s E3 of class C*. To do this, we propose a construction consisting
of three stages: first, the given unit-speed curve @ generates a unique unit-speed Frenet
curve B in E*, then the obtained curve B determines an unique focal curve 8/ in E*,
finally, the orthogonal projection of this focal curve in the hyperplane Q = {x4 = 0} ¢ E*
specifies a new curve in E3. The first stage, which constitutes the key novelty behind
our proposal, relies on the existence of a short way to get a fourth-dimensional unit
-speed curve from a three-dimensional unit -speed curve. This short way is realized by
combining Theorem 3.1 and Theorem 3.2. The following algorithm gives a complete

description of our construction.

Algorithm 3.6. Obtaining a new 3D curve associated to a given 3D unit-speed Frenet
curve of class C*.

Input: The unit-speed Frenet curve @ : 1 — B3 of class C*, which possesses a
parametrization (22).

1. Compute the curvature k(s) and the torsion T(s) of a.

2. If % is a non-constant function, then define a curve B : I —s E* with a parametriza-
tion (27), i.e. B(s) = B1(s), and go to Step 5, else go to Step 3.

3. If % is a constant function, but both k(s) and 7(s) are non-constant functions, then
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determine the curve B : I — B* with a parametrization (31), i.e. B(s) = Ba(s), and
go to Step 5, else « is a circular helix, i.e. both k(s) and 7(s) are constant functions,
and then go to the next step.

4. Specify a curve B : I — E* with a parametrization (32), i.e. B(s) = B3(s), and go
to Step 5.

5. Find the focal curve B’ of the unit-speed Frenet curve B.

6. Determine the orthogonal projection ﬁé of the curve B/ onto the hyperplane

Q= {xs =0} c B~

7. Identify Q with the Euclidean space B3, and consider the curve ﬂé as a curve
y I — B3,

Output: 3D curve y.

Definition 3.7. The curve y from Algorithm 3.6 is called a generalized focal curve of

the unit-speed 3D curve «.

Algorithm 3.6 splits the set of all unit speed Frenet curves in E? into three disjoin classes:
the class of non-helical curves, i.e. curves with non-constant ratio of torsion to curvature;
the class of general helices with non-constant curvature and torsion; the class of circular
helices. Theorems 3.1 and 3.2 guarantee the existence of a unique generalized focal
curve for any non-helical Frenet curve and for any circular helix. Proposition 3.4 and
Algorithm 3.6 show that any general helix (38) also determines an unique generalized

focal curve.

4. EXAMPLES

In this section we examine three illustrative examples for generalized focal curves to 3D
curves with a known arc-length parameterizations. A standard method for obtaining an
arc-length parametrization of a parameterized curve is presented in Tu [19, Chap. 1,

p.10]. In what follows, the index "i" of the curve @; : I —> E3 appears as a first index

of all scalar and vector functions related to ;.

4.1. A generalized focal curve to a 3D curve with a non-constant ratio of torsion
to curvature.

Let us explore the unit speed curve in E? with a parametrisation

(192 3-9P2)
V2 T sv2 )

a;(s) = %(s +2)3/2, s € [-2,1]. (40)
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. . . _ . L 15
Since its curvature is k1 (5) = =/ 5——2>— and its torsion is 71 (s) = — ,
1(s) 47V §3-252-5s5+6 1(5) 4(7-45)Vs3-252-55+6

the ratio 28 is a well-defined non-constant function in the open interval (-2, 1). Note

that both functions 7 — 4s and 53 — 252 =55+ 6 = (s +2)(1 — 5)(3 — s) take only positive

values in the same interval.

The focal curve (9) of @1 possesses a parametrization

_ 6P (g6 91)

15
3/2
o] (s) = %(SS -5) |, se[-21]. (41)
(3155512 (245 +17)

By Theorem 3.1 we get a 4D unit-speed curve B; with a vector parametric wquation
T
> ) se(=2,1)
3\/5 6 6 \/5 b} ’

Then we can derive the curvatures of 1 using (15), (16), and (17)

Kij=_L [__T4s g __ 1 \/—64s3+336s2—588s+793
11 =BV $-252-5s+6° 12 AV2(7-4s) §3-252-55+6
904/2(7—4s) '
Ki3 =

—6453+33652-5885+793

Bu(s) = (i<s vz, L g Lo gy S

The unit normal vectors of B; are

Ni1(s)=
1-9Gs) Vs+2(1652-565+79)
N 2V2V7-45V-6453+33652-5885+793
(5+2)(3-3) V1-5(165%-565+199)
_\/ 2(7-4s) | Nyg (s) = 4\/7—4s\/—64s3+336s2—588s+793

V3—s(1652-565-41)

[ (s+2)(1-s)
\/ 2(7—4s)  aNT—dsV- 64s3+336s2 5885+793

0 (7—4s)3/
V2V=6453+33652—-5885+793

2(s+2)3/2

V-6453+33652-5385+793
5V2(1-5)3/2

_| V6153 7
Niz(s)=[ V 645 \753(%6_55)3?288”793

\/—64s3+336s125—588s+793

 V=6453+33652—5885+793
By (19) the focal curvatures of B are

16(—853+295%-285-11)
V(7-45) (~6453+33652-5885+793)

3_9¢2_
c11(s) = AV2,[ 2556 00 (s) =

_ 17925%-125445%+3292852-780165+51007
90V2V—-6453+33652-5885+793 '

c13(s) =
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The focal curve (18) of B is a curve ,B{ : (=2,1) — E* that is parameterized by

B (5) = Bi1(5) + c11(s)N11(s) + c12(5)N12(s) + c13(5)Ni3(s).

According to Algorithm 3.6 and Definition 3.7 the projection of ,B{ onto the hyperplane
Q is identified with the generalized focal curve 1 : (=2,1) — E3 of a;. After doing

some calculations, we get the parametrization of y1 :

%(s+2)5/2
yis)=| Ha-gpz | se2).

—13(3 - 5)7/?

The curve a; with the irrational parametrization (40), its focal curve a'{ given by (41),

and its generalized focal curve y are fully plotted in Fig. 1. Comparing the focal curve

Figure 1: The 3D curve a; (in black), the focal curve a{ (in blue) of a1, and the

generalized focal curve y1 (in red) of «;.

of a1 and the generalized focal curve of @; we can conclude that both a'{ and y, are

space curves with irrational parameterizations.

4.2. A generalized focal curve to a 3D curve with a constant ratio of a non-constant
torsion to a non-constant curvature.

Consider the unit-speed space curve with an irrational parametrisation

1 1 s T
as(s) = 5(1+s)3/2,——(1—s)3/2,—

. 7 se(-1,1). (42)
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The curvature and the torsion of @9 are ka2(s) = ,/2 1232 and 1o(s) = —%,/ﬁ,
To(s)

Kk2(s)
—1, which is different from a circular helix. The focal curve (9) of a2 is another space

respectively. Consequently, the curve @» is a general helix with constant ratio

curve with an irrational parametrisation

foon_ (7 32 1 32 (8
- (Lt Lol
@ (s) (3( +5)°%, 3( )%, G

Applying Algorithm 3.6 to @2 we determine the unit speed curve
B2 : [-1,1] — E* given by

T
) , se[-1,1].

T
po(s) = (197 =51 =) cos =) sin () )

and compute its curvatures

—92¢2
KQI(S) =3 2= Qf

_ 1 [=855+20s%+252+3
Kaa(s) =55 (1-s2) (3-252)°

Koz(s) = -2 @2545) \mo

856+2054+252+3

Obviously, the function 3 + 252 + 20s* — 8s% takes only positive values in the interval
[—1,1]. We can also find the normal vectors of the Frenet frame of S5

Viss

—_— 4_ 2
NI (451-1652+8s+3) Vs+1
N 24/(3-252) (-85s6+20s%+252+3)
- (454-1652-85+3) VI=s
V2V3-252
s 2/(3-252) (-85s6+2054+252+3)
Noi(s) = _% ;

) N22(S) = (45 —8s +3) sm( )+4\/_scos(ﬁ)

o

o V24/(3-252) (-855+205+252+3)
5111(%) (—4s+852-3) cos( )+4\/_s51n(\@)

CAD
l\’)
()

S
—2s

V24/(3-252) (-855+20s5+252+3)

[\~
D)

(253-25%-3s+1) Vs+1
 VC855+2054+25243

(253+2s%-35-1)VI-s
V8542054425243

N23(S) = (1 2s2) cos( ) 2\/—ssln(%)

V=856+20s1+252+3

(1 2s2)sm( )+2\/_scos(%)

V-856+20s4+252+3
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Then, by Steps 5, 6, and 7 of Algorithm 3.6, we get a parametrization of the generalized
focal curve y5 : [-1,1] — E? of o
4(2s3-8s2+55-2)
" 3(14252) (5+252)
4(2s3+852+55+2)
y2(s) = T 3(1+252) (5+252)
2V2(s-25%) sin 35 }+4(1+452) cos( 35 )
- (1+252) (5+252)

(1 +s)5/2

(1 —s)5/2

The tangent vector to this curve
25(s+1)3/2 (252 -45+1) (4s1+4452+37)
(454+125245)°
25(1-5)3/% (252 +4s+1) (45s1+4452+37)
3(s) = >
Y2 (4s4+12s2+5)
25 (451+4452437) ((252-1) cos( 35 )+2V2ssin( 35 )
(454+125245)°

has coordinate functions which vanish for s = 0. Hence, the curve 7 has a cusp at the
point y5(0). The general helix a2 given by (42) and its generalized focal curve y- are
plotted in Fig. 2.’

0.0X

Figure 2: The 3D curve a2 (in blue) and its generalized focal curve y2 (in red).

4.3. A generalized focal curve to a circular helix

Let us examine the unit-speed circular helix with a parametrisation
1 1 g
a3(s) = |—=cos(s),—sin(s),—s| , s € (—00,+00). (43)

V2 V2 V2
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Firstly, we compute the curvature 3 = % and the torsion 73 = % of ag. This allows us

to get the parametrization of the focal curve ag . (=00, +00) —> E3 of a3

T
a'g(s) = (—i cos(s), _L sin(s), is) , §€(—00,+00).

V2 V2 V2

Obviously, the space rotation of 7 radians around the z-axis transforms the circular helix
a3 given by (43) into the circular helix af?{ . Secondly, by Theorem 3.2, we observe that

Buls) - (cos(s) sin(s) Qarctan(i) _S m(f +1))T
’ V2 V2 V2] V22 ’

s € (=00, +00) is a unit-speed Frenet curve in E* with curvatures

K (S) — Vs4+452412 K (S) — Vs12412510+5258+16056+240s4—6452+192
31 V2(s2+2) * 32 V2(56+651+2052+24) ’

4(5242) (s19+165%+6455+17651+11252+192)
44452412 (s12+12s10+52s8+160s6+240s4—64s2+192) )

K33(s) = 7

Thirdly, for this curve, we calculate the normal vectors of the Frenet frame
(s2+2) cos(s)
 Vstias2412
(s2+2) sin(s)
 Vslsas2412
_ 8s
(52+2) Vst+4s2+12
2v2(s2-2)
(5242) Vst ds2+12

(s8+8s6+24s4+32s2—48) sin(s)—32s(s2+2) cos(s)
V2Vs4+452+12Vs12+12510+5258+16056+2405 —6452+192
32s(32+2) sin(s)+(s8+8s6+24s4+32s2—48) cos(s)
B V2Vs4+452412Vs1241251045258+16056+24054—6452+192

_ 5104658 -2455-14451-2405%+96
V2(5242) Vs +452+12Vs12+12510+45258+16056+24051-6452+192

25 (s8+1255+3251+1652-80)
(52+2) Vs +452+12Vs12+1251045258+16056+24051 - 6452+192

N31(s) =

N32(s) =

2\/5(2s(52+2) sin(s)+(s4+4s2—4) cos(s))
Vs12412510452584+16056+24054—6452+192
2\/5( (s4+4s2—4) sin(s)—2s(s2+2) cos(s))
N33(S) — V5124125104528 +16056+240s4—6452+192
2\/§s(s4+6s2—8)
Vs124125104+5258+16056+2405%4 —6452+192
_ s8425% 285248
Vs1241251045258+16056+2405%—6452+192

2(s%+2
and the focal curvatures c31(s) = %,
SE+4s59+
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Cas(s) = 32s(s%+2)
B2 ST 457 +12 Vs 1 2412500+5255 +16050+2405 1 64s2+192
(s*+452-4) (s124+125194365°-6450-2085%-4485%-320)
c33(s) =

4(s2+2) (s0+1254+452+16) VsT2+12510+45258+16056+24051 -6 452+192

Finally, steps from 5. to 7. of Algorithm 3.6 yield the generalized focal curve
¥3 : (=00, +00) —> E3 of @3 in a parametric form

\/i(s(56+6s4+452—8) sin(s)—(3s6+10s4+28s2+8) cos(s))
(52+2) (s0+125%+452+16)
V2((355+105s+2852+8) sin(s)+s(s0+65%+452-8) cos(s)
_Y2((C
73(s) = (52+2) (5541257 +452416) ;
2(5242) (5541254 +452+16) tan~! (35 ) ~V2s (s5+125642051-1652432)
(52+2) (s6+125s%+452+16)

s € (=00, 00). The last curve has a curvature

B (5242)% (s0+1254+452+16) * V0657445748
V252 (s1042258+7256+32054+52852+416 ) (s10+1358+3256-7254+4852+16)

Ky3 37 and a torsion
S (5242)% (s0+125%+452+16)

Y3 T T VR(s54659+45248) (510+2255+7250432053+528524416)
point y3(0) because all coordinate functions of ¥4 (s) vanish for s = 0. The mutual

Moreover, y3 has a cusp at the

position of a3 and y3 is shown in Fig.3.

Figure 3: The part of the circular helix @3 (in blue) defined on the interval [—27, 27]

and its generalized focal curve y3 (in red).
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S. CONCLUSIONS

It is well-known that any Frenet curve in the Euclidean space E? (resp. E*) possesses a
unique focal curve in E? (resp. E*). The construction of the focal curve in E? is based
on the curvature, the torsion, the principle normal vector, and the binormal vector of the
original curve. In this paper, we present a three-stage construction for a new associate
curve in E3 to any 3D Frenet curve of class C*. The new curve is called a generalized
focal curve of a Frenet curve in E3. The first stage of the proposed construction defines
a unit-speed Frenet curve in E* from a given unit speed Frenet curve in E3. The second
stage of the construction is the finding of the unique 4D focal curve of the considered
unit-speed Frenet curve in E*. The final third stage determines a generalized focal
curve of the given curve in E? as a projection of the obtained 4D focal curve into the
Euclidean space E3. By proving Theorems 3.1 and 3.2, and by presenting an algorithm
for determining a generalized focal curve we explore the fact that all Frenet curves in E3
of class C* can be naturally divided into three disjoint sets: curves with a non-constant
ratio of torsion to curvature; curves with a constant ratio of torsion to curvature, a non-
constant curvature, and a non-constant torsion; curves with a constant curvature and a
constant torsion. The algorithm for obtaining a generalized focal curve is illustrated by
three examples concerning a non-helical curve, a general helix which is not a circular
helix, and a circular helix. Determining generalized focal curves of other types of

non-helical curves and general helices will be a subject of future research.
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