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Abstract
This article discusses an iterative method to solve a nonlinear equation, which is
free from derivatives, obtained by approximating a derivative in the method pro-
posed by Rhee et al. [Int. J. Comput. Math., 95 (2018), 2174-2211] by the method
of divided difference. We show analytically that the method is of order eighth
and for each iteration it requires four evaluation functions. Numerical experiments
show that the new method is comparable with other discussed methods.
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1. INTRODUCTION

Finding a simple root « of the nonlinear equation f(z) = 0 is a prototype for many
nonlinear numerical problems. Newton’s method is the most widely iterative method
used for dealing with such problems, and it is defined by

n

n=01,2,...,

which converges quadratically in some neighbohood of « [1, h.58].

Many researchers have modified Newton’s method in order to obtain a high order con-
vergence such as [3], [5], [6], [8], [9], [10], [11], and [13]. Sharma and Arora [15]
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developed the iteration method of the form

WY ()
f(@n)’
_ ()
Zn = Yn — ’ )
Qf[ym xn] - f (In)
_ f1zns ynl f(zn)
Lp+l1l = fp — 3
f[znv xn] 2f[2n7 yn] - f[zna l‘n]
where f[r,#] = YOO ¢ — JWn) 4nq 4, — LEn) wwhich has four evaluation func-

(T_t) f(xn) flyn)’
tions and an eight order of convergence. Rhee et al. [14] modified Sharma and Arora’s

method and proposed the iterative method

Yn = Tp ' (zn) 7f( :
Zn = Tp — Lf(S) f/(a;;ga (1)
Tpn+1 = Zn — Kf(57 u) ]]:/(a;;))a
— fwn) , _ F(zn) _ (=9 _ su(l—s)*(1—u)
where 5 = féin)’ u = 70 Ly(s) = (i=2s) and Ky(s,u) = (1—25)(1—su)(1—25—2ut3su)’

which have four evaluation functions and an eight order convergence.

In this article, the authors present a derivative free three-step iterative method, which is
a modification of the method of Rhee et al. [14]. The derivation and analysis of conver-
gence of the proposed method are presented in section two. In section three, numerical
simulations are carried out on the four test functions using the proposed method and
three methods proposed by Rhee et al. (MCX, MAX, and MEX, see [14] for detail) to
see the efficiency of the proposed method.

2. DERIVATION AND ITS ANALYSIS OF CONVERGENCE
If the first derivative, f’(x,), on equation (1) is estimated by using a divided difference
of the form

() ~ f(wn) — f(xn)7

Wp — Tp

where

a new derivative free three-step iteration method (MFTTI) is obtained as follows

g @)
T feglm)
o = i — Ly()Lnllre) ©

f(@n)(Wn—2n)

T+l = Zp — Kf(87u)m’
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_ fyn) . _ f(zn) _ (-9 _ su(1—s)?(1—u)
where s = f(gn)’ U= Fgn) Ly(s) = (i—2s) and Ky(s,u) = (1—25)(1—su)(1—25—2u+35u) °

The convergence analysis of (3) is given in Theorem 1.

Teorema 1 (Order of Convergence) Suppose that o € [ is a simple zero of a function
f I € R — R sufficiently differentiable at open interval /. If x, is close enough to «,
the iterative method defined in equation (3) has an eight order convergence and satisfies
the error equation

ens1 = ((B1)ch + (B2)c3 + (Bs)cy + (Ba)c3 — cseacs + (K13 — &3)ea)el + O(ey),

where 61 = 1OK32L3 - L5L3 + Klng + 225 — K70 - 15K13L§ + 75K13L3 - 2L4L3 +
9L§ +5L5—90Ls+10L4+ K51 L3 —25K39 — K32L§ —b5K5 —125K3, By = —140c3 +
3K13L§Cg + 5f’(a)3 — 2L4c5 — Lscs + 10¢3 K30 + 75c3 K13 + c3 K51 — 30K 13L3¢3 —
L3cs — 2K39L3c3 — Laf'(a)® + 33L3cs, B3 = —Lscy + 5ey, and By = —15¢3 K13 +
24¢3 + 3K 13L3¢% — 3 K3y — 2L3¢3 — f'(a)3cs,

@’ .
1 oiti
Kij= —————K;0,0, 0<i+j<8,

(15") Ostoud
and

Lo=1,L1 =1Ly =2,
Koo = K19 = Ko = Kog = Koz = K30 = Koz = Ky9 = K50 = Kgo = 0,
Ky=Kp=1 Ky=2, Kyp=4,
K31 =1+ Ls, Ky=—-4+2Ls+ Ly.

Proof. Suppose that « is the simple root of f(z) = 0 then f(«a) = 0, and f'(«) # 0.
Then by Taylor’s expansion [2, h.216] of f () about « until the eight order derivative,
we get

F@) = flo) + £1(0) = g0l e B0 g (el
+ f(5)(a)(x;—!oz)5 + f(G)(Oz)(:]E_6—!04)6 + f(ﬂ(@@
+ f(s)(&)@_g_!a)g + 0@ — ). W

By evaluating equation (4) at x = z,,, and recalling e,, = x,, —« and f(a) = 0, equation
(4) can be written as

f(z,) = f'(a)(en + cae® + csed + cuet + csed + ceel + crel +czed) + O(e)), (5)
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with

(n)
cn:f—m), 2<n<8.

nlf'(a)

Then using equation (5), we obtain

f(xn)3 = f’(a)3(ei + 3026i + (3c3 + 303)62 + (34 + 6cocs + c;’)eg + (30% + 3c;
+ 3c5c3 + 6eaca)el + (6cacs + 3caes + 6escy + each + 3cg)ed)
+0(ey). (6)

Using equation (6) and recalling x,, = e,, + « then equation (2) becomes

wy, = a+ e, + f(a)? (€3 + 3caet + (3cs + 3c3)ed + (3cq + 6cacs + c3)el
+ (3¢5 + 3¢5 + 3c5c3 + Geaey)el + (6eacs + 3cacy + 6escy + 3cacs + 3cg)ed
+0(e)). (7)

Substituting equation (7) into equation (4) we get
flwa) = fl(@)en + caf'(a)ep + (caf'(@) + f(@))ep + -+ + O(ep),
and it follows that

flwn) = f(z) = f'(@)'e) + 5f" (@) caey, + (9" () 'c5 + 6 () es)ey,
+ (Tf(@) es + 21 f'(a) cacs + Tf' () + o f (@) e,
+ (24f'(a)*caes + 8f' () es + 24f (o) eoes + 12f(a)?
+3cf' ()" + 263 f' ()" + 63 (@) es, + (9f'(a) e
+ 1565 /()" + 27f (a)*cack + 27f (a)*cacy
1+ 27f' () cacs 4 24co f'(a) s 4+ 9¢3 f/ (o) es
+ 6y f ()" 4+ 27f () eses)ed + O(e?). (8)

From equation (7), we obtain

w, — 2, = f'(Q)%ed + cadf (a)’er + (3c3 + 3c3) f/(@)3ed + (3es + bcacs + c3) f/ () e
+ (3¢5 + 3¢5 + 3¢5 + 3caes + 6cacs) £ (a)?el
+ (3c5¢4 + 3cg + 6c3cy + 6cacs + 3cach) f(a)ed + O(ed).  (9)

Moreover from equation (5) and (9) we get

flo)(w, — ) = f/(@)* (e + degel + (des + 6¢3)el + (12cqc3 + 4c + dey)el

+ (12¢3c3 + 6¢2 + 4es + 12c9¢4 + ¢5)ed + O(eD)).
(10)
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From equation (8), equation (10) and the aid of geometric series [16] we obtain

f(@n) (w0, — 7,)
flwn) = f(z)

= ep — 202 + (=23 + 2¢3)e3 + (Teges — 4¢3 — 3ey — f/(a)’cy)el

+ (8¢5 + 10cyc4 + 65 — 3f'(a)*c3 — des — 20c5c3)e
+ -+ 0(e)). (11)

Next equation (11) is substituted to equation (3) and simplifying the resulting equation
we get

Y, =+ CQefL — (—2c3 + 26%)62 — (Teges — 403 — 3¢y — f’(oz)Scz)ei 4+ 4 O(eg).
(12)

Then by evaluating equation (4) at x = y,, as in equation (12) we get

Fyn) = c2f'(a)e;, + (2¢5 — 263) f'(@)ep + ((Bea + 5e; — Teaes) /(@) + ['(@) 'e2)e,
L O(), (13)

To calculate s = %n) we use equation (5), equation (13) and the aid of geometric
series [16, h.730] we end up with

s = ey + (=35 + 2c3)e2 + (f'(a)?ca — 10cacs + 8¢5 + 3cq)es + -+ + O(e)).
(14)

Since L¢(s) = ((11__283), then by Taylor’s expansion of L¢(s) around s = 0, and by using

equation (14) we obtain

Lf(S) = LO + Llcgen -+ <2L103 — 3L10§ -+ LQC%)G?I -+ (Llch'(oz)B + 4L2C2C3
+ Lacy — 6Locs — 10Lycocs + 3Lycy +8L1c3)ed 4+ -+ 0(e2), (15)

where

d’ .

Next equation (11) an equation (15) are substituted into equation (3) and simplifying
the resulting equation, we end up with

2 = a+ (1= Lo)en + (Locz — Lica)e;, + (2Locs — 2Locs — 2Lics +4L1c5 — Lacy)e,,
+oeO(eD). (16)

Then by evaluating equation (4) at z = z,, as in equation (16), and setting Lo = 1, L, =
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1, Ly = 2 then simplifying we obtain

f(z,) = (= cacs + 565 — Lacy) f'(a)et + ((10Lsc; — 6Lscacs — 2ca¢4 — 36¢; — Lycy
+32c5¢3 — 2¢2) f'(a) — f(@)*c3)ed 4 -+ O(e?). (17)

Then using equation (17), equation (13) and the aid of geometric series [16, h.730] we
have

U= = (= ciL3 + 5c2 — c3)e? 4 (—2¢4 + 20cyc3 — 4eyLacs — 2665
— Ly — f'(a)cy + 8Lsch)ed + -+ O(e)). (18)

Next by Taylor’s expansion of K (s, u) about (s = 0, u = 0), up to the order of seven in
s and three in u, using the equation (14) and equation (18), after simplifying we obtain

K;(s,u) = Koo + caKipen + (5Ko1c5 + 3 Kag + 2c3 K19 — 3¢5 K19 — Koics
— KoicsLg)en? + (5 Ksg + cof' ()’ Ko — 65 Ko — K11 Lscs
— Knieof'(a)® = Kiicacs — 2Kg1¢q — 4Ko162L3cs — 10coc3K 19
+ 8¢5 K10 + 5K11¢5 + 34 K19 — 26 Ko1¢5 + 4epes Ko + 8Koy Lacs
+ 20Kg10003 — KoicaLy)ed + -+ O(el), (19)

where

1 ai+j

ij ————K (s, u), 0<i+7<8.
T (i) 0sioud () P

Substituting the equation (11), equation (16) and equation (19) into the equation (3), we
obtain

Tpy1 = O — K()(]en + (KO(]CQ — CQKI(])ei + (—203K10 — C%KQO + KOlchg — 5K01C§

8
— 2Kooc + A3 K10 + Kowes + 2Kooes)ed + > el + O(el), (20)
=4

Where,yl :’71(02703,"‘ a667L37"' 7L77Kij)af0r4 < l < 8a0 <1< 7and 0 S] <3.
Setting

Koo = K19 = Ko1 = Ko =0,
from equation (20) along with 4 = 0, we immediately obtain
K1 =1, K3 =0.

Continuing in this manner at the [-th stage with 4 <[ < 7,~; = 0 and solve v, = 0 for
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remaining /{;; to find

Kpp=0, Ku=2, Ki0=0, Kpap=1 K3 =1+1L3 Ks5=0,
Kog = O, K22 - 4, K41 = —4 + 2L3 + L4, KGO = O

On substituting these values of Kj; into g, recalling €,,1 = 7,41 — o, we find

eni1 = ((— ¢+ Ki3¢3)ea + (24¢5 + 3K13L3c; — f'(a)cs — 15K 3¢5 — 2L3c;
— Ks3pc3)c3 — caeqes + (5ey — Lacy)cy + (—2K39Lscs — 140c3 + 3K 3Lacs
— 30K13L3c3 + 75K 3c3 + 33L3c3 — Lics + Ksies + 5f (o) — 2L4c3
— Lsf'(a)® — Lscs + 10K3pc3)ch + (225 — 25 K35 — 125K 3 + 10K35 L3
+9L; — 5K51 — K70+ 10Ly + 5L5 + K13L3 — 90L3 + 75K 13L3 — 2L, L3
— LsLs — 15K 315 — K3 L3 + K51 Ls)ch)ed + O(el).

From the definition of the convergence order [12, h.75], we see that the iterative method (3)
is of order eight and Theorem 1 is proven. O

3. NUMERICAL SIMULATION

In this section numerical simulations are performed which aim to compare the proposed
method (MFTTI) and the known methods as the MCX, the MAX, and the MEX as defined
in [14]. The following nonlinear equations used to perform the comparison:

(i) fi(z) =log(z) — x + 5.
(i) fo(z) = 2° + log[1 + sin(x)].
(iii) f3(x) = sin(x) exp(z? — 3z) + In(1 + 2?).
In computation, we use tolerance of 1.0 x 1% — 200 and addition the maximum num-

ber of iterations allowed is 100. The computational order of convergence (COC) is
estimated using a formula [4]

In |zp 1 — @kl /|o) — @31

COC ~ .
In|zp — zp_1|/|Tk—1 — Th—2]

In Table 1, f,,(z) states the nonlinear function, n states the number of iterations, COC is
the computational order of convergence, | f (z,,)| is the absolute value of the function and
|z, — x,_1] is the absolute value of difference between two consecutive approximation.

Based on Table 1, it can be seen that for all the functions with different initial guesses
the method MFTI requires the same number of iterations as MCX, MAX, and MEX.
In addition, the COC of the MFTT obtained is in agreement with the analytic result that
is the method is eight order of convergence. Since the method needs four evaluation
functions in each iteration, based on the efficiency index definition [7, h.261], the MFTI
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Table 1: Comparison of several iteration methods

fou(z) | 2o | Method | n | COC |f ()] |2y — Zpq|
MFTI | 3 | 8.00 | 9.61e — 402 | 2.745286e — 402
£ 09 MCX | 3| 8.00 | 2.13e — 631 | 6.084325¢ — 632
MAX | 3| 8.00 | 7.4le — 613 | 2.118174e — 613
MEX | 3 | 8.00 | 8.18e — 600 | 2.336771e — 600
MFTI | 3 | 8.00 | 2.03e — 205 | 5.798626e — 206
£ o7 MCX | 3| 8.00 | 4.37e — 488 | 1.249273e — 488
MAX | 3| 8.00 | 6.49e — 475 | 1.855657¢ — 475
MEX | 3 | 8.00 | 1.85e — 461 | 5.284096e — 462
MFTI | 4 | 8.00 | 7.53e — 305 | 7.530220e — 305
5 |os MCX | 4 | 8.00 | 4.33e — 645 | 4.334704e — 645
MAX | 4| 8.00 | 8.98e — 266 | 8.981312¢ — 266
MEX | 4 | 8.00 | 5.48e — 236 | 5.481051e — 236
MFTI | 3 | 8.00 | 5.13e — 330 | 5.130751e — 330
£ 1035 MCX | 3| 8.00 | 1.94e — 353 | 1.940880e — 353
MAX | 3| 8.00 | 6.38e — 363 | 6.379317e — 363
MEX | 3 | 8.00 | 1.25e¢ — 365 | 1.248019¢ — 365
MFTI | 3 | 8.00 | 2.13e — 210 | 2.125722¢ — 210
£ 035 MCX | 3| 8.00 | 1.96e — 317 | 1.959292¢ — 317
MAX | 3| 8.00 | 2.61le — 219 | 2.607581e — 219
MEX | 3 | 8.00 | 1.63e — 202 | 1.625053e — 202
MFTI | 3 | 8.00 | 1.22¢ — 262 | 1.221857e¢ — 262
£ |02 MCX | 3| 8.00 | 4.17e — 292 | 4.166594e — 292
MAX | 3| 8.00 | 5.43e — 300 | 5.430683¢ — 300
MEX | 3 | 8.00 | 6.58e — 242 | 6.575072e — 242

has an efficiency index 81 ~ 1.68179. The advantages of this method is that it does not
use the first derivative of the function.

Over all based on Table 1, the MFTI can compete the existing eight-order method and
it can be used as an alternative method to solve the nonlinear equation.
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