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Abstract

In this paper, we introduce the notion of fuzzy Z-ideal of a Z-algebra and inves-
tigate their properties. We study the homomorphic image and pre-image of fuzzy
Z-ideals under Z-homomorphisms. We have also proved that the Cartesian product
of fuzzy Z-ideals is a fuzzy Z-ideal.
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1. INTRODUCTION

To deal with the uncertainty in the real physical world problem, the binary valued logic
could not be applied. To handle this situation, Zadeh [11], in the year 1965, introduced
the notion of fuzzy sets in which every member of the universal set under consideration
can be assigned a value in the real interval [0,1], called the membership grading of
the element. Imai and Iseki [4, 5], introduced two new classes of algebras that arise
from the propositional logic. The algebras that was developed from the BCK and BCI
logics are known as BCK-algebras and BCl-algebras. Since then many new algebras
were developed. One such class of algebra developed from the propositional logic is
the Z-algebras by Chandramouleeswaran et al.[2] in the year 2017.
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In the year 1975, Rosenfeld [8] fuzzified the groups. Following the idea of fuzzy groups,
Xi [10] introduced the concept of fuzzy BCK-algebras. Jun et al. [7] studied the concept
of fuzzy ideals in BCK-algebras. In our earlier paper [9] we introduced the notion of
fuzzy Z-Subalgebras in Z-algebras and studied some of their properties. In this paper,
we introduce the concept of fuzzy Z-ideals of Z-algebras and prove some simple but
elegant properties.

2. PRELIMINARIES

In this section we recall some basic definitions that are needed for our work.

Definition 2.1. [6] A BCK- algebra (X, ,0) is a nonempty set X with constant 0 and
a binary * operation satisfying the following conditions:

(@) (zxy)*« (zx2) < (2xy)

iz (zxy) <y

i)z <=z

(v)x <yandy < z implies z =y

(v)0 <z =x=0isdefinedby z xy =0 forall z,y € X.

Definition 2.2. /5] A BCI- algebra (X, ,0) is a nonempty set X with constant 0 and a
binary operation * satisfying the following conditions:

@) (xxy)x(x*xz) < (zxy)

(i) o * (z+y) <y

(i) xr <z

(iv) x <yandy < x implies x = y

(v) x < 0 implies x=0 is defined by z x y = 0 for all z,y € X.

Definition 2.3. [2] A Z-algebra (X, *,0) is a nonempty set X with constant 0 and a
binary operation * satisfying the following conditions:

Z1)xx0=0
Z2)0*xx==x
Z3)xxx =2

(ZA) xxy=y+xwhenx # 0andy # 0 forall z,y € X.

Definition 2.4. /2] Let X be a Z-algebra and I be a subset of X. Then, I is called a
Z-ideal of X, if it satisfies the following conditions: For all X, y in X,

Hoel

(i) z*xy e landy € [ implies x € 1.

Definition 2.5. /2] Let (X,*,0) and (Y,*,0) be two Z-algebras. A mapping
h : (X,%,00 — (Y,%,0) is said to be a Z-homomorphism of Z-algebras if
h(z *y) = h(z) ¥ h(y) forall 2,y € X.
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Definition 2.6. [9] Let h be a Z-homomorphism from the Z-algebra (X, *,0) to the
Z-algebra (Y, %,0').Then

1. his called

(i) a Z-monomorphism of Z-algebras if h is 1-1.

(i1) an Z-epimorphism of Z-algebras if h is onto.

2. h is called an Z-endomorphism of Z-algebras if h is a mapping from (X, %, 0) into
itself.

Note: If 7 : (X, *,0) — (Y,*',0) is a Z-homomorphism then 2(0) = 0.

Definition 2.7. [1]] Let X be a nonempty set. A fuzzy set A in X is characterized
by a membership function x4 which associates with each point x in X, a real number
in the interval [0,1] with the value of p4(z) at x representing the “grade of member-

ship” of x in A. That is, a fuzzy set A in X is characterized by a membership function
pa s X —[0,1].

Definition 2.8. [9] Let (X, *,0) be a Z-algebra. A fuzzy set A in X with a membership
function 1 4 is said to be a fuzzy Z- Subalgebra of a Z-algebra X if, for all x, y in X the
following condition is satisfied: pa(x * y) > min{ua(x), pa(y)}-

Definition 2.9. /7] A fuzzy set A in BCK-algebra X with membership function 4 is
called a fuzzy ideal of X if it satisfies the following conditions:

() pa(0) > pa(z)

(i) pa(w) > min{pa(r *y), pa(y)} forall z,y € X.

Definition 2.10. /3] Let A be a fuzzy set of X. For a fixed t € [0,1], the set
U(A;t) = {x € X|ua(x) > t} is called an upper level subset ( upper level cut, upper
t-level subset) of A.

Definition 2.11. /3] Let A be a fuzzy set of X. For a fixed t € [0,1], the set
L(A;t) = {z € X|ua(z) < t} is called a lower level subset (lower level cut, lower
t-level subset) of A.

(i) U(A; ) U L(A; 1) = X forall ¢ € [0, 1].

Definition 2.12. /8] A fuzzy set A in X with a membership function 14 is said to have
the sup property if for any subset 7' C X there exists zp € X such that

pa(zg) = sup pa(t).
teT

Definition 2.13. [/] A fuzzy relation A on a nonempty set X is a fuzzy set A with a
membership function 14 : X x X — [0, 1].
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Definition 2.14. [/] If A is a fuzzy relation with a membership function ;14 on a set X
and B is a fuzzy set of X with a membership function pp then A is a fuzzy relation on

Bif forall z,y € X, pa(z,y) < min{up(x), us(y)}.

Definition 2.15. /7] Let B be a fuzzy set on a set X with a membership function p 5 then
the strongest fuzzy relation Ag on X, that is, a fuzzy relation A on B whose membership
function 14, : X x X — [0,1] is given by 4, (x,y) = min{pup(z), ps(y)}.

Theorem 2.16. Let (X, %,0) and (Y, %, 0') be two Z-algebras. Then (X x Y, *",0")isa
Z-algebra where (21, 1) % (22, 92) = (z1%39, y1% y2) forall (x1, y1), (2,92) € X XY,
with 0" = (0,0") as constant element.

3. FUZZY Z -IDEALS IN Z-ALGEBRAS:

In this section, we introduce the notion of Fuzzy Z-Ideals of Z-algebras and prove some
simple but elegant results.

Definition 3.1. Let (X, *,0) be a Z-algebra. A fuzzy set A in X with a membership
function 4 is said to be fuzzy Z- ideal of a Z-algebra X if it satisfies the following
conditions: For all X, y in X,

(Dpa(0) > pa(x)

(i) pra(x) = min{pa(e + y), pa(y)}

Example 3.2. Consider a Z-algebra X={0,1,2,3} with the following Cayley table as in
[9]:

Table 1
x1011]12]3
00123
110132
21013121
3102|113

Then (X, *,0) is a Z-algebra.

Define a fuzzy set A; and A, in X with a membership function 114, and 4, are given by
ta, (z) = 0.9 for all x=0,1,2,3. and
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0.8 ifz=0
pa,(x) =4¢0.6 ifr=1
05 ifz=23

Then A; is a fuzzy Z-ideal of X , while Aj is not.For,
tay(2) = 0.5 2 0.8 = min{0.8,0.8} = min{ua,(0), us,(0)} = min{pa,(2 *
0)7 Ay (O)}

Theorem 3.3. Arbitrary intersection of fuzzy Z-ideals of Z-algebra X is also a fuzzy
Z-ideal.

Proof:Let {A;]i € Q} be a family of fuzzy Z-ideals of Z-algebra X.

To prove: N;cqA; is a fuzzy Z-ideal of X.

For any z,y € X,

(Dhnicaa: (0) = inf(14,(0)) 2 inf(pa; () = pinicon; (@)
(#0)pinieqa; () = inf (1, (7))

> {inf(pa, (z * ), nf (14, () }

= min{pin,cqa, (T * ), fin,cqa, ()}

From (i) and (ii) we get,
NicnA; 1s a fuzzy Z-ideal of X.
Hence the proof.

Theorem 3.4. A fuzzy set A of a Z-algebra (X, , 0) is a fuzzy Z-ideal if and only if for
any t € [0,1], U(A;t) = {x € X|pua(x) >t} is an Z-ideal of X where U(A;t) # ¢.
Proof:Suppose A is a fuzzy Z-ideal of X and U(A;t) # ¢ fort € [0, 1].

Let x € U(A;t), then pua(z) > t.

By definition of fuzzy Z-ideal, we have p14(0) > pa(x) > t. Then 0 € U(A;1).
Ifxxy € U(A;t)andy € U(A;t), then pa(x xy) > tand pa(y) > t.

By definition, we have p4(z) > min{pua(x xy), pa(y)} > min{t,t} =t.

Therefore x € U(A;t). Hence U(A;t) is an Z-ideal of X.

Conversely, suppose that for each ¢ € [0, 1], U(A;t) is either empty or an Z-ideal of X.
Forany x € X, let u4(z) =t. Then x € U(A;t)

Since U(A;t) # ¢ is an Z-ideal of X, we have 0 € U(A; 1)

and hence p14(0) >t = pa(z).

Thus 114(0) > pa(z), forall z € X.

Assume that 4 (z) > min{pa(z *y), pa(y)} for all z,y € X is not true.

Then there exists g, yo € X such that 4 (zo) < min{pa(zo * yo), pa(yo)}-

Letty = %[,uA(xo) +min{pa(xo * yo), ta(yo) }-
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Then pia(xo) < to < min{pa(xo*yo), ta(yo)}. This implies zo*yo, yo € U(A;ty) and
xo & U(A;sto) -

But U(A;ty) is an Z-ideal of X. So 2y € U(A;ty) by the definition of Z-ideal.
This implies 14 (o) > to.This is a contradiction.

Therefore pa(z) > min{pua(z *y), na(y)}. Hence A is a fuzzy Z-ideal of Z-algebra
X.

Definition 3.5. Let A be a fuzzy Z-ideal of X. For any ¢ € [0, 1], Z-ideals U(A;t) are
called Upper level Z-ideals of A.

Remark 3.6. Henceforth, the Upper level Z-ideals will be referred as level Z-ideals.

Theorem 3.7. A fuzzy set A of a Z-algebra (X, *,0) is a fuzzy Z-ideal if and only if
every nonempty level subset of U(A;q), ¢ € Im(A) is a Z-ideal.

Proof: Let A is a fuzzy Z-ideal.

Claim: U(A;q), g € Im(A) is a Z-ideal.

Since U(A; q) # ¢ there exists x € U(A;q) such that pua(x) > q .

Since A is a fuzzy Z-ideal, 114(0) > pa(z) forall z € X.

Hence for this z € U(A;q), 1a(0) > g, which shows that 0 € U(A4;q).

Now, for any x,y € X, assume that x x y € U(A;q) and y € U(A;q).

Then pa(z *y) > g and pa(y) > q. This shows that, min{ua(z *y), pa(y)} > q.
Since A is a fuzzy Z-ideal, ppa(x) > min{ua(x * y), ua(y)} > q.

Thus = € U(A; q), this proves that U(A;q) is a Z-ideal of X.

Conversely, let U(A;q), ¢ € Im(A) be a Z-ideal of X.

Claim: A is a fuzzy Z-ideal.

Let z,y € X. Forany ¢ € Im(A), let ¢ = min{pa(x *y), pa(y)}.

Therefore, pa(z *y) > g and pa(y) > q.

This shows that x x y,y € U(A;q).

Since U(A;q) is a Z-ideal we have x € U(A4;q).

This proves that p4(z) > g = min{pa(z *xy), pa(y)}-

This shows that A is a fuzzy Z-ideal of X.

Theorem 3.8. Let A be a fuzzy Z-ideal of Z-algebra X and let z € X. Then p4(z) =t
ifand only if x € U(A;t) but x & U(A;q) forall ¢ > t.

Proof: Let A be a fuzzy Z-ideal of X and let x € X.

Assume pi4(z) = t,sothat z € U(A;t).

If possible, let x € U(A;q) for ¢ > t.

Then pa(z) > g > t.

This contradicts the fact that p4(z) = t. Hence x # U(A;q) for all ¢ > t.

Conversely, let z € U(A;t), but x € U(A;q) forall ¢ > t.

x € U(Ast) = pa(z) > t.

Since x ¢ U(A;q) forall ¢ > t, ua(z) =t.
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4. Z-HOMOMORPHISM ON FUZZY Z-IDEALS IN Z-ALGEBRAS

In this section we prove some theorems on fuzzy Z-ideals under Z-homomorphisms in
Z-algebras.

Example 4.1. Consider the Z-algebras (X, *,0) and (Y, %, 0) with the following Cay-
ley table:

Table 2
*T0TI7273
00123
TT0[1I[312
21013121
3701213
Table 3
« [00]1]2]3
0lo0[1]2]3
1]01]1]3
210 (1]2]1
3101313

Then the function & : (X, *,0) — (Y, *,0") such that

h<x):{0 ifz =0
3 ifr=1,2,3

is a Z-homomorphism.

Define a fuzzy set A in X with membership function 4 is given by ps(z) = 04
for all x € X is a fuzzy Z-ideal of X.
Then the homomorphic image of A, h(A) with a membership function 4y defined by

sup  pa(z) if h7'(y) = {z|h(z) =y # ¢}
paa)(y) = § =W
0 if otherwise

is a fuzzy setin Y.
This implies, fi5(4)(y) = 0.4 for all y € Y is a fuzzy Z-ideal of Y.
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Theorem 4.2. Let h be a Z-homomorphism from a Z —algebra (X, x, 0) onto a Z-algebra
(Y, x| 0/) and A be a fuzzy Z-ideal of X with the supremum property. Then image of A
denoted by h(A) is a fuzzy Z-ideal of Y.

Proof: Leta,b € Y withzg € h™'(a) and yg € h™*(b) suchthat ya(zg) = sup pa(t);
teh—1(a)

Halyo) = sup jra(t).
teh—1(b)

(D)) (0) = sup  pa(t) = pa(0) > pa(zo) = sup  palt) = pna(a)
teh—1(0") teh—1(a)

(id)min{pncay (@ * b), pnay(b)} = min{  sup  pa(t), sup pa(t)}

teh—1(axb) teh—1(b)
= min{pa(xo *Yo), a(yo)}
< pa(xo)
= sup fia(t)
teh=1(a)
= Hn(a(a)

This implies, uh(A)(a) > min{uh(A)(a * b), ,uh(A)(b)}.
Hence h(A) is a fuzzy Z-ideal of Y.

Theorem 4.3. Let A : X — Y be a homomomorphism of Z-algebra. If B is a fuzzy
Z-ideal of Y, then A~ (B) is a fuzzy Z-ideal of X.

Proof:Since B is a fuzzy Z-ideal of Y. For any x € X, we have

(n-1(m) (@) = ps(W(@)) < pp(0) = pp(h(0) = r-1(3)(0)

(i) Let x,y € X. Then

main{pn-1(s) (@ % ), -1 ()} = mind s (h( + y)), ws(h(y))}
= min{up(h(z) * h(y)), pa(h(y))}
< pp(h(x))
= pn-1()(x)

= Mh—l(B)(fU) > mm{ﬂh—l(B) (zxy), Mh—l(B)(y)}

From (i) and (ii) we get, h~*(B) is a fuzzy Z-ideal of X.

Theorem 4.4. Let h : X — Y be an Z-epimorphism of Z-algebras. Let B be a fuzzy
set of Y. If h=1(B) is a fuzzy Z-ideal of X then B is a fuzzy Z-ideal of Y.
Proof:Assume that 1! (B) is a fuzzy Z-ideal of X.

To prove:B is a fuzzy Z-ideal of Y.

Lety € Y, there exists x € X such that h(x)=y . Then

(Dup(y) = pe(h(z) = pr-1()(x) < pr-1(5)(0) = pp(h(0)) = ps(0)

This implies p3(0") > up(y).

(ii) Let z, y € Y. Then there exists a, b € X such that h(a)=x and h(b)=y. It follows that
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ps(x) = pp(h(a)) = pp-1(s)(a)

> min{ pn-1(g)y(a * b), pp-1(5)(0) }
= min{pp(h(a * b)) (h(b))}

= min{up(h(a) ¥ h(b)), ps(h(b))}

= min{pp(z ¥ y) 1e(y)}
This implies, j5(z) > min{us(z * ), us(y)}

From (i) and (ii) we get, B is a fuzzy Z-ideal of Y.

Definition 4.5. Let h be an Z-endomorphism of Z-algebras and A be a fuzzy set in X.
We define a new fuzzy set A" in X as pisn(z) = pa(h(x)) forallz € X.

Theorem 4.6. Let h be an Z-endomorphism of Z-algebra X and A be a fuzzy set in X.
Then A" is a fuzzy Z-ideal of X if A is a fuzzy Z-ideal.
Proof:Obvious.

S. CARTESIAN PRODUCT OF FUZZY Z-IDEALS IN Z-ALGEBRAS

In this section we discuss the concept of Cartesian product of fuzzy Z-ideals in Z-
algebras.

Theorem 5.1. If A and B be fuzzy Z-ideals in a Z-algebra X then A x B is a fuzzy
Z-ideals in X x X.

Proof: Let A and B be fuzzy Z-ideals in a Z-algebra X.

To prove: A x B is a fuzzy Z-ideals in X x X.

(1) Let (l’l,ZL'z) e X xX,

1axp(0,0) = min{pa(0), pp(0)} = min{pa(z1), pp(r2)} = paxp(e1, v2)

Hence 1145 5(0,0) > piaxp(z1, 22)

(ii) Let (21, 22), (v1,92) € X x X. Then,

fraxp(x1, w2) = min{pa(zy), pp(r2)}
> min{min{pa(zy * y1), pa(yr) }, min{pp(zs * y2), p(y2)}}
= min{min{pa(x1 * y1), pp(@2 * y2) }, min{pa(yr), ps(y2)}}
= min{paxs((T1 *y1), (T2 * y2), taxs(Y1,Y2)}
= min{piaxp((z1,22) * (Y1,92)), haxs(Y1, y2)}

Hence piaxp(z1,12) > min{paxs((x1, 22) * (y1,92)), praxs (Y1, y2)}

By (i) and (ii) we get, A x B is a fuzzy Z-ideal in X x X.

Theorem 5.2. Let A and B be fuzzy sets in a Z-algebra X such that A x B is a fuzzy
Z-ideal of X x X. Then,
(i) Either p14(0) > pa(x) (or) pup(0) > pp(z) forall z € X.
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(ii) If 14(0) > pa(z) for all z € X, then either pup(0) > pa(z) (or) up(0) > pup(x).
(iii) If up(0) > pp(x) for all z € X, then either 114 (0) > pa(x) (or) pa(0) > pp(x).
Proof: Let A and B be fuzzy sets in a Z-algebra X such that A x B is a fuzzy Z-ideal
of X x X.

() If a(0) < pa(zy) and pp(0) < pp(xq) for some z € X.

Then juaxp (71, 22) = min{pa(z1), ps(r2)}
(

> min{pa(0), up(0)}
= 11axp5(0,0), which is a contradiction.

Hence, either 114(0) > pa(x) (or) up(0) > pp(z) forallx € X.

(ii) Let pa(0) > pa(x) forallz € X.

To prove:Either 115(0) > pua(x) (or) up(0) > up(x).

Assume that there exists x1, 2 € X such that up(0) < pa(z1) and pp(0) < pp(zs).

Then, p1ax5(0,0) = min{ua(0), up(0)}
= 1up(0)
ftaxp (@1, v2) = min{pa(r), pp(e2)}
> pup(0)
= /’LAXB(O7 0)
= paxp(T1,T2) > 1axp(0,0), which is a contradiction.

Hence, either 115(0) > pa(x) (or) pp(0) > pp(z).
(1i1) will obtain by interchanging the roles of A and B in part (ii).
Hence the proof.

Theorem 5.3. Let A and B be fuzzy sets in a Z-algebra X and A x B is fuzzy Z-ideal
of X x X then either A or B is a fuzzy Z-ideal of X.

Proof: Let A and B be fuzzy sets in a Z-algebra X and A x B is fuzzy Z-ideal of X x X.
To prove:B is a fuzzy Z-ideal of X.

By Theorem 5.2(i), we can assume that ;15(0) > pp(z) forall z € X. then by Theorem
5.2 (iii), either p4(0) > pa(z) (or) pa(0) > pp(z).

Let 114(0) > pup(x) for any x € X, then

pp(z) = min{pa(0), pp(z)}
paxp(0, )
min{paxs((0,2) * (0,y)), paxp(0,y)}
min{ptax((0*0), (z *y)), paxp(0,y)}
min{ﬂAxB( (23 *y>) /“LAXB(O y)}

(

|IAVARI

min{min{pa(0), pp(x *y)}, min{pa(0), np(y)}}
= min{ug(z *y), np(y)}
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Therefore, () > min{ s (x * y), 15 (y)}

Hence B is a fuzzy Z-ideal of X.

By Theorem 5.2 (i), assume that 114(0) > pa(x) forall z € X.
By Theorem 5.2 (ii), assume that p5(0) > pa(x) for any z € X.
Then A is a fuzzy Z-ideal of X.

This completes the proof.

Theorem 5.4. Let Ap be the strongest fuzzy relation on Z-algebra X, where B is a
fuzzy set of X. If B is a fuzzy Z-ideal of a Z-algebra X, then Ap is a fuzzy Z-ideal of
X x X.

Proof:Let B be a fuzzy Z-ideal of a Z-algebra X.

Let (z1,x2), (y1,y2) € X x X.

Then HAg (07 O) = mzn{uB(O)v MB(O)}

> min{pp(x1), p(2)}
= pag(T1,72)
and also p14, (21, x2) = min{pp(r:1), pp(r2)}
> man{min{pp(x1 * y1), pe(yr)}, min{pp(zs * y2), pp(y2) }}
= man{min{pup(x1 * 1), 5 (T2 * y2) }, min{pup(y1), ps(y2) } }
= min{pay (1% Y1), (T2 % Yo), iag (Y1, Y2) }
= min{MAB ((:131, 1’2) * (yh 92))7 HAg (?/1, y2)}

Hence Ap is a fuzzy Z-ideal of X x X.

Theorem 5.5. If the strongest fuzzy relation Ag is a fuzzy Z-ideal of X x X, then B is
a fuzzy Z-ideal of a Z-algebra X.

Proof: Let Ap is a fuzzy Z-ideal of X x X. Then for all (xy, z2), (y1,92) € X x X.
min{pp(0), 1p(0)} = pp(0,0) = pay (1, x2) = min{pp(z1), pp(z2)}

Then, 1u5(0) = min{pp(z1), pp(r2)}

= pp(0) > up(zy) or up(0) > up(xs) forall xy,zo € X.

Also,
min{pp(r1), up(r2)} = pag(T1, T2)
> min{:uAB((xla x2) * (yla y?))? HAg (yla y2)}
= min{pay (21 % Y1), (22 % Ya2), pag (Y1, y2)}
= min{min{pp(x1xy1), pp(X2xy2) }, min{up(y1), e (y2)}}
= min{min{pp(x1*y1), kp (Y1)}, min{ps(xo*y2), up(y2)}}
Put x5 = yo = 0, we get upg(z1) > min{upg(z1 *y1), us(y1)}
Hence B is a fuzzy Z-ideal of a Z-algebra X.
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6. CONCLUSION

In this article, we have introduced fuzzy Z-ideals in Z-algebras and discussed their prop-
erties. We extend this concept in our research work.
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