Global Journal of Pure and Applied Mathematics.

ISSN 0973-1768 Volume 15, Number 4 (2019), pp.
© Research India Publications
http://www.ripublication.com/gjpam.htm

Summation Theorems Involving Appell’s Double
Hypergeometric Function of Third Kind

M. L. Qureshi', M. S. Baboo?, and Ashfaq Ahmad’®

' Department of Applied Sciences and Humanities, Faculty of Engineering and Technology,
Jamia Millia Islamia (A Central University), New Delhi -110025, India.

2School of Basic Sciences and Research, Sharda University, Greater Noida,
Uttar Pradesh, 201306, India.

3 Department of Applied Sciences and Humanities, Faculty of Engineering and Technology,
Jamia Millia Islamia (A Central University), New Delhi -110025, India.

Abstract

In this paper, we find summation theorems of F3[A, B; C, D; G; x, y], where x takes
I+y 84y 8y+1 9y—1 3y+l 4y—1 3y—1 34y 2y+1
207909 "8 24 73 2 4 3
functions of y with suitable convergence conditions.
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1. INTRODUCTION

For definitions of Pochhammer symbol, generalized hypergeometric function ,F;, and
basic theorems, we refer monumental work of Srivastava and Manocha [14]], Rainville
[10] and other notation have their usual meanings.

2. METHODOLOGY

The Appell’s function: The Appell’s function of third kind is defined as

F5[A, B;C,D;G;x,y] = ‘
w (A(B)(O)e(D)s 2"y
=2 (G)

rts rl sl

r,s=0

(B)y(D). y*
G), s

o

A, C;

2t G+s;

maz{|z|, [y} < 1.
The Appell’s function of third kind can also be written as

£ [A,C—A;B,C—B;C;x,%]: )

=1 -y %A

C; 1—y

(|y|<1, |f—gr<1),

see Appell 1926 [2]; Bailey [3, p,80 Equation (5)] and Slater [12, p.220, Entry
(8.3.1.6)]. We use the equation along with Gauss hypergeometric summation

theorems to find the solution of Appell’s function Fj.

3. APPLICATION OF APPELL’S FUNCTION F3; IN SUMMATION
THEOREMS

In the equation put A =a,B =0C =1+a—0band x = 1, use the Gauss’s
summation theorem, we get
£ a,l—b;b,1+a—2b;1+a—b;1,1_—y —
-y
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(1= ) BT(1 = 2)T(1 4 a — b)
T TA-0T(1+a-20)

3)

(|y|<1; R(b) < 3 ; 1+a—bEC\Z5).

In the equation ) put A =a, B =b,C =1+a—0band x = 2y — 1, use the Kummer’s
first summation theorem, we get
Y

F3 {371—b,b,1+a—2b,1+a—b,2y—1,1_—} =
-y

C(A=y)?TA+ T(1 4 a—b)
B L(1+%—-0b)I(1+a) ’

4)

<|y|<1;§R(b)<1; 1+a—b€<C\ZO>.

In the equation (2) put A = a, B = 422224 (' = “H=¥22¢ gnd 3 = 2y — 1 and

using a result of Brychkov [4, p.579, Equation (100)], we get
F3 [a 4—a—/2—a ., a—2—+/2—a 3 at+4—+/2—a . 2y . —_y] o
’ 2 g 2 ’

’ 2 ' 1—y -

(1 g 2+ a(32j+\1/2 - a)’ )

<|y|<1; a<4).

In the equation (2) put A = a, B = 4=2=Y1=5¢ (' = &85=VT=53¢ and g = 2y — 1 and

using a result of Brychkov [4, p.579, Equation (101)], we get

5—a—+/7—3a. a—3—+/7—3a 4. a+5—+/7—3a . -y | _
F3|:CL, 2 ) 2 747 2 ,29— Y1y | T

a6+ a(15 — a+4v/7 = 3a)

6 x 2a+1 ’

<|y|<1; a<5).

In the equation (2) put A = a,B = b,C = 24t and x = ¥, use the Kummer’s

=(1-y) (6)

second summation theorem, we get

11— b 1 —-b 1 b 1 —
F3{a, o ;b ta-o ltato 2ty y}:

2 2 2 21—y
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(1—y) 5 I
INCINE

i) , @)

(]y| < 1; 1%‘“’ S (C\ZO).

In the equation (2) put A = a, B = b,C = W and x = HTy, use the summation
theorem recorded by Prudnikov et al. [9, p.491, Entry (7.3.7.2)], we get

4y -y | _
F 1 a+b m. b 1+a— b m 1+a+b—m. —
3 2 T2 1y

l—a—b—m

_ 2b—1(1 _ y)%r(ﬁra;bfm)
'(b)

et

(]y| < 1; b, = € C\Zg; me NO>.

X

In the equation (2) put A = a, B = b,C = W and x = HTy use the summation
theorem given by Rakha-Rathie [11, p.827, Theorem (1)], we get
Fy [ L-atbim.j Lia—bim. Ltatbim by —y | _

2 2 ) 2 72 71—y

B 2a71(1 _ y>wF(l+a—;b—m)F(b—a—;1—m>

D(a)D (=)

(|y| < 1; a, a-‘rb-gl-i-m’ b—a—;l—m c C\Za7 m € NO)

X

In the equation ( . )put A=a,B=1—a,C=candzx = Ty, use the Kummer’s third

summation theorem, we get

1 _
F; [a,c—a;l—a,c—i—a—l;c;ﬂ _y} =

= 2 (10)
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<\y[ <1l;ce C\Za).

In the equation (2) put A = ¢, B = 21 ' = 2282 gnd ¢ = 2, using a result of

Andrews et al. [1, p.131, Entry 3.1.20], Kummer [6, p.136, Article 25(6)] see also
Prudnikov et al. [9, p.495, Equation (38)], we get

2 a a+td atl a+l 2a+2 8+y —y |
12776 7 2 7 6 7 3 9 "1—y|

NONE R s

2) T TEONED

(11)

2
' 2a + 2

(|y| <1 e C\Za).

In the equation H put A=2a+1,B = —a,C = % and v = Sny, using a result of

Heymann, see Per W. Karlsson [J5, p.335, Equation (3.2)], see also Brychkov [4, p.584,
Equation (144)], we get

6 1 2 28 —
F312a+1,— o ; a,a"i__;_;ﬂv—y =
3 3379 '1—y

_ 2 x3 sin(ma 1+ %”) (12)
(I —y)s

In the equation (2) put A = 2a +2,B = —a,C = % and x = ¥ | using a result of
Heymann, see Per W. Karlsson [5, p.335, Equation (3.3)], see also Brychkov [4, p.584,

Equation (145)], we get

6a + 2 3a+4 4 y+8 —y
Fy|2a+2, - - < =
3|:CL+ ) 3 ;—a, 3 73a 9 al_y

: (13)

(49

In the equation (2) put A = a, B = @, C =4aand z = 8%@’ and using a result of
Prudnikov et al. [9, p.496, Equation (41)], we get

2a + 1 6a—1'
2 72 7

4a

F3 {a,i%a; 8ty —y}

3 9 71_y
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4a—1

_ (3)**(1 —y) "= T(5)I(4a)
- 2601T(3a)[(a+ )

(|y\ <1; aGC\Za).

(14)

In the equation (2) put A = 2a, B = =2, C' = %455 and 2 = % and using a result
of Heymann, see Per.W. Karlsson [5, p.330, Equatlon (1.2)] and Brychkov [4, p.580,
Equation 116], we get

5—6a 1—2a 6a+1 6a+5 8y+1 —y
F | 2a, : - : =

6 2 ' 3 6 ' 9 '1-y
39(1—y)sT(22)I(2)
403203

~6a+5 _
(<1 22 ez ).

In the equation (2) put A = 24, B =1 —a,C = 3“” and y = SyH , using a result
of Heymann, see Per.W. Karlsson [, p.330, Equatlon (1.3)] and Brychkov [4, p.581,
Equation 117], we get

(15)

2-3 6a—1 3a+2 8y+1 —
F3 | 2a, a,l—a, ¢ ;a—l— : y+ , Yy |-
3 3 3 9 '1-y
3T(S2)0(3)

= 1 : (16)
49(1 =y T(35)T(3)

3a + 2 _
(<1 2 e@\Zo)-

In the equation 2) put A =a,B=1—2a,C = == and x = 85’; ! and using a result
of Prudnikov et al. [9, p.495, Equation (27)], we get

4 — 6a 1+3a 4—3a 8y+1 —y
;1-2&, ; ; ) =
3 3 3 9 1—y

G NG D

=(1-y) 3QF?§)F(4_36,1) 5

4 — 3a _
<|y| <1 3 EC\ZO)

(17)
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In the equation put A =5, B = 2%‘,0 = 2“+5 and v = 9y8 using a result of

Andrews et al. [, p.177, Question 3(a)], see also Prudmkov et al. 9, p.494, Equation
(19)], we get

12 a 5—a 2—a a+1 2a+5 9y—1 —y |
12276 7 6 7 27 6 8 '1—y|

_vTxl y)iT(2e2)
T(SET(5)

2a
(<122 ecz).

In the equation (2) put A = a, B = 3¢5 (' = 4539 and 2 = 2.1, using a result of

Lavoie and Trottier [[7, p.45, Equation (8)], see also Prudnikov et al. [9, p.494, Equation
(18)], we get

(18)

T N N

[ 4—6a 3a+1 4—3a 9y—1 —y]
Fy |a, : : -

()" ey tng-ong - o)

3 T(3)I(4 - 2a) ’

4 _
(!yl <1 ¢

In the equation (2)) put A = %, B=1-0bC= 4b+1 and x = 1+3y , use the summation
theorem given by the Spiegel [13), p.894] and Luke [8, p.273, Equatlon 6.8(20)], we get

€ C\Zg).

1 6b—1 4b+1 1+3 —
Fy|5.2b1 b P S T
2 2 2 11—y
3b—1 4b+1
20 yror o)
3T(20)I(557)
4b+ 1
(|y\ <1; b, T+ € C\ZO>.
In the equation (2) put A = a, B = 5%,C = 22 and z = 2.~ and using a result of

Prudnikov et al. [9, p.494, Equation (14)], we get

[ 1 2—a 3a+1 2a+1 4y—1 —y]
F3 a, ) ) =

272 T2 T2 T3 1oy
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e T(HT(2

==y " o7 : 1)
3rL(FHI(%5)
2a +1
(]y| < 1; ) e C\Z, >
In the equation (2) put A = 2, B = a,C = =% and z = 392_ L and using a result of

Prudnikov et al. [9, p.494, Equation (13)], we get

l—a 5—3a 5—a 3y—1 —y
F. |2 . . .
5|:a 9 ,a, 9 ) 9 ) 9 71_y:|

1— 3a3—a

5—a B
OM<L ez ).

In the equationputA =a,B =2 C =2 and z = (22 — 2) + y(3 — 2v/2)

and using a result of Prudnikov et al. [9, p.495, Equation (36)], we get
£ [a, ;7 2az-1’ 2a+17 20kl (24/2 — 2) +y(3 — 2v/2), ﬁ}

EPNE (%;f)Ff%& =N .

20+ 1 _
(|y| <1; 5 EC\Z0>.

In the equation (2) put A = a,B = 2, C = 428 and z = (12v/2 — 16) +
y(17 + 124/2) and using a result of Prudnikov et al. [9, p.496
also Brychkov [4, p.587, Equation (172)], we get

, Equation (43)], see

2 a+1 4a+1 4a+1 4a+1x —y
a ) . . _
3 ) 3 ) 6 ) 6 9 3 ) 71_y
1—2a
2+ 2\ TRT(252) (1 - y)'F 24
2 N INC S

da + 1 _
(<1 L ecz).

In the equation (2) put A = a, B = =4a—land z = (12v/2 — 16) + y(17 +
121/2) and using a result of Prudnikov ez al. [9, p.496, Equation (46)], we get
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(25)

(|y\ <1; 4a—1€C\Za).

In the equation (2) put A = 2a¢,B = 248 ¢ = 448 and ¢ = \ffljfy, use the

summation theorem given by the Andrews et al. [1, p.177, Question 3(b)], we get

F3 2@,

3—4a da+1 1 4a+3 V2-1+2y -y |
4 7 4 720 47 41 T1-yl|

VWD) (1 - y) e
42V () ()

3
(\yy <1l;a+ 1€ C\ZO).

(26)

In the equation 2) put A = 1, B = a,C = 222 and z = w and using a
result of Prudnikov et al. [9, p.494, Equation (16)], we get

Fo |l 2041, 8a—2. 2043 2a43. 1=V24y(1+v2) —y | _
39y > 4 0 4 0 4 2 Y1y | T

(27)

2a + 3 _
(<1 22 cen)

In the equation (2)) put A = a, B = Q_T“, C = 2‘?5 and z = U= 3‘/) v+3V2) ypg using

a result of Prudnikov et al. [9, p.495, Equation (22)], we get
F3[ —io, 20 da+l, 2045, (i 3v2)+y(4+3v2) f_y}

b 3 b 6 b 6 b 8 ’l_y
19a (2 5 T 1 T 2a+5
=(1-y <_> <¢12+)3 ( S+5 , (28)
3) T(=) (%)
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In the equation H put A=a,B=2-3a,C =32 andz = w and using
a result of Prudnikov et al. [9, p.495, Equation (25)], we get

3—4a. da—1. 3=2a. 2=V3)+y(2+v3) —y
F3|:Cl, B ,2—3&, 2 1 9 4 1oy

S 33—’11‘\ 4 r 3—2a
=(1-y) = 2a2_1 (31) ( 42—33 J
221 (5)(5*)

3 — 2a _
(|y\<1; 2 e«:\zo).

(29)

4. CONCLUSION

By this technique we can find the exact solutions of numerous problem in engineering,
whose solution leads to Appell’s function of third kind.
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