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Abstract: 

The Vertex Polynomial of the graph G is defined as V(G, x) = ∑ vkxkΔ(G)
k=0 , 

where Δ(G) = max{d(v)/vϵV} and vk is the number of vertices of degree k. 

In this paper I found some results on Vertex Polynomial. 
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1. Introduction: 

Here, I consider simple undirected graphs. The terms not defined here we refer Frank 

Harary [2]. The vertex set is denoted by V and the edge set by E. For vϵV, d(v) is the 

number of edges incident with v, the maximum degree of G is defined as Δ(G) =
max{d(v)/vϵV}. Let G1 = (V1, E1) and G2 = (V2, E2) be two graphs, the union G1 ∪  

G2 is defined to be G = (V, E) where 𝑉 = V1 ∪  V2 and 𝐸 =  E1 ∪   E2, the sum G1 + G2 

is defined as G1 ∪  G2 together with all the lines joining points of V1 to V2. If G is of 

order n, the corona of G with H, G ⊙ H is the graph obtained by taking one copy of 

G and n copies of H and joining the ith vertex of G with an every vertex in the  ith copy 

of H. The graph G with V = S1 ∪ S2 ∪ … ∪ Si ∪ T, where each Si is a set of vertices 

having at least two vertices and having the same degree and T = V\∪ Si. The degree 

splitting graph of G denoted by DS(G) and is obtained from G by adding the vertices 

w1, w2, … , wt and joining wi to each vertex of Si, 1 ≤ i ≤ t [5]. For each vertex v of a 

graph G, take a new vertex v′, join v′ to all the vertices of G which are adjacent to v. 

The graph S(G) thus obtained is called splitting graph of G [1]. The graph 

𝐺 = (𝑉, 𝐸) is simply denoted by 𝐺. 
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2. MAIN RESULTS: 

Theorem 2.1: If 𝐻 is a sub graph of a simple graph 𝐺, then the degree of the vertex 

polynomial of 𝐻 is less than or equal to the degree of the vertex polynomial of 𝐺. 

Proof: 

        Let 𝐻 be a sub graph of a simple graph 𝐺. Then the order of 𝐻 is less than or 

equal to the order of 𝐺 and degree of each vertex of 𝐻 is less than or equal to degree 

of each vertex of 𝐺. This gives, the degree of the vertex polynomial of 𝐻  is less than 

or equal to the degree of the vertex polynomial of 𝐺. 

Theorem 2.2: If 𝐺 and 𝐻 are two isomorphic graphs, then the vertex polynomial of 𝐺 

and the vertex polynomial of 𝐻 are equal. 

Proof: 

         Let 𝐺 and 𝐻 be two isomorphic graphs. Then 𝐺 and 𝐻 have the same degree 

sequence. Therefore, the graphs 𝐺 and 𝐻 have the same vertex polynomial. 

Remark 2.3: If the vertex polynomial of two graphs 𝐺 and 𝐻 are equal, then 𝐺 and 𝐻 

need not be isomorphic. 

For example, we consider two graphs 𝐺 and 𝐻 as given in figure 2.1(a) and figure 

2.1(b). 

 

Figure 2.1(a) 

 

 

Figure 2.1(b) 
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Here, the vertex polynomial of the graph 𝐺 is V(𝐺, x) = x3 + 2x2 + 3x. 

And the vertex polynomial of the graph 𝐻 is V(𝐻, x) = x3 + 2x2 + 3x. 

The vertex 𝑢4 in 𝐺 corresponds to the vertex 𝑣3 in 𝐻 as both have the same degree 3. 

But, there are two pendant vertices adjacent to the vertex 𝑢4and there is only one 

pendant vertex adjacent to 𝑣3. So, adjacency relation not preserved and hence 𝐺 and 

𝐻 are not isomorphic. 

Theorem 2.4: Let G be a graph and 𝜁 = 𝐺⋃𝐺 ⋃ … ⋃𝐺 (𝑚 𝑡𝑖𝑚𝑒𝑠), then V(𝜁, x) =
mV(𝐺, x). 

Proof: 

        Let G be a graph and take m copies of G. From the definition of union of graphs, 

the number of vertices of the graph 𝐺 increased by m copies but degree of each vertex 

remains unchanged in 𝜁. Therefore, each coefficient of the vertex polynomial of G is 

multiplied by m gives the result. 

Example 2.5: Consider the graph 𝐾1,3 with 3 copies. That is, 𝜁 = 𝐾1,3⋃𝐾1,3 ⋃ 𝐾1,3. 

ThenV(𝜁, x) = 3V(𝐾1,3, x). 

 

 

Figure 2.2 

Here,V(𝐾1,3, x) = x3 + 3x. 

Now, V(𝐾1,3⋃𝐾1,3⋃𝐾1,3, x) = 3x3 + 9x. 

                                              = 3(x3 + 3x). 

                                              = 3V(𝐾1,3, x). 

Theorem 2.6: Let G be a graph with order 𝑛. 

Then V(𝑚𝐺, x ) = mx(m−1)nV(𝐺, x). 

 

 

𝐾1,3⋃𝐾1,3⋃𝐾1,3:  
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Proof: 

Let G be a graph with order 𝑛 and take 𝑚𝐺. Using the definition of sum of the 

graphs, each vertex of the graph G is increased by 𝑚 times in 𝑚𝐺 and each vertex of 

𝑚𝐺 is adjacent to all vertices of (m − 1) copies of G. Since G has order 𝑛, when we 

multiply mx(m−1)n to vertex polynomial of G we get vertex polynomial of V(𝑚𝐺, x). 
That is, V(𝑚𝐺, x) = mx(m−1)nV(𝐺, x). 

Example 2.7: Consider the graph 𝐾1,3 and take 𝐾1,3 + 𝐾1,3. 

Then V(𝐾1,3 + 𝐾1,3, x) = 2x4V(𝐾1,3, x). 

 

Figure 2.3 

Here, V(𝐾1,3, x) = x3 + 3x. 

Now, V(𝐾1,3 + 𝐾1,3, x) = 2x7 + 6x5. 

                                      = 2x4(x3 + 3x). 

                                       = 2x4V(𝐾1,3, x). 

 

Theorem 2.8: Let G be a graph with order 𝑛 and H be a graph of order 𝑚,  
then V(𝐺 ⊙ 𝐻, x) = xmV(𝐺, x) + nxV(𝐻, x). 

Proof: 

          Let G be a graph with order 𝑛 and H be a graph of order 𝑚. From the definition 

of Corona, we have 𝑛 copies of H, order of H has been increased by 𝑛 times and each 

degree of the vertices of the 𝑛 copies 𝐻 has been increased by one. This gives the 
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term nxV(𝐻, x). Also, each degree of the vertices of 𝐺 has been increased by 𝑚. This 

gives the term xmV(𝐺, x). Adding these two terms, we get the vertex polynomial 

of  V(𝐺 ⊙ 𝐻, x) = xmV(𝐺, x) + nxV(𝐻, x). 

 

Example 2.9: Consider the graphs C4 and P3, then 

 

 

 

Figure 2.4 

 

                    Here, V(C4, x) = 4x2. 

                              V(P3, x) = x2 + 2x. 

          Now, V(C4 ⊙ P3, x) = 4x5 + 4x3 + 8x2. 

                                           = x3(4x2) + 4x(x2 + 2x). 

             = x3V(C4, x) + 4xV(P3, x). 

 

Theorem 2.10: If 𝐺 is an 𝑛-regular graph with order 𝑚, then  
 V(𝑆(𝐺), x) = xnV(𝐺, x) + V(𝐺, x). 

Proof: 

            Let 𝐺 be an𝑛-regular graph with order 𝑚. From the definition of splitting 

graph, each new vertex corresponding to every vertices of 𝐺 has same degree as in 𝐺 

and every existing vertices of 𝐺 has twice the degree. This gives the 

result xnV(𝐺, x) + V(𝐺, x) which is equal to V(𝑆(𝐺), x). 

 

C4 ⊙ P3: 
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Example 2.11: Consider 2-regular graph with order 4, that is C4. The graph 𝑆(C4) 

illustrated as follows; 

 

 

 

Figure 2.5 

 

                                           Here, V(C4, x) = 4x2. 

                                              V(S(C4) , x) = 4x4+4x2. 

                                                                  = x2(4x2)+4x2. 

                                                                  = x2V(C4, x) + V(C4, x). 

 

Theorem 2.12: If 𝐺is an 𝑛-regular graph with order 𝑚, then 

  V(𝐷𝑆(𝐺), x) = xm + xV(𝐺, x). 

Proof: 

Let 𝐺 be an 𝑛-regular graph with order 𝑚. That is, 𝐺 has order 𝑚 and each 

vertex of 𝐺 has same degree 𝑛. Therefore, from the definition of degree splitting 

graph, we introduce the new vertex 𝑤, the vertex 𝑤 adjacent to every vertices of 𝐺. 

That is, 𝑤 is adjacent to 𝑚 vertices of 𝐺. Therefore, 𝑤 has degree 𝑚 and degree of 

each vertices of 𝐺 has been increased by one. This gives the term xm + xV(𝐺, x)and is 

equal to the vertex polynomial for the degree splitting graph of 𝐺. Hence, 

V(𝐷𝑆(𝐺), x) = xm + xV(𝐺, x). 
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Example 2.13: Consider 2-regular graph with order 4. that is C4. The graph 𝐷𝑆(C4) 

illustrated as follows; 

 

 

Figure 2.6 

 

                     Here, V(C4, x) = 4x2. 

                                 V(DS(C4) , x) = x4+4x3. 

               = x4+x(4x2). 

               = x4 + xV(C4, x). 
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