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Abstract

In recent times, the study of analytic functions has been useful in solving
problems in Different field like: Computer Science, Electrical engineering
electrical electronics, etc. An analytic function is said to be univalent in a
domain if it does not take the same value twice in that domain while an analytic
function is said to be p-valent in a domain if it does not take the same value
more than p times in that domain. The main object of this paper is to introduce
and investigate a new class of normalized analytic functions in the open unit
disc ,U which is defined by a generalized Raducanu-Orhan differential operator.
We obtain the coefficient inequality, extreme points, integral means inequalities
for fractional derivatives of functions in this class.

Keywords: Multivalent functions, Raducanu-Orhan differential operator,
extreme points, coefficient inequality, fractional derivatives.

1. INTRODUCTION AND PRELIMINARIES

In the study of Geometric functions theory , the univalent functions and the p-valent
functions are very fascinating as we see in recent years; many new articles are written
in these areas. Now, operators of normalized analytic functions become very popular,
namely for Differential and Integral. Many articles discuss on operators and new
generalizations of various authors. Ruscheweyh [11] led the way in the theory of
differential operators in 1975.1t was followed by Salagean [3] in 1983 giving another
version of differential and Integral operator. Many properties have been studied and
discussed by many researchers for these operators. In 2004, Al-Oboudi [2] generalized
Salagean operator. In 2010, Raducanu and Orhan [1] generalized Al-Oboudi
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Differential operator. In this study, we use this operator in [1] to obtain another type of
differential operator.

Definition 1.1

Let A denote the class of functions, f(z) normalized by

N o &
fz)=z+ a;z’

which are analytic in the open unit disc, U = {z:|z| < 1}.

For f(z) € A, Raducanu and Orhan [1] introduced the following operator:
Dauf (2) = f(2)
Dauf(2) = auz*f"(z) + (@ —wzf'(2) + 1 — a + 1)f (2)

DAf(2) = Doy (DEf () (O<p<as<ineN) (9

If fisgivenby (1), then from the definition of the operator D}, f () in (2), it is clear
to see that

Douf(z) =z + Z [1+ (aj + a — W — D]"a;z/ (3)
j=2

(n € N, = NU{0})

Note:
when a = 1, u = 0, we get the Salagean differential Operator [3].
when u = 0, we get the Al-Oboudi differential Operator [2].

Let Ap denote the class of functions of the form

fO=+ Y ar  p=123.) (@)

Jj=p+1

Which are analytic and p-valent in the open unit disc, U = {z: |z|] < 1}.
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We can write the following equalities for the functions f € 4,
Deif(2) = f(2)
Of‘Ll n 1 !
Depf(2) = =2 (@) + 2 (a = zf'(2) ®)

+%(1—a+u)f(2)
-1

+ [1—pau —a+ ulzP

DAPf(2) = Day (DB f(2)) (€N =123..) ©)

If f isgiven by (4), then from (5) and (6) , we see that

c 1+ (a+a—wG-D]" .
Darzpf(z) =P 4+ z [ (auj + a — u)(j ) ajzf (7)
j=p+1 P
meN,=NU{0},peN=1.23..)
Remarks:
I If p=1, D,”f(2)=Dg,f(2) introduced by Raducanu and Orhan [1]
. If p=1a=1u=0,D,7f(z) = D"f(z) defined by Salagean [3]

M. 1f p=1,u=0, D,’f(z)=Dgf(z)defined by Al-Oboudi in [2]

Definition 1.2
Let T, " (b, A, p) denote the subclass of Ap consisting of functions f satisfying the

inequalities
1P f ) _ ®)
R{Hb(Da,Z,,f o-1)}>2

Forsome0 <u<a<1, A(0< A1<1),beC—{0}, meN,n€N, DgFf(z)as
in(7) andallz e U.
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Remarks:

If u=0,T,,"(bAp) becomes the class Np(m,n,a,&,b) studied by
Thirucheran and Stalin [7]

If p=1, u=0,T,,"(b,A,p) becomes the class Sp,,s(a) studied by
Thirucheran and Stalin [6]

If p=1,b=1, u = 0, T, (b, 4, p) reduces to the class S, ,, s(a) investigated by
Eker and Guney [9]

2. Coefficient Inequalities

We discuss coefficient inequality of the functions f(z) in the class Ta’,’}'"(b, A D)
Theorem 2.1
Let f(z) € A, satisfy

Where

o)

j=p+1

‘I’p(m, nb,,j,auA) = |[1+(a#}+t; w(j 1)] —(+ (10)

) [1+(auj+o;—u)(j—1)]"| +[1+(auf+z-ﬂ)(f‘1)]m +((2-2b—

1 [1+(auj+r;—u)(j—1) n

Forsome 0 <u<a<1,A(0< A<1),beC—{0}, meN,n€N,, then f(z)€
Ton™ (b, 2, p)

Proof:

Suppose that (9) hold true for some 0 < u<a<1,A(0< A1<1),beC -

{0},m € N,n € Ny.For f(z) € A,

Doy’ f(2)

> 1 _ I
Let’s define {1 t (D;Apﬂz) 1)} A=F(2)

By the definition of the class,

1+z
= F(z)< T

There exist a schwarz function w(z), with w(0) = 0 and |w(z)| < 1, such that

_1+w(2)

= Towi (11)

F(2)
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This implies that
F(z)—1
w(z) F(z)+1
(z2) -1
w()l ‘F(z) 71| <1
We note that
F@z) -1 _ D" f(2) - (1+b)Dgff(2) |
F@)+1|  Dg?f(z) - [1+ @A - 2)bIDgff(2)|
| e [T g, [ | 12)
o P et [ o
—AbzP +Z;°—p . { 1+ (ayj+a—w( - 1)]m_ (1+ 1b) [1+ (g +a-w(-1) n} ajzj
_ P p p
@b 432, ﬂ1+0wﬁ+;—m0—1q +«2_Db_1)P+(mU+%—MU—1)}%ﬂ
b - Zqop L {|:1 + ((Xﬂ] +a- .u)(l _ 1)]7” _ (1 + /1b) [1 + (‘IHJ +a- u)(l _ 1)]”} aij_p
_ j=p+ p p
@- Db+ 35 ﬂ1+WW+§‘”K”'”]+w&—aw—1>F+(””+g‘”U‘1)}%ww
Wb+ 320, ﬂ[+(wu+z W q _(1+M0[+(wu+z e q }|%“Ww
- 1 i+a-w(G-DI" 1 +a-w(-DI" ,
2-Db-32,., ﬂ-+wm+2 WG )]+(@_AM_1)[+(WU+2 WG ql%ﬂwﬁ}

a-w(-

1y)

o 14 (aw +
TS {” (ay

< p

a- (-

]m—u+ﬂgF+WW+p

J 1al

T+ (apj +a—pw)( -

D

@-Db =32

{

p

a—wG-1

]m+((2—1)b—1)[l+(“”f+p

[ 1ol
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The last expression is bounded above by 1 if

=Ab+ X5 {|[wm—(l+lb) [%‘WU—D]”H |aj|

<(@2-1)b- i {

j=p+1

m

+((2-Db

n
|“j|}

1+ (aw+ta-w(G-1)
P

1+ (ay+a—w(G-1)

P
=i {|[1+(auj+a—u)(j—1)m_(1+/1b)[1+(auj+a—#)(i—1)”
Y P P
j=p+1
+[1+(au1+0;—u)(1—1)] (2= 2b)
_ 1) [1 + ((,Z,Lt] +a —,Ll)(] B 1)]”} |a]|
P
<2(1- )b

Which is equivalent to the condition in (9).This completes the proof of Theorem 2.1.

3 Extreme points
In view of Theorem2.1, we now introduce the subclass
T (b, A,p) © Ty (b, A,p)

Which consist of functions
f(z) =zP + Z ajz/ (a; = 0)
j=p+1

Where Taylor-Maclaurin coefficients satisfy inequality (9).Now, let us determine the
extreme points of the class T, ™ (b, 4, p).

Theorem 3.1
Let fp (z) =2z 'f] (2) = 2P + ¥, (mn,b,,j,a,ui)

( = p+ 1) Where ¥,(m,n,b,,j,a,u,A) isas given in (10), then f € T, (b, 4, p) if
and only if it can be expressed in the form

J

F@=mfh@+ Y 1fi@ =

j=p+1

Wheren]. 20andr;p =1-X%,41 1)
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Proof:  Assume that

f@=mfh@H+ ) mh@)

j=p+1
Then
f(@) =01 Z n;)zP + Z n,{Z +Wp(m,n,b,,j,a,ﬂ,ﬂ)z} (14)
]:p+1 ]=p+1
- 2(1—-2)b .
= 2P : !
=+ ) s )
j=p+1
Thus,

2(1-2)b

lI] (m’nlbll .la, ,/1) i -
j;rl p 1, @ |1, AT Y,(m,n, b,,j,a,u, 1)

[ee)

= 2(1 = )b 2 n;

j=p+1

=2(1-2)b(1—n,) <2(1-2)b

Which shows that f satisfy the condition (9) and therefore, f € T, (b, 4, p).

Conversely, suppose that f € T, (b, 4,p), since

__ 20-a)
Y=w b, jand)

j=zp+1

We may set

— lpp(m: n, b' rj' a, u, /1)
T G I VA

Tlp=1—z nj
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Then we obtain from

f(z) =2P + Z a;z’

j=p+1

N N 20— 2)b .
AU Z Nz’ + Z Ty (m Ez b ')a Dz
j=p+1 j=p+1 p g )r]; ,M,

2(1-2)b j}

= p j p
= f(2) =npz” + Z ’71{2 AN WA

Jj=p+1

=+ Y )

j=p+1

This completes the proof of Theorem 3.1
Corollary 3.2
The extreme points of the class T,;," (b, A, p)are given by

fo(2) =27, fi(z) = 2P +
( =p + 1) Where ¥,,(m,n,b,, j,a,u,A) is as given(10).

Theorem 3.3
Let the functions

2(1-A)b

AL
¥yp(mnb,j,a,ml)

f(z) =zP + Z ajz/ (a; = 0)

j=p+1
g(z) = z° + Z bjzl  (b; =0)
j=p+1

Be in the class T,;," (b, A, p) for 0 < t < 1, then the function h(z) defined by

o) = A-Of@D+tg@D =2+ Y g2
Cj = (1 - t)a] + tbjjzg-'-(l)

Is also in the class T,)," (b, 4, p)

(15)
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Proof: suppose that each of the functions £, g is in the class T,;,," (b, 4, p), then making
use of (9),

We see that

[00]

Z Yp(m,n,b,,j,a,pu A (16)

j=p+1

=(1-1) Z ‘Pp(m, nb,,j,a,u, A)aj
j=p+1

o

+t Z ¥Y,(m,n,b,,j,a,u,A)b;

Jj=p+1

<(1-62(1—)b+t2(1—2A)b
=2(1—1)b

This completes the proof of Theorem 3.3.

4 Integral Mean Inequalities for fractional derivatives

We will make use of the definitions of fractional derivatives by Owa [10], Srivastava
and Owa [4].

Definition 4.1

The fractional derivative of order [ is defined, for functions f by

1 a @) 17
D;_WEL md(t), 0<1<1) (17)

Where f is an analytic function in a simply connected region of the z-plane containing
the origin, and the multiplicity of (z — t)~! is removed by requiring log(z — t) to be
real when (z —t) > 0

Definition 4.2
Under the hypothesis of definition 4.1, the fractional derivative of order q + [
Is defined, for function f, by
d4
DI f(2) = d—D;(o <l<1,4q€N) (18)

z4d



462 Bitrus Sambo, Ayuba Sanda and Oladejo Semiu Oladipupo

It readily follows from (18)

r'k+1
DLzk = ( )

=~ 7 Jk-lip< 19
F =T+ (0<I<1,k€N) (19)

Further, we need the concept of subordination between analytic functions and a
subordination theorem of Littlewoods in our investigation.

Definition 4.3
For two functions f and g, analyticin U, and write

f<g,(zel)

If there exist a schwarz function w(z) analytic in U with w(0) = 0 and |w(z)| < 1,
such that

f(2) =gw(2),(z €U)

In particular, if the function g(z) is univalent in U, the above subordination is
equivalent to

f(0) = g(0), f(U) = g(U), in[8]

In 1925, Littlewoods [5], proved the following subordination theorem.
Lemma 4.4

If f(z) and g(z) are analytic in U with f(z) < g(2), then for ¢ >0 and
z=re?(0<r<1)

2 21
[" reras " lg@ira (20)
0 0
Theorem 4.5
Let f € T,," (b, 4, p) and suppose that
N 1 21
Z (] - Q)q+1aj ( )

j=p+1

- 20 =)br'(k+DrR+p—1-q)
T mnb,jap)lk+1-1-)(p+1-q)
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Forsome j = q,0 <1 <1, (j — q)q+1 denotes the pochhammer symbol defined by
U§—Dg+1=0G—a)(G—q+1)..j.Also, let the function

21-2)b
Y,(m,n,b,,j,a,ul)

fx(z) = zP + ZXk=p+1) (22)

If there exist an analytic function w(z) given by

Y,(mn,b,,j,a,u, )Tk +1-1-

- q)
(w(2)k? = 2= 1% TRV z (- QDer®(az/ ™ (23)
] p+1
k>q
N __r'g-9 . 24
<P(1)—F(k+1_l_q) (0<i<1,j=p+1) (24)
thenforo > 0andz =re®® (0 <r < 1)
21 : o 27 l ”
J IDF*'f(2)| db < j DI (2)| do (25)
0 0
Proof: Let

f(z) =zP + Z a;z’

j=p+1

By means of (19) and definition 4.1, we have

w, . T+1)zP7ta - [G+Drp+1-1-gq)

A R~ ey +j;1 P DrGri-i— %" p‘ (22)
_ I(p+ 1)zt - Tp+1-1-g)
_F(p+1—l—q)1+j;1 rp+D U~ q)qu)(])a]zJp]

Where

o(f) = rG-q 0<i<1j=2p+1

rGg+1-1L—-ygq)
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Since @ is decreasing function of j,we get

. _ I'(p+1-9q)
0<o()<o(@+1) “Te+p=I-0
Similarly, from (9), (19) and definition 4.1
q+l _ F(p + 1)Zk_l_q
D;" fi(2) = —F(p +1-1—¢q) (27)
. 20— 2)br(k+1Dr(p+1-1-q) kep
Y,(m,n,b,,j,a,u, VI (p+ DI k+1-1- q)z
foroc > 0and z = re® (0 < r < 1),we show that
2n o FG+Drp+1-1l—gq) ’ (28)
fo 1+,-=;1 re+OIG+i—l—g%? " | %
2 _ — ] = g
< f - 20 =2)br(k+Dr(p+1-1-q) | 40
0

, z
v,(m,n,b,,j,a,u,, DI (p+ DIk +1-1-q)

So,by applying lemma 4.4,it is enough to show that

. i rG+Dre+1-1-q)

. J=D
Tp+DrG+1-1—q) Y

j=p+1

20— )brk+Drip+1—-1-q)

k-p
Y,(m,n,b,,j,a,u, )I'(p + DI'(k + 1 —l—q)Z

<1+

j=zp+1

If the above subordination holds true, then we have analytic function w(z) with
w(0) = 0 and |w(z)| < 1, such that

o TG+Drp+1-1-q) .
1+z - ajZJp
~ rp+DrGg+1-1—q)

]_

20 -A)prtk+Drp+1-1—gq) _
=1+ _ w(z)kP
Yo(mnb,,j,a,u, DI (p+ DI (k+1-1-q)

By the condition of the theorem, we define the function w(z) by

Y(m,n,b,,j,a,u, )k +1-1-¢q) = ] _ .
2(1—2)b rk+ 1) Z (U= Dgr1®2()a;z’7P  (29)

j=p+1

W(z)k—p =
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Which readily yields w(0) = 0. For such a function w(z), we have

lw(@)|*P <

> U= 0gn®Gg Izl

=p+1

Yy(m,n,b,,j,a,u, )k +1-1-q)
2(1—21)b rtk+1
]

Y,(m,n,b,,j,a,u, Ik +1-1-¢q)

<=0 =0 rk+1)

PP+ D (- Dena
j=p+1

<|z| <1

Where ¥,,(m,n, b,, j,a,u, A) isasin (10). By means of the hypothesis of the theorem,
thus, the Theorem is proved.

As a special case g = 0, we have the following from Theorem 4.5.

Corollary 4.6
Let f € T, (b,A,p) andsuppose that
i ja < 2AZMPIE+DIQ+p—D)
& 7T w,(mn,b,,j,a,u, DI (k+1-DIN(p+1) (30)

(j = p+ 1) if there exist analytic function w(z) define by

@ (m,nb,,j, ) Ik+1-0) ~ .
w(2)k P =-2 j®()a;z"P
2(1- )b I'(k+1) ,-;1 j 31)
With
) .

Theno >0andz =re® (0 <r < 1),

fzn |D§f(z)|"d9sf2” |DLf(2)|” d6 (32)
0 0

Letting g = 1, we have the following from Theorem 4.5,
Corollary 4.7
Let f € T,," (b, A, p) and suppose that

> 2(1 = A)bI'(k+ DI (p+1—-10) (33)
Z U= < g b, i DT (k= DI (p)

j=p+1
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(j =p +1) ifthere exist analytic function w(z) define by

Y (m,nb,,j,a,u ) Fk—1) <

WD == e Tt D L jG - Degazr 34
With
N _TG-1 ,
Theno >0and z=re! (0 <r < 1),
2n o 21 -
f |DEf(2)| do < f |Dfi(2)| de (36)
0 0

CONCLUSION

In this paper, using a generalized Raducanu-Orhan differential operator, we defined
new subclass of Multivalent functions and established its properties. Results obtained
provide new Properties of certain subclasses of Analytic functions.

REFERENCES

[1] D. Raducanu and H. Orhan, 2010 ,"Subclasses of analytic functions defined by a
generalized differential operator,” International Journal of Mathematical
Analysis, vol. 4, no.1-4, pp. 1-15.

[2] F.M. Al-Oboudi, 2004, "On univalent functions defined by a Generalized
differential operator,” International Journal of Mathematics and Mathematical
Sciences, No.(25-28),1429-1436.

[3] G.S. Salagean, 1983 , "Subclasses of Univalent functions,"complex Analysis-
Fifth  Romanian  Seminar,part  I(bucharest,1983),Lecture ~ Notes in
Mathematics.vol.1013, Springer,Berlin,pp 362-372.

[4] H.M. Srivastava,S.0wa,1989 ,"Univalent functions, Fractional Calculus, and
their applications, "Ellis Horwood Series:Mathematics and its applications,Ellis
Horwood, Chichester,UK.

[5] J.E. Littlewood, 1925 , "On inequalities in the theory of functions,” proceedings
of London Mathematical Society,vol.23,n0.1,pp 481-519.

[6] M. Thirucheran,T. Stalin, 2018 ,"On a new subclass of analytic functions Defined

by using Generalized Al-Oboudi Differential operator,"Journal of Global
Research in Math. Arc.,vol.5,N0.5,2320-5822.



On a New Subclass of Multivalent Functions Defined by using Generalized... 467

[7]

[8]
[9]

[10]

[11]

M. Thirucheran,T. Stalin, 2018 , "On a New subclass of Multivalent functions
Defined by Al-Oboudi Differential operator,"Global Journal of Pure and Applied
Math.,vol.14,No.5,733-741.

P.L. Duren, 1983, "Univalent functions,” Springer, New York, NY,USA.

S. Eker, H.O. Guney, 2008 , "A new subclass of Analytic Functions Involving Al-
Oboudi Differential operator,” Hindawi publishing Corporation, Journal of
Inequalities  Applications, volume 2008,Article ID 452057,10 pages
doi:10.1155/2008/452057.

S. Owa,1978, "On the distortion theorems I," kyungpook Mathematical
Journal,vol.18,n0.1,pp.53-59.

St. Ruscheweyh, 1975, "On univalent functions," proc.Amer.Sc.,49,109-115.



468 Bitrus Sambo, Ayuba Sanda and Oladejo Semiu Oladipupo



