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Abstract

In this paper we introduce the notion of («, 1, ¢) - generalized weakly contractive
maps in Sy-metric spaces and obtain existence of fixed points for such maps. These
results extend and improve the results of Babu and Leta[1]. Further, in support of
our results examples are also given.
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1. INTRODUCTION AND PRELIMINARIES

Now a days, generalization of metric spaces in various structures have drawn the
attention of scientists due to the development and generalization of many results in
fixed point theory. Recently, the concept of an S,-metric space as a generalization of b-
metric spaces and S-metric spaces have been introduced in [11] and proved fixed point
theorems in complete Sy-metric space. But, very recently Tas and Ozur[15] studied
some relations between S;-metric spaces and some other metric spaces. Pioneering
results dealing with fixed point theorems for mappings satisfying certain contractive
conditions on S,-metric spaces can be referred in [6,8,11,12,13,15,16].
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We start by recalling some notations, definitions and lemmas and well known results
which are useful in what follows.

In 2012, Sedghi, Shobe and Aliouche[10] introduced S-metric on a nonempty set X as
follows.

Definition 1.1[10]. Let X be a nonempty set. A S-metric on X is a function S : X3 —

0, 00) that satisfies the following conditions:
(1.1.1) 0 < S(z,y, 2) forall x,y,z € X withx # y # =
(1.1.2) S(z,y,2) =0ifr =y = 2.

(1.13) S(,y,2) < [S(x, 2, 0) + S(y,9,a) + 5(2, 2,a)]
forall z,y,z,a € X. The pair (X, S) is called S- metric space.

For more literature on S-metric spaces we refer[1,3,4,5,7,9,14].

Definition 1.2[2]. Let X be a non-empty set and s > 1 be a real number. A function
d: X x X —[0,00) is called a b-metric on X if it satisfies the following conditions:

(1.2.1) d(z,y)=0 if and only if © = y.

(1.2.2) d(z,y) = d(y, x) forall v,y € X.

(1.2.3) d(z,y) < sld(z, z) + d(z,y)], forall x,y,z € X.

Then the order pair (X, d) is said to be a b- metric space with s > 1.

Here we note that the class of b-metric spaces is larger class than the class of metric
spaces, since (X, d) is a metric space when s = 1.

Inspired by the works of Bakhtin [2] and Sedghi et al., [10], Souayah and Mlaiki [11]
introduced the concept of Sy-metric space. Tas and Ozur[15] modified the definition of
Sy -metric spaces.

Definition 1.3[15]. Let X be a nonempty set with s > 1. A Sy-metric on X is a
function Sy, : X3 — [0, 00) that satisfies the following conditions:

(1.3.1) Sp(z,y,2) =0ifx =y = =

(1.3.2) Sp(x,y, 2) < s[Sp(x,z,a) + Sp(y,y,a) + Sp(z, 2, a)]
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forall x,y,z,a € X.
The pair (X, Sy) is called a Sy-metric space with index s.

We note that Sp-metric spaces are generalizations of S-metric spaces since every
S-metric is an S, metric with s = 1 and its converse need not be true.

Example 1.4[15]. Let X = R and the function S, be defined as
1
So(@,y,2) = gp(lv =yl +ly — 2+ |o - 2))%.

Then (X, Sy) is an Sy, metric space with s = 4, but it is not an S-metric space. Indeed,

forx =4,y =6,z =8 and a = 5, we get

Sp(4,6,8) =4 > Sy(4,4,5) + Sy(6,6,5) + Sy(8,8,5).

Thus, S,- metric spaces are more general than S-metric spaces.

Definition 1.5[15]. Let (X, Sy) be an Sy-metric space and s > 1. An Sy-metric is called
symmetric if Sp(x,x,y) = Sp(y,y, z), forall z,y € X.

Remarks 1.6[15].

(1) There exists an Sy- metric space which is not generated by any

b-metric.(Example 2.6[15]).
(11) There exist non-symmetric Sy-metric spaces.

(131) Symmetry condition is automatically satisfied by an S-metric

(Lemma 2.5 on page 260 in [7]) (Example2.3[7]).

Lemma 1.7[8]. In an S,- metric space, we have
(Z) Sb(xa z, y) S SSb(y, Y, .I') and Sb(yv Y, .CL') S SSb(:Ea z, y)
(“) Sb(xv x, Z) S 2331)(1‘7 X, y) + S2Sb(ya Y, Z)

Definition 1.8[8]. If (X, S}) is an Sy-metric space, a sequence {x,} in X is said to
be :

(1) Sp- Cauchy sequence, if for each € > 0,
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there exists n, € N such that Sy(Ty,, Ty, Tp) < € for all
n,Mm > Ne.
(17) Syp-convergent to a point x € X, if for each € > 0, there exist
a positive integer n, such that Sy(z,, r,,x) < € and
Sp(z, x,z,) < € forall n > n,, and we denote lim,,_,, x,, = .

Definition 1.9[8]. An Sy-metric space (X, Sy) is called complete if every S, -Cauchy
sequence is Sy-convergent in X.

Lemma 1.10[8]. If (X,S,) is an Sy,— metric space with s > 1 and {x,} is
Sy-convergent to x then we have

(i) 55Sb(y, y» @) < liminf, o0 Sp(y, ¥, 0) < UMsupy—o0Sy(Y, Ys 1)
< 2sSy(y,y, ) and

(“) S%Sb<l’, Z, y) < lim infn—wo Sb(xna T, y) < limsupn—)oosb(xny T, ?J)
S SQSb(IIZ', x, y) .
Tas and Ozgur[15] proved Banach contraction principle in S,- metric spaces.

Theorem 1.11[15]. Let (X, S,) be a complete S, -metric space with s > 1 and
T : X — X be a self-mapping satisfying

Sb(Tvavay) S th(wiay)
forall x,y,z € X, where 0 < h < S% Then T has a fixed point x in X.

In particular, if v € X and ©, .1 = T"xo forn = 0,1,2,.... {z,,} converges, say, toy
and y is a fixed point of T

Throught this paper we denote:

U = {4 :]0,00) = [0,00)|¢) is continuous, nondecreasing and
P(t) =0ifft=0}

O ={¢:[0,00) = [0,00)|¢ is continuous, ¢(t) = 0 iff t = 0}.

Recently, in 2017, Babu and Leta[l] introduced (%, ¢)- generalized weakly
contractive map in S-metric spaces.
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Definition 1.12 [1]. Let (X, S) be an S-metric space. Let f : X — X be a self map of
X. Then f is said to be (c, 1, ¢)- generalized weakly contractive map if it satisfies the

Jfollowing condition:

(1.12.1) if there exist o € (0,1), v € V and ¢ € ® such that

V(S(fx, fy, [2)) < b(Ma(2,y,2)) = ¢(Ma(z,y, 2))

where
Ma(x7 y? Z) = mal’{s(x’ y? Z)’ S(:L'7 ‘/L" f'/l/‘)’ S(y? y) fy)? S(’Z’ 27 fz)7

OéS(f.I‘,fy,fZ)+(1—Oé>5(fy,fy,2)}
forall z,y,z € X .

Theorem 1.13 [1]. Let (X,S) be a complete S-metric space and let [ be an
(cv, 0, @)- generalized weakly contractive map. Then f has unique fixed point u (say)
and f is S-continuous at u.

The aim of the paper is to extend the results of Babu and Leta[1] to more general class
ie., Sp-metric spaces.

2. MAIN RESULTS In this section we introduce the notion of («, 1, ¢)-generalized
weakly contractive map in S,-metric spaces and we prove fixed point theorems for such
maps.

Definition 2.1 Let (X, S,) be an Sy-metric space with s > 1. Let f : X — X be a self
map of X. Then fis called (o, v, ¢)- generalized weakly contractive map :

(2.1.1) if there exist o« € (0,1), ¥ € ¥ and ¢ € P such that
V(4" Sy(f, fy. 7)) < ©(Ma(2,y, 2)) — ¢(Ma(2,y, 2))

where

Mo(z,y, 2) = max{Sy(x, y, 2), Sp(x, x, f£), So(y, Y, [y), Su(2, 2, [ 2),
slaSy(fx, fy, f2) + (1= a)Sy(f, fz,y)Su(fy. fy, 2)Se(f2, f2,2)]}
forall z,y, = € X.

Theorem 2.2. Let (X, Sy) be a complete Sy-metric space with s > 1 and let f be an
(e, 0, @)- generalized weakly contractive map. Then f has a unique fixed point z € X.
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Proof. Let 2o € X. We define a sequence {z,} in X by z,,;1 = fz, for some n, then
x, is fixed point of f and we are through.

Now we assume that z,, # x,.1 for all n. On choosing z =y = =, 1,2 = x, in
(2.1.1), we have

(2.2.1) V(Sp(Tp, Ty Tngr)) < 1/}(454Sb(fxn717 frn, fon))

S ¢(Mo¢ (-Tn—la Tp—1, xn)) - ¢(Moz (xn—la Tp—1, xn))
where

(2.2.2) Mo(xp_1, Tpn_1, ) = max{Sy(Tn_1,Tn_1,Tn), Sp(Tn, Tn, Tni1),
55296(Tn, Tn, Tng1) })
= mazx{Sy(Tn_1, Tn-1,Tn), Sp(Tn, Tn, Tni1)}
If Sy(zp, T, Tpy1) is the maximum in (2.2.2), then from (2.2.1), we have
U(Se(@n, Tn, Tna1)) < (ST Tn, Tnga)) = G(S(Tn, Ty Tnpr))-

This implies ¢(Sy(xy, Tn, Tny1)) = 0. Hence z, = x,.;1, a contradiction to our
assumption. Thus

(2.2.3) V(Su(2n, T, Tpi1)) < P(Sp(Tno1, Tn-1,Tn)) — O(S(Tn—1, Tn-1,7n))
< WY(Sp(Tp-1,Tn—1,Tn))-

By the property of ), we have

So(Tny Ty Tpy1) < Sp(Tp_1, Tn1,Tn).

Hence {Sy(zn, xn, x,11)} is a strictly decreasing sequence of positive real numbers.
Hence there exists > 0 such that

liInn—><>o Sb(xm L,y $n+1) =T.

Making n — oo in (2.2.3), we have ¢ (1) < 1(r) — ¢(r). This implies ¢(r) = 0. Hence
r = 0. Thus

(2.2.4) lim, o0 Sp(Tp, T, Tpy1) = 0.
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On choosing r = y = x11,2 = , in (2.1.1), we have
(225) w<Sb<xn+1a Tnii, xn)) < ¢(4545b(f$m fxnv fxnfl))

S ¢(Ma(xn;$na xn—l)) - ¢(Ma($m$m$n—1))

where
(2.2.6) Mo (2, Tn, Tpo1) = max{Sy(Tn, Tn, Tn-1), So(Tn, Tn, Tni1),

Sb(fn—la Tp—1, l‘n), ﬁ[as’b(gjn—‘rly Tn+1, $n)
+(1 - Q)Sb(xn+l7 Tn+1, xn)‘Sb(xn—&—l) Tnt1, xn—l)-sb(xny T, xn)]}

= maz{Sy(Tn, Tn, Tp—1), 553 0Sp(Tps1, Tt1, Tn) }-

If ﬁaSb(an, Tpi1,Zy) is the maximum in (2.2.6), then from (2.2.5), we have

77b<Sb(xn-|—1a Tn+1, xn)) < 1/1(%517(17%1, Ln+1, xn)) - gb(%sb(xn—‘rl) Tn+1, $n))
Therefore

«
Sb(xn+17 Tnt1, xn) < gsb(xwrla Tn+1, xn)a

a contradiction. Thus from (2.2.5), we have

227 (@i, Tnir, Tn)) < O(Sp(Xn, Tny Tn1)) = O(Sh (L, Ty Tn1))
< P(Sp(Tp, Ty Ti1))-

By the property of 1, we have

So(Tnt15 Tnt1, Tn) < Sp(Tn,y Tny Tn—1)-

Hence {Sy(zp11, Tni1,2n)} is a strictly decreasing sequence of positive real numbers.
Hence there exists > 0 such that

hmn%oo Sb<xn+17 Tn+1, In) =T.

Making n — oo in (2.2.7), we have ¢)(r) < 1(r) — ¢(r). This implies ¢(r) = 0. Hence
r = 0. Thus

(2.2.8) limy, 00 Sp(Tni1s Tnt1, Tn) = 0.

We now show that {z,} is a S,— Cauchy sequence in X. Suppose that {z,} is not a
Sp-Cauchy sequence. Then there exists € > 0 and monotone increasing sequences of
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real numbers m(k) and n(k) with n(k) > m(k) > k such that

(22.9)  Sp(Tmk), Tmk), Tuk)) = € a0d Sp( Tk, Tink)s Tn(k)—1) < €.
Now from (2.1.1), (2.2.5) and (2.2.9), we have

(22.10)  P(ds'e) < (45" Sy (@mr), Tm(r), Tn(r)))

<YM Trm(k)—1, Tmk) 15 Tnk) 1)) — P(MalTmk) 15 Tm(k)—15 Tn(k)—1))

where
Ma(Z k)1, Tm(k) =15 Tn()—1) = MATLSp (L (k)1 Tm(k)=1, Tn(k)—1),
So(Tim(k)—1 Tk =15 fTmk)-1) s So(Tmk)—15 Tm(k)—1, fTmk)—1),
Sb(Zn(k)—1, Ta(e) =15 fTn)—1)s 322 [0S (FTmik) =1, [ Tme)—15 [Tn)—1)
(1 = @) Sp(fZmk)—15 [ Zm(k)=15 Tr(k)—1)
So(fTme)y—15 FTmk) =15 Tnge)—1) S ([Tnk)y—1, fTn)—15 Tmr)—1)]

= maiU{Sb(%m(k)A, T (k)—15 xn(k)fl)a Sb(-z'm(k)fl; T (k)—1s xm(k))a

So(Tm@k)=1> Tm(k)—1> Tm(k))» S6(Tr(k) =15 Tn(k)=1> Tn(k) ),
552 [0Sy (T (k) Tm(k) s Tu(iy) (L = @) So(Tin(k), T (k) Tm(k)—1)

So(Tm(k)s Tm(k)s Tn(k)~1) S (Tn(k)s Tn(kys Tmr)—1)]}-
As k — oo,
(2.1.11)  limys00 Mo (Zm(k)—15 Tm(k)—1> Tn(k)—1)
= maz{Sy(Tm(t)-1, Tm(k)—1, Tn(k)-1); 32256 (Tm(k)s Tm(k)> Tn(k)) }-
If 5% Sy (Tm(k) > Tm(k) Tn(k)) i Maximum,
V(45 Sy (Tmrys Trak)> Tary) < V(5290 (Tmk)> Tin(hys Tk )

— (523 S (Tim(k)s Tm(k)> Tn(k)))-
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This implies
o
¢(484Sb(3?m(k), Lm(k) l‘n(k))) < ?P(@Sb(%m(k), Tm(k)> xn(k))-
By the property of 1/, we have

«
454Sb($m(k), Tm(k)> 33n(k)) < Z—SQSb(xm(k), Tm(k)s $n(k))-

This gives rise to
4s' < 5% = 8s°% < «, a contradiction since a € (0,1) and s > 1. Therefore

82
(2.1.12) (45" Sp (T, Tmk)s Tk)) < V(322 Sb(Tm(k)—1> Tmk)—1> Tn(k)—1))
— (522 Sp(Tm(k) =15 Tm(k)—1> Tn(k)—1))
< WP(32 S (Tm(k)—15 Tm(k) =1, Tn(k)—1))-

Now from Lemma 1.7, we have

A Sy (Zm(k)s Tm(k)> Tn(r)) <
255, (Zm(k) =1 Tm(k)—1, Tm(k)) + S*Sp(Tmk)s Tm(k)s Tn(e)—1)-

Letting k — 00, we get 4ste < 5%,

a contraction. Hence {z,, } is Sp-Cauchy sequence.
Since X is Sycomplete, there exists u € X such that

22.13)  limy_ooy, = .
We now show that fu = u. Suppose that fu # u. Then by lemma 1.10, we have

1
2—SSb(fu, fu,u) < liminf Sy(fu, fu, fx,)

This implies
%Sb(fu, fu,u) < 4s*liminf, o Sp(fu, fu, fz,)

< 4s*limsup,,_, . Sp(fu, fu, fz,).
Thus

2538y (fu, fu,u) < 4s*liminf, .o Sp(fu, fu, fz,)

< 45*lim SUD,, 00 Sb(fu, fu, fa,).
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By the property of 1/, we have
(2.2.14)  $(25*Sy(fu, fu,u)) < Y(4s* limsup, . Sy(fu, fu, f2,))
< ¢(limsup,,_, ., My (u,u,z,))

—o¢(limsup,, . M, (u,u,x,)).
Now,

Ma(“a u, xn) = max{Sb(u, u, xn)7 Sb(“? u, fu)a Sb(u7 u, fu)a Sb(xm T,y xn+1)7
ﬁ[aSb(fu, fu,u) + (1 — a)Sy(fu, fu,w)Sy(fu, fu,x,)Sy(Tni1, Tnt1, w)]}-
= maz{Sy(u, u, fu), ﬁasb(fu, fu,u)}.

If 55 aS,(fu, fu,u) is maximum,

gz S fu,w)) = 6(55Su( fu. fu. )

< (525 (fu, fu,u)).

(25 Sy (fu, fu,u)) < (

By the property of 1), we have
25°Sy(fu, fu,u) < %Sb(fu, fu,u),
this implies
4s® < a, a contradiction. Therefore
V(25" Sy(fu, fu,w)) < D(Sy(u, u, fu)) — S(Sp(u, u, fu))
(2.1.15) = (25*Sy(fu, fu,u)) < Y (Sp(u,u, fu)).
If u # fu, in (2.2.15), we have
25°Sy(fu, fu,u) < Sy(u,u, fu) < sSy(fu, fu,u),
which implies

252 < 1, a contradiction. Therefore fu = u
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To prove uniqueness, let  and v be two fixed points of f then

(2.2.17) P(4s1Sy(u, v,v)) < Y(My(u,v,v)) — ¢(My(u,v,v))

where
(2.2.18) My (u,v,v)) = maz{Sy(u,v,v), Sp(u, u,u), Sp(v,v,v), Sp(v,v,v)
33 [0Sy (1, v, v) + (1 — @) Sy (u, u, v)Sy(v, v, 0)Sy(v, v, u)]}
= max{Sy(u,v,v), 3225 (u,v,v)} = Sp(u,v,v).
Therefore from (2.1.18), we have
U(4s"Sy(u, v, v)) < P(Sp(u, v,0)) = G(Sy(u, v, v)) < Y(Sp(u,v,0)).

By the property of 1, we have 4s* < 1, a contradiction. Therefore, Sy(u,v,v) = 0,
hence it follows that u = v.

3. COROLLARIES AND EXAMPLES

Corollary 3.1. Let (X, Sy,) be a complete Sy-metric space with s > 1. Let f : X — X
be a self map of X. Suppose there exist € (0,1), ¥ € V and ¢ € O such that

(3.1.1)  ¥(4s'Sy(fx, fy, f2))) < ¥(Na(z,y,2)) — 6(Nal(z,y, 2))
where
Na(‘r7 Y, Z) = maa:{Sb(x, Y, Z>’ Sb(xv Z, fl’), Sb(ya Y, fy>7 Sb(zv Zs fZ),

Sb(xvx7fx)sb(yvy7fy) Sb(ét,l‘,fl)Sb(Z,Z,fZ)
].-‘er(I,I,fI)‘f‘Sb(x,y,Z) ’ 1+Sb(z,z,fz)+5b(x,y,z)

ﬁ[QSb(f% fy7 fZ) + (1 o Oé)Sb(f.T, f‘ra y)Sb<fy7 fy7 z)Sb(fz> fZ,.T)]}

forall x,y,z € X. Then f has a unique fixed point z € X.

Proof. Proof of this corollary follows from Theorem 2.2 since
Noz(xa Y, Z) = Ma(xa Y, Z)

Corollary 3.2. Let (X, Sy) be a complete Sy-metric space with s > 1. Let f : X — X
be a self map of X. If there exist o € (0,1) and ¢ € V such that

(3.2.1) 4s'Sy(fx, fy, f2) < V(Na(2,y,2))
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where

Na(xa Y, Z) = max{Sb(:E, Y, Z)? Sb(aja z, fx)> Sb(y7 Y, fy)a Sb(za Z, fZ),

Sb(fC,l‘,fiU)Sb(y,y,fy) Sb((E,LE,filT)Sb(Z,Z,fZ)
1+Sb(m7mzfm)+sb(zvyuz) ’ 1+Sb(2,27f2)+5b(157y,2)

#[Oésb(f(l}, fy) fZ) + (1 - Oé)Sb(f.T, fxu y)Sb(fy7 fy7 Z)Sb(fz7 fZ, ZE‘)]}
forall x,y,z € X. Then f has a unique fixed point z € X.

Proof. This theorem follows as Corollary to Corollary 3.1 by choosing 1(t) = %
and ¢(t) = #

Corollary 3.3. Let (X, Sy) be a complete Sy-metric space with s > 1. Let f : X — X
be a self map of X. If there exist o, \ € (0, 1) such that

(3.3.1) Sy(fx, fy, f2)) < frMa(z,y, 2)

where

Ma(xa Y, Z) = max{Sb(:zr, Y, Z)> Sb(l’, Z, fx)a Sb(ya Y, fy)7 Sb(za Z, fz)a
ﬁ[asb(fm7 fya fZ> + (1 - Oé)Sb(fy, fy7 Z)Sb(fy7 fya Z)Sb(fz7 fZ7 I)]}
forall x,y,z € X. Then f has a unique fixed point z € X.

Proof. Proof follows by choosing 1 (t) = HTW) and ¢(t) = 1_TA('5) in Theorem 2.2.

Corollary 3.4. Let (X, S) be a complete S-metric space. Let f : X — X be a self map
of X. Suppose that there exist « € (0,1) and ¢, ¢ € O such that

(341) @D(S(fl"a fy> fZ)) < ¢(Ma($v Y, Z)) - gb(MOé(:U?yv Z))

where

MO(('CC7 y? Z) = max{s('x’ y? Z)’ S(x7 x’ f'l‘)’ S<y7 y7 fy)7 S(Z’ Z? f’z)7

[S(fx, fy, f2) + (1= a)S(fy, fy, 2)]}
forall x,y,z € X. Then f has a unique fixed point z € X.

Proof. Proof follows from Theorem 2.2 by choosing s=1.

Example 3.5. Let X = [0,2]. We define S, : X* — R by Sy(z,y,2) =

=llz =yl + |y — 2| + |z — z|]>. Then (X, S}) is a complete S,-metric space with
s =4. We define f : X — X by



Fixed Point Theorems for («, 1, ¢) Contractions in Sy-Metric Spaces 423

if x€l0,2]

=

1 12
6~ 33 zf:cE(Z,E]

Also, we define 1, ¢ : [0,00) — [0,00) by ¢(t) =t forall t > 0 and ¢(t) = £ for all
t > 0. Now, we verify the inequality (2.1.1).

Case (i) When z,y, z € [0,2], we have (4s'Sy(fz, fy, fz)) = 0. Then inequality
(2.1.1) holds good.

Case (ii) Let z,y, z € (2, %] Without loss of generality suppose that x > y > z. Then
v(ds'Sy(fz, fy, f2)) = 5l — f6l + 155 — 51+ 15 — %I
5 X
< 58l — &7
9

< Sz —zP=2

15987 __ 5329 _ 5329
— 16384 4096 16384

= %Sb(x,x, fx)= %Ma(x,y, z)

= Ma(z,y,2) — {Ma(2,y. 2)

= V(Ma(2,y, 2)) = ¢(Ma(z,y, 2))
Case (iii) When z, y € [0, 2], z € (2, £2] without loss of generality suppose that z > y,
4s*Sy(fx, fy, f2) = 45Su(3, %, & — 55)

45 1 1112
= 5l2ls — 5+ 3l

= iA=L
= 1[5 — 222

1

< 1 _ 15987 _ 5329 _ 5329
= 1 16348 — 4096 ~ 16384

= Sb(Z7Za fZ) - iS}XZ,Z,fZ)
= Ma(x7y7 Z) - zl;Ma(%yu Z)

= w(Ma(xv Y, Z)) - qb(]\/[a(x,y, Z))
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Case (iv) When y, z € [0, 2], = € (2, 2] without loss of generality suppose that y > z,
434Sb(fx> fy7 fZ) = 4551)(%7 %7 1£6 - 3%)

5
— 21— 3+ 5 47

- 4y

= 1[5 — 2z]?

__ 15987 __ 5329 5329

<1
= 1 7 16348 ~ 4096 16384

= Sp(z,x, fr) — }le(x,x,fx)
=M, (z,y,z) — }LMa(x, Y, 2)
= ¥(Ma(2,y, 2)) — p(Ma(z,y, 2))
Case (v) When z € [0,2], z,y € (2, %] without loss of generality suppose that x > v,

As'Sy(fx, fy, f2) = PS(E — 5, % — &

)
327 16 327 8

5 — — —
= Sl + B B

= P[5+ 5P

— 43[$—y-1-65—2z]2

< 1 _ 15987 __ 5329 5329
— 4

16348 — 4096 16384
=Sz, 2, fz) — %Sb(z,z,fz)
= Ma(2,y,2) = 1Ma(z,y, 2)
= V(Mo(2,9, 2)) = d(Ma(2,y,2))
Case (vi) When = € [0,2], z,y € (2, 1—52] without loss of generality suppose that z > v,

4s'Sy(fo, fy. f2) = Sy, 4 — b5 — )

_ 4571 1
=Gls— 5tz

4+
ol
|
Sle
+
&1
+
<
&
=

_ A43715—2y 5—2z y—212
_4[32 + 32 + 16]
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(:;123)2 [10 — 4z]?

< 1 _ 15987 __ 5329 5329
— 4

16348 — 4096 16384
= Sp(z,2, fz) — iSb(z,z,fz)
= My(2,y,2) — 1Ma(2,y, 2)
= p(Ma(2,y,2)) = d(Ma(z,y, 2))

Case (vii) When z, z € [0, 2], y € (2, 2] without loss of generality suppose that z > z,

__ 15987 __ 5329 5329

1
4 7 16348 T 4096 16384
Sb(z7 Z, fZ) - isb(za Zs fZ)
= a(xaya Z) - %Ma(xaya Z)

_¢( (ZE Y,z )) gzﬁ(Ma(x,y,z))

Case (viii) When z € [0, 2], z,y € (2, 2] without loss of generality suppose that z > y,
4s'Sy(fx, fy. f2) = £S(5, 1 — 5350 15 — 35)

]2

5 —
G- B+l

_ 43715—2y 5—2z Yy—212
_4[32 + 32 + 16]

e 10 — 42]?

< 1 _ 15987 __ 5329 5329
— 4

16348 — 4096 16384
= Sb(Z7Za fZ) - iSb<z7Z7fZ)
= My(,y,2) — 1Mu(z,y, 2).

Thus f satisfies all the conditions of Theorem 2.2, also é is the unique fixed point of
f- Also, we note that Theorem 1.13 is not applicable since (X, .S}) is not an S-metric
space. Thus our theorem generalizes Theorem 1.13.
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Example 3.7. Let X = {1,2,3} . We write

Sy ={(1,2,1),(2,1,1),(2,2,1),(1,1,2), (2,1,2)}
Sy ={(1,2,2),(2,1,2),(1,1,3)} and

Ss=1{(3,3,1),(2,3,1),(1,3,1),(3,1,1),(3,1,3),(3,2,2) }
Sy =1(3,3,2),(1,3,2)}

Ss ={(1,2,3),(2,2,3),(3,2,1),(2,3,2) }

Se =1(2,1,3),(3,2,3),(2,3,3),(1,3,3),(3,1,2)}.

We define S, : X3 — Rby
1Zf (I,’y,Z) € Sl

2if (x,y,2) € So
35 Zf (xvya Z) € S3
Sb(way>z) =

66 Zf (:L'7ya Z) € 54

67 Zf (xvya Z) € SS

[ 1304f (z,y,2) € Ss

Then (X, S,) is a complete S,-metric space with s = 2, but it is not an S-metric space.
Indeed, atz =1,y = 2,2z = 3 and a = 1, we have

Sp(1,2,3) = 67 > [Sp(1,1,1) + S5(2,2,1) 4 (3,3, 1)] = 36.

Also, Sy, is not a symmetric S,-metric space.

We define f : X — X by fl=f2=1and f3 = 2.

Now we verify the inequality (2.1.1) with b = 2, ¢(t) = 115, ¥(t) = t and o = 1
Case (i) : When (z,y,2) € {(1,2,3), (3,2,1), (2,2,3), (2,3,2)}. Then
67
¢(454Sb(f$7 fya fZ)) =064 <67—— = (Ma(l', Y, Z)) - ¢(MQ<I,y, Z))

68
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Case (ii): When (z,vy, 2z) € {(1,3,2),(3,1,3),(2,3,1),(3,3,1), (1,3, 1),
(3,1,1),(3,3,2),(3,2,2), (1,1,3)}. Then

66

1/)(454Sb(f$7f?/a fZ)) =064 <66 — @ = @Z)(Ma(I,y,Z)) - ng(Ma(:p,y,z)).

Case (iii): When (z,y,2) € {(1,1,1),(2,2,2),(3,3,3),
(1,1,2),(1,2,2),(2,2,1),(1,2,1),(2,1,2),(2,1,1)}. Then

?/1(4845b(f1’,fy, fz>) =0< w(Ma(:B’y? Z)) - ¢<Ma(x7y>z>)'

Case (iv): When (z,y, z) € {(1,3,3),(2,1,3),(3,2,3),(2,3,3)}. Then

Vs Sy (F, fy. [2)) = 128 < 130 — 10 = 6(Ma(r,,2) — 6(Ma(r,9,2)).

Case (v) : When (z,y, z) € {(3,1,2)}, Then

130

¢(484Sb(f$7 Ty, fz)) =64 <130 — m = ¢(Ma($7yv Z)) - ¢(Ma(x7ya Z))

Thus f satisfies all the conditions of Theorem 2.2 and 0 is the unique fixed point of
f. Also, we note that Theorem 1.13 is not applicable since (X, .S;) is not an S-metric
space. Thus our theorem generalizes Theorem 1.13.
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