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Abstract

In this current work, we carry out the general solution and Hyers-Ulam
stability for a new form of Duodeviginti functional equation in Multi-Banach
Spaces by using fixed point technique.

1. INTRODUCTION

The stability problem of functional equations has a long History. When we say the
functional equation is stable, if for every approximate solution, there exists an exact
solution near it. In 1940, famous Ulam [22] gave a wide-ranging talk before the
mathematics club of the university of Wisconsin in which he discussed a number of
important unsolved problems. Among those was the question concerning the stability
of group homomorphisms, which was first solved by D.H.Hyers [7], in 1941.
Thereafter, several stability problems for different type of functional equations
generalized by many authors for functions with more general domains and co-
domains ([1], [3], [7], [8], [10]). In this stability results have many applications in
physics, economic theory and social and behavioral science [2].

In last few years, some authors have been estabilished the stability of different type of
functional equations in Multi-Banach spaces [6], [11],[20], [21],[23], [24].

In recently M Eshaghi, S Abbaszadeh [12], [13], [14] have been estabilished the
stability problems in Banach Algebra. And also John M. Rassias, M. Arunkumar, E.
Sathya and T. Namachivayam [9] established the general solution and also proved
Stability of Nonic Functional Equation in Felbin's type fuzzy normed space and
intuitionistic fuzzy normed space using direct and fixed point method.
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In 2016, the general solution and generalized Hyers-Ulam stability of a decic type
functional equation in Banach spaces, generalized 2-normed spaces and random
normed spaces by using direct and fixed point methods was discussed by Mohan
Arunkumar, Abasalt Bodaghi, John Michael Rassias and Elumalai Sathiya [15].

In K. Ravi, J.M. Rassias and B.V. Senthil Kumar [18] estabilished Ulam-Hyers
stability of undecic functional equation in quasi f-normed space by Fixed point
method.

In K. Ravi, J.M. Rassias, S. Pinelas and S.Suresh [19] estabilished the general
solution and prove the stability of this quattuordecic functional equation in quasi /-

normed spaces by Fixed point method.

Very recently, R. Murali, A. Antony Raj discussed the Hexadecic functional equation
and its stability in Multi-Banach Spaces.

In this current work, we carry out the general solution and Hyers-Ulam stability for a
new form of Duodeviginti functional equation

Go(u,v) = @(u+9v) —18p(u +8v) +153¢p(u + 7v) —816¢(u + 6V) + 3060¢p(u +5v)
—8568¢(u + 4v) +18564¢p(u + 3v) —31824¢(u + 2Vv) + 43758¢(u + v) — 48620¢(u)
+43758¢p(u —Vv) —31824¢p(u — 2v) +18564¢(u — 3v) —8568¢(u — 4v) + 3060¢(u —5v)
—816¢(u—6Vv) +153¢p(u — 7v) —18¢(u —8v) + ¢(u —9v) — 6402373706000000¢ (V)

(1.1)
in Multi-Banach Spaces by using fixed point Technique.

It is easily verified that that the function @(u) =u®® satisfies the above functional

equations. In other words, every solution of the Duodeviginti functional equation is
called a Duodeviginti mapping.

Now, let us recall regarding some concepts in Multi-Banach spaces.
Definition 1.1 [5] A Multi- norm on {.A*:k N} is a sequence (|]) =(| -k eN)

such that |||| is a norm on A" for each k eN,|x|, =|x| for each xe.4, and the
following axioms are satisfied for each k e N with k> 2:

. H(Xv(l)""’x<f<k>)uk =[x )|, for o€ Wy, X X, € A;

(it |, =m0 ),
for o,..a, € C,X,..., X € A;

(%o X1 O), =[O X[y o FOF X Xy € A;

(xl,...,xkfl,xkfl)||k :||(x1,...,xH)||k7l for x,....,%_, € A.
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In this case, we say that ((A",||.||k) ke N) is a multi - normed space.

Suppose that ((A",||.||k) ke N) is a multi - normed spaces, and take k € N. We need
the following two properties of multi - norms. They can be found in [5].

@)[|(%,.., X[}, =Xl forx & A,
k
(b)mgx”xi”é”(xl,...,xk )||k 521:||Xi”£ kr_ngx”Xi |, V%o X, € AL
ieN, = ieN)

It follows from (b) that if (A, |]) is a Banach space, then (A*,|],) is a Banach
space for each k e N; In this case, ((A",||.||k) ke N) is a multi - Banach space.

Definition 1.2 [5] 1 Let ((Ak,||.||k):k eN) be a multi - normed space. A sequence
(x,) in A is a multi-null sequence if for each & > 0, there exists n, € N such that

iURF?H(Xn’---mek-l)Hk <5 (nzny). (1.2)

Let x .4, we say that the sequence (x,) is multi-convergent to x in A and write
limnoX, = X if (X, —x) is a multi - null sequence.

2. GENERAL SOLUTION OF (1.1)

Theorem 2.1 2 If ¢:U —V be the vector spaces. If ¢:U/ —V be a function (1.1)
for all u,ve i, then ¢ is Viginti Duo Mapping.

Proof. Substituting u=0 and v=0 in (1.1), we obtain that ¢(0) =0. Substituting
(u,v) with (u,u) and (u,—u) in (1.1), respectively, and subtracting two resulting
equations, we can obtain ¢(—u) = ¢(u), that is to say, ¢ is an even function.

Changing (u,v) by (9u,u) and (0,2u), in (1.1) respectively, and subtracting the two
resulting equations, we arrive
18p(17u) —1710(16U) +816¢(15u) — 2907 ¢p(14u) +8568¢(13u) —19380¢(12u)
+31824¢p(11u) — 40698¢(10u) + 486200 (9u) —52326¢(8u) + 31824¢(7u) (2.1)
+8568¢(5u) —34884¢(4u) +816¢(3u) —3201186853000000¢(2u) +18!p(u) = 0

YueU. Doing u=8u by v=u in (1.1), we obtain
@(17u) —18¢p(16u) +153¢p(15u) —816¢(14u) + 3060¢(13u)
—8568¢(12u) +18564¢(11u) —31824¢(10u) + 43758¢(9u) — 48620¢(8u)
+43758¢(7u) —31824¢(6u) +18564¢(5u) —8568¢(4u) + 3060¢(3u)
—816¢(2u) —18!p(u) =0

2.2)
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YueU. Multiplying (2.2) by 18, and then subtracting (2.1) from the resulting
equation, we arrive

153¢(16u) —1938¢(15u) +11781¢(14u) — 46512¢(13u) +134844¢(12u)
—302328¢(11u) +532134¢(10u) — 739024¢(9u) + 822834¢(8u)

— 7558200(7u) +5728320(6U) — 325584¢(5u) +1193400(4u)
—54264¢(3u) — 3201186853000000¢(2u) +18!(19)¢(u) = 0

(2.3)

Vu e U. Replacing u=7u by v=u in (1.1), we obtain
@(16u) —18¢(15u) +153¢p(14u) —816¢(13u) + 3060¢(12u) —8568¢(11u)
+18564¢(10u) —31824¢(9u) + 43758¢(8u) — 48620¢(7u) + 43758¢(6U) (2.4)
—31824¢(5u) +18564¢p(4u) —8568¢(3u) + 3061¢p(2u) —18!p(u) =0

YuelU. Multiplying (2.4) by 153, and then subtracting (2.3) from the resulting
equation, we arrive

816¢(15u) —11628¢(14u) + 78336¢(13u) — 333336¢(12u) +1008576¢(11u)
— 2308158¢(10u) + 4130048¢(9u) — 58721400 (8u) + 66830400 (7u)
—6122142¢(6U) + 4543488¢(5u) — 2720952¢(4u) +1256640¢(3u)
—3201186853000000¢(2u) +181(172)p(u) = 0

(2.5)

YueU. Doing u=6u and v=u in (1.1), we obtain

@(15u) —18¢(14u) +153¢p(13u) —816¢(12u) + 3060¢(11u) —8568¢(10u)
+18564¢(9u) —31824¢(8u) + 43758¢p(7u) — 48620¢(6u) (2.6)
+43758¢p(5u) —31824¢p(4u) +18565¢(3u) —8586¢(2u) —18!p(u) =0
Yu e U. Multiplying (2.6) by 816, and then subtracting (2.5) from the resulting
equation, we get
3060¢(14u) —46512¢(13u) + 3325200 (12u) —1488384¢(11u)
+4683330¢(10u) —11018176¢(9u) + 20096244¢(8u) — 29023488 (7u)
+33551778¢(6u) —31163040¢p(5u) + 23247432¢(4u)
—13892400¢(3u) —3201186846000000¢(2u) +18!(988)¢(u) =0

YuelU. Doing u=5u and v=u in (1.1), we obtains

¢(14u) —18¢(13u) +153¢p(12u) —816¢(11u) + 3060¢(10u)
—8568¢(9u) +18564¢(8u) —31824¢p(7u) + 43758¢(6u) (2.8)
—48620¢(5u) +43759¢(4u) —31842¢p(3u) +18717¢p(2u) —18!p(u) =0

2.7)
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Yu e U. Multiplying (2.8) by 3060, and then subtracting (2.7) from the resulting
equation,we arrive

8568¢(13u) —135660¢(12u) +1008576¢(11u) — 4680270¢(10u)
+15199904¢(9u) — 36709596¢(8u) + 68357952¢(7u) —100347702¢(6u)
+117614160¢(5u) —110655108¢(4u) +83544120¢(3u)
—3201186904000000¢(2u) +181(4048)p(u) = 0

(2.9)

Yuel. Doing x=4x and y=x in (1.1), we get

0(13u) —18¢p(12u) +153¢(11u) — 816¢(10u) + 3060¢(9u)
— 8568¢(8U) +18564¢(7u) — 31824¢(6u) + 43759¢(5u) (2.10)
— 48638p(4u) + 4391 10(3u) — 326400(2u) —18!(u) = 0

Yu e U. Multiplying (2.10) by 8568, and then subtracting (2.9) from the resulting
equation, we arrive

18564¢(12u) —302328¢p(11u) + 2311218¢(10u) —11018176¢(9u) + 36701028¢(8u)
— 906984000 (7u) +172320330p(6u) — 257312952¢(5u) + 306075276¢(4u) (2.11)
— 292685328¢(3u) —3201186624000000p(2u) +18(12616)p(u) = 0

VU e U. Changing u=3u and v=u in (1.1), we obtain
¢(12u) —18¢p(11u) +153¢(10u) —816¢(9u) + 3060¢(8u) —8568¢(7u) +18565¢(6u)
—31842¢p(5u) + 43911p(4u) — 49436¢(3u) + 46818¢(2u) —18!p(u) =0

Yu e U. Multiplying (2.12) by 18564, and then subtracting (2.11) from the resulting
equation, we arrive

31824¢(11u) —529074¢(10u) + 4130048¢(9u) — 20104812¢(8u)
+68357952¢(7u) —172320330¢(6U) + 333801936¢(5u) — 5090885280 (4u)  (2.13)
+625044576¢(3u) — 32011874930000004(2u) +18(31180)p(u) = 0

(2.12)

VU eU. Changing u=2u and v=u in (1.1), we obtain

o(11u) —18¢(10u) +153¢(9u) —816¢(8u) + 3061¢(7u) —8586¢(6U)
+18717¢(5u) — 32640(4u) + 46818¢(3u) — 57188p(2u) —18!p(u) = 0

Yu e U. Multiplying (2.14) by 31824, and then subtracting (2.13) from the resulting
equation, we arrive

43758¢(10u) — 739024¢(9u) + 5863572¢(8u) — 29055312¢(7u)
+100920534¢(6U) — 261847872¢p(5u) + 529646832¢p(4u) — 864891456p(3u) (2.15)
—3201185673000000p(2u) +18!(63004)¢(u) = 0

(2.14)

YU elU. Changing u=u and v=u in (1.1), we obtain
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@(10u) —18¢(9u) +154¢p(8u) —834¢p(7u) + 3213¢p(6u)
—9384¢(5u) + 21624¢p(4u) —40392¢(3u) + 62322¢(2u) —18!p(u) =0
Yu e U. Multiplying (2.16) by 43758, and then subtracting (2.15) from the resulting
equation, we arrive
48620¢(9u) —875160¢(8u) + 7438860¢(7u) —39673920¢(6U)
+148777200¢(5u) — 416576160¢(4u) +902581680¢(3u) (2.17)
—3201188400000000¢(2u) +18!(106762)¢p(u) =0

(2.16)

VU eU. Changing u=0 and v=u in (1.1), we obtain
@(9u) —18¢(8u) +153¢p(7u) —816¢(6u) + 3060¢(5u)
—8568¢(4u) +18564¢(3u) —31824¢(2u) —3201186853000000¢(u) = 0

Yu e U. Multiplying (2.18) by 48620, and then subtracting (2.17) from the resulting
equation, we arrive

—3201186853000000¢(2u) + 839171926400000000000¢(u1) = 0 (2.19)

(2.18)

Yu e U. It follows from (2.19), we reach

o(2u) = 2% p(u) (2.20)
YU e U. Hence ¢ is a Duodeviginti Mapping.

This completes the proof.

3. STABILITY OF THE FUNCTIONAL EQUATION (1.1) IN MULTI-
BANACH SPACES

Theorem 3.1 3 Let U be an linear space and let ((V*,[,):K eN) be a multi-
Banach space. Suppose that & is a non-negative real number and ¢:U/ —V be a

function fulfills
sup|(Ge(u,Vh), -, Gop(u, V) )|, <6 (3.1)

keN

U,y Uy, VsV € UL Then there exists a unique Duodeviginti function D: 4 —V
such that

4033
_DW).... D < : 3.2
iggH(¢(w) (W), () =D (uy))), 25820576160000000000 (3-2)

forall u, e, where i =1,2,...,k.

Proof. Taking u; =0 and Changing v, by 2u, in (3.1), and dividing by 2 in the
resulting equation, we arrive
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sup, _ [(@(18u,) —18p(16u, ) +153¢(14u,) —816¢p(12u,) +3060¢p(10u, )
—8568¢(8U, ) +18564¢(6U, ) — 318240 (4, ) —3201186853000000¢(2U1 ), ..,
(18U, ) —18¢(16u, ) +153¢p(14u, ) —816¢(12u, ) +3060p(10u, )

~8568((8u, ) +18564¢(6u, ) —31824¢(4u, ) - 3201186853000000¢(2u, )|, < (3.3)

NS

forall u,,...,u, e 4. Plugging u,,...,u, into 9u,,...,9u, and Changing v,,v,,...,v, by
u,...,u, in (3.1), we have

sup, _ ((¢(18u,) —18¢(17u,) +153¢p(16u, ) —816¢(15u, ) +3060¢(14u, )
—8568¢(13U, ) +18564¢(12u,) — 31824¢(11u, ) + 43758¢(10u,)
—486200(9U,) + 43758¢(8U, ) —31824¢(7u,) +18564¢(6u,) —8568¢(5u,)
+3060¢(4u,) —816¢(3u,) +153¢(2u,) —18! (U, ), ..., (18U, )

~18¢(17u, ) +153¢(16u, ) —816¢(15u, ) + 3060¢(14u, )

—8568¢(13U, ) +18564¢(12u, ) —31824¢p(11u, ) +43758p(10u, )
—486200(9u, ) + 43758¢(8u, ) — 31824¢(7u, ) +18564¢(6u, ) —8568¢(5u, )

+3060¢(4u, ) —816¢(3u, ) +153p(2u,) —18!p(u,))|, <& (3.4)
forall u,,...,u, €. A. Combining (3.3) and (3.4), we have

SUP|(18(17u,) —171¢p(16u,) +816¢(15u, ) — 2907 p(14u,)

+8568¢(13u,) —19380¢p(12u, ) +31824¢(11u,) — 40698¢(10u, ) + 48620¢(9u, )
—52326¢(8u,) +31824¢(7u,) —8568¢p(5u, ) — 34884¢(4u,) +816¢p(3u,)
—32011868530000000(2u,) +18! (U, ), .., 18p(17u, ) —171¢p(16u, ) +816¢p(15u, )
—2907¢(14u, ) +8568¢p(13u, ) —19380¢p(12u, ) +31824¢(11u, ) — 40698¢(10u, )
+48620¢(9u, ) —52326¢(8u, ) +31824¢(7u, ) +8568¢(5u, ) —34884¢p(4u, )

+816¢(3u, ) —3201186853000000¢(2u, ) +18!¢(u, ) ), < 25 (3.5)

forall u,...,u, € A. Taking u,..,u, by 8u,..,8u, and Changing y,,V¥,,...Y, by
U,...,u, in(3.1) and using evenness of f, we arrive

SUP, x| 2(17u,) —180p(16U,) +153¢(150, ) —816¢2(14u, ) +30600(13u, ) —8568¢(12u,)
+18564¢(11u,) —31824¢(10u, ) +43758¢(9u, ) — 48620¢(8u, ) + 43758¢(7u,) —31824¢(6U;)
+18564¢(5u,) —8568¢(4u, ) + 30600(3u,) —816p(2u,) —18!(U,), ...,

o(17u,) —18¢p(16u, ) +153¢(150, ) —816¢p(14u, ) +3060p(13u, ) —8568¢(12u, )
+18564¢(11u, ) —31824¢(10u, ) +43758¢(u, ) — 48620¢(8u, ) + 43758¢(7u, )
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—31824¢(6u, ) +18564¢(5u, ) ~8568¢(4u, ) + 30600(3u, ) ~816¢(2u,)~18!0(u,))| <6 (3.6)

forall u,,...,u, €. A. Multiplying by 18 on both sides of (3.6),then it follows from
(3.5) and the resulting equation we get

SUP,.||(153¢(16u,) —1938¢p(15u,) +11781¢(14u,) — 46512¢(13,) +134844¢(12u,)

—302328¢(11u,) +532134¢(10u, ) — 739024¢(9u, ) + 822834¢(8u, ) — 755820¢(7u; )
+572832¢(6U,) — 325584¢(5u, ) +119340¢p(4u, ) — 54264¢(3u;) —3201186853000000¢(2u,)
+181(19)p(W,), ..., 153¢(16u, ) —1938¢p(15u, ) +11781¢p(14u, ) — 46512¢(13u, )
+134844¢(12u, ) —302328¢(11u, ) +532134¢(10u, ) — 739024¢(9u, ) +822834¢(8u, )
—7558200(7u, ) +572832¢(6U, ) —325584¢(5u, ) +119340¢(4u, )

~54264(3u, ) —3201186853000000¢(2u, ) +18!(19)e(u, ) ), < 3—29 5 (3.7)

u,...,u, €Y. Taking u,,...,u, by 7u,...,7u, and Changing v, V,,..., ¥, by u,,...,u, in
(3.1) and using evenness of f, we arrive

sup, . |(#(16u,) ~18p(15u,) +153p(14u,) ~816¢(13u,) +3060¢(12u, ) - 8568¢(11u,)

+18564¢(10u,) —31824¢(9, ) +43758¢(8u,) —48620¢(7u,) + 43758¢p(6U,)
—-31824¢(5u, ) +18564¢(4u,) —8568¢p(3u,) + 3061p(2u,) —18!p(u, ), .., ¢(16u, ) —18¢(15u, )
+153¢p(14u, ) —816¢(13u, ) +3060¢(12u, ) —8568¢(11u, ) +18564¢(10u, ) —31824¢ (%, )
+43758¢(8u, ) —48620¢(7u, ) +43758¢p(6u, ) —31824¢p(5u, )

+18564¢(4u, ) —8568¢(3u, ) +3061p(2u, ) —18lp(u,) )|, <& (3.8)

forall u,...,u, e4. Multiplying (3.8) by 153, then it follows from (3.7) and the
resulting equation we arrive

Sup, . |(816¢(15u,) —11628¢(14u,) + 78336¢(13u, ) —333336¢(12u, ) +1008576¢p(11u, )

—2308158¢(10u,) + 4130048¢(9u, ) — 5872140¢(8U, ) + 6683040¢(7u,) —6122142¢(6U; )
+4543488¢(5U,) — 2720952¢(4u,) +12566400(3u, ) — 3201186853000000p(2u,) +18!(172)p(U,) ..,
816¢(15u, ) —11628¢(14u, ) + 78336¢(13u, ) —333336¢(12u, ) +1008576¢(11u, ) — 2308158¢(10u, )

+4130048¢(9u, ) —5872140¢(8U, ) + 6683040¢(7u, ) — 6122142¢(6u, ) + 45434880 (50, )

—2720952¢p(4u, ) +12566400(3u, ) — 3201186853000000¢(2u, ) +181(172)p(u, )|, < %55 (3.9)
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forall u,,..,u el. Taking u,..,u, by 6u,..,6u, and Changing v,,v,,..,v, by
u,...,u, in (3.1) and using evenness of ¢ we arrive

sup,... |(#(15u,) ~18¢(14u,) +153¢(13u,) — 816¢(12u,) +3060p(11u, ) —8568¢(10u,)

+18564¢(9u,) — 31824¢(8u, ) +43758p(7u,) — 486200(6U, ) + 43758¢ (50, ) — 31824¢p(4u; )
+18565¢(3u,) —8586¢(2u,) —18!¢p(u1,), ..., (15, ) —18¢(14u, ) +153¢(13u, ) —816¢(12u, )
+3060¢(11u, ) —8568p(10u, ) +18564¢(9u, ) — 31824¢(8u, ) + 43758¢(7u, ) — 48620¢(6u, )

+43758(p(5u, ) - 31824¢(4u, ) +18565¢(3u, ) ~8586p(2u,) ~181p(u,))|, <&  (3.10)

forall u,...,u, €Y. Multiplying (3.10) by 816, then it follows from (3.9) and the
resulting equation we arrive
SUp, . ||(3060¢(14u,) — 46512¢p(13u,) + 3325200(12u, ) ~ 1488384¢(11u1, ) + 4683330¢(10u,)

~11018176¢(9u,) + 20096244¢(8u, ) — 29023488¢p(7u, ) +33551778¢(6u,)
311630400 (5u, ) + 23247432¢(4u,) —13892400¢(3u, ) — 3201186846000000¢(2u, )
+181(988)¢p(U,), .., 3060¢(14u, ) — 46512¢(13u, ) +332520¢(12u, )
~1488384¢p(11u, ) + 46833300(10u, ) ~11018176¢(9u, ) + 20096244¢(8u, )
—~29023488¢(7u, ) +33551778¢(6u, ) — 311630400p(5u, ) + 23247432¢(4u, )

~13892400¢(3u, ) - 3201186846000000¢(2u, ) +181(988)pp(u, ) )], < ?5 (3.10)

forall u,,...,u, €Y. Plugging u,,...,u, into 5u,,...,5u, and Changing v,,v,,...,v, by
u,...,u, in (3.1) and using evenness of ¢, we arrive

SUPy|(#(14u,) —18¢(13u,) +153¢p(12u,) —816¢p(11u, ) + 3060¢(10u,) —8568¢(9u;)
+18564¢(8u,) —31824¢(7u,) + 43758¢p(6u,) — 48620¢(5u, ) + 43759¢(4u, ) —31842¢(3u,)
+18717¢p(2u,) -18lp(u,),..., (14u, ) —18¢p(13u, ) +153¢(12u, ) —816¢(11u, )
+3060¢(10u, ) —8568¢(9u, ) +18564¢(8u, ) —31824¢p(7u, ) +43758p(6u, ) — 48620¢(5u, )

+43759¢(4u, ) —318420(3u, ) +18717p(2u, ) —18lp(u,) )|, <& (3.12)

forall u,,...,u, €Y. Multiplying (3.12) by 3060, then it follows from (3.11) and the
resulting equation we arrive

SUP, . |(8568¢(13u,) —135660¢(12u,) +1008576¢(11u, ) — 4680270¢(10u;)
+15199904¢(9u, ) — 36709596¢(8u, ) + 68357952¢(7u, ) —100347702¢(6u, ) +117614160¢(5u, )

~110655108¢(4u, ) + 83544120¢(3u,) — 32011869040000000(2, ) +18!(4048) (U, ), ...

8568¢(13u, ) —135660¢(12u, ) +1008576¢(11u, ) — 4680270¢(10u, ) +15199904¢(9u, )
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—36709596¢(8u, ) + 68357952¢(7u, ) —100347702¢p(6u, ) +117614160¢p(5u, ) —110655108¢(4u, )
8097
2

+83544120¢(3u, ) —32011869040000000(2u, ) +18!(4048)¢p(u )], < 5 (3.13)

forall u,...,u, €Y. Plugging u,...,u, into 4u,,...,4u, and Changing vy,,V,,...,Y, by
U,...,u, in (3.1) and using evenness of f, we arrive

Sup, . ((p(13u1) —18¢(12u,) +153¢p(11u,) —816¢(10u, ) + 3060¢(9u, ) —8568¢(8u, )
+18564¢(7u,) —31824¢p(6u,) +43759¢(5u,) —48638¢p(4u, ) + 43911p(3u, ) —32640¢(2u,)
—-18!p(u,),..., (13u, ) —18¢(12u, ) +153¢p(11u, ) —816¢(10u, ) +3060¢(u, )
—8568¢(8u, ) +18564¢(7u, ) —31824¢(6u, ) +43759¢p(5u, ) —

48638¢(4u, ) +439110p(3u, ) —326400(2u, ) —18lp(u, ) )|, <& (3.14)

forall u,,...,u, €Y. Multiplying (3.14) by 8568, then it follows from (3.13) and the
resulting equation we arrive

SUP, . |(18564¢(12u,) —302328¢(11u, ) + 2311218¢(10u,) ~11018176¢(9u,)

+36701028¢(8U,) —90698400¢(7u,) +172320330¢(6u,) — 257312952¢(50, )
+306075276¢(4u,) — 292685328¢(3u;) —3201186624000000¢(2u, ) +18!(12616)p(U,), ..,
18564¢(12u, ) —302328¢(11u, ) + 2311218¢(10u, ) —11018176¢(9u, ) +36701028p(8u, )
—90698400¢(7u, ) +172320330¢(6u, ) — 257312952¢p(5u, ) + 306075276¢(4u, )

—292685328¢(3u, ) —3201186624000000¢(2u, ) +18!(12616)¢(u, ))Hk < 25233

5 (3.15)

forall u,,...,u el. Taking u,..,u, by 3u,..,u,  and Changing V,,V¥,,....Y, by
U,...,u, in (3.1) and using evenness of f, we arrive

sup, . [(¢(12u,) —18¢(11u,) +153¢(10u, ) —816¢(9u, ) + 3060¢(8u, ) —8568¢(7u,)
+18565¢(6u, ) —31842¢(5u, ) +43911¢p(4u,) — 49436¢(3u, ) +46818¢(2u,) —18!p(W,), ...,
»(12u, ) —18¢p(11u, ) +153¢(10u, ) —816¢(9u, ) +3060¢(8u, ) —8568¢(7u, )

+18565p(6u, ) —31842p(5u, ) + 43911p(4u, ) - 49436p(3u, ) + 46818p(2u, ) ~181p(u,))|, <& (3.16)

forall u,,...,u, € 4. Multiplying (3.16) by 18564, then it follows from (3.15) and the
resulting equation we arrive
SUP, ||(31824(p(11u1) —529074¢(10u,) +4130048¢(9u,) — 20104812¢(8u, )

+68357952¢(7u,) —172320330¢(6U, ) + 333801936¢(5u,) —509088528¢(4u, )
+625044576¢(3u,) — 3201187493000000¢(2u, ) +18!(31180)go(U1,), ..,
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31824¢(11u, ) —529074¢(10u, ) + 4130048¢(9u, ) — 20104812¢p(8u, )
+68357952¢(7u, ) —172320330¢(6U, ) +333801936¢(5u, ) —509088528¢p(4u, )

62361
2

+625044576¢(3u, ) —3201187493000000¢(2u, ) +18!(31180)(u, ), < 5 (3.17)

forall u,,...,u, €Y. Taking u,..,u, by 2u,..,2u, and Changing y,,V,,... Y, by
u,...,u, in (3.1) and using evenness of f, we arrive

sup, . |(2(111;) —18¢(10u, ) +153¢(9u,) —816¢2(8u, ) + 306 1¢5(7u,) —85862(6U, )

+18717¢p(5u,) —32640(4u,) + 46818¢(3u,) —57188¢(2u,) —18!p(u,), ...,
»(11u, ) —18¢(10u, ) +153¢(%u, ) —816¢(8u, ) +3061¢p(7u, ) —8586¢(6U, )

+18717¢(5u, ) —32640(4u, ) +46818p(3u, ) ~57188p(2u, ) —18lp(u,))|, <5  (3.18)

forall u,...,u, € 4. Multiplying (3.18) by 31824, then it follows from (3.17) and the
resulting equation we arrive

SUP, . ||(43758(p(10u1) —739024¢(9u,) +5863572¢(8u,) —29055312¢(7u, )
+100920534¢(6u,) — 26184 7872¢(5u, ) +529646832¢(4u, ) —864891456¢(3u,)

—3201185673000000¢(2u,) +18!(63004) (U, ), ..., 43758¢(10u, ) — 739024¢(9u, )
+5863572¢(8u, ) — 29055312¢(7u, ) +100920534¢(6U, ) — 261847872¢p(50, ) + 529646832¢(4u, )

126009

—~864891456¢(3u, ) —3201185673000000¢(2u, ) +181(63004)¢o(u, ) )|, < 5 (3.19)

forall u,,...,u, €. Changing v,,¥,,.... ¥, by u,...,u, in (3.1) and using evenness of
f, we arrive
sup, _y [(@(10u,) —18¢(9u,) +154¢(8u,) —834¢p(7u,) +3213¢(6u, ) —9384¢p(5u,)

+21624¢(4u,) — 40392¢(3U,) + 62322¢p(2u,) —18! (U, ), ..,
o(10u,) —18¢p(9u, ) +154¢(8u, ) —834¢(7u, ) + 3213¢(6u, ) —9384¢(5u, )

+21624¢(4u, ) —403920(3u, ) + 62322¢(2u,) —18!p(u,) )|, <& (3.20)

forall u,,...,u, € 4. Multiplying (3.20) by 43758, then it follows from (3.19) and the
resulting equation we arrive

SUP, .y (4862092(9u, ) —875160¢(8u, ) + 7438860¢(7u, ) — 39673920¢(6U,)
+148777200¢(5u,) —416576160¢(4u,) +902581680¢(3u, ) —3201188400000000¢(2u, )

+181(106762)(U,), ..., 48620¢(9u, ) —875160¢(8u, ) + 7438860¢(7u, )
—39673920¢(6u, ) +148777200¢(5u, ) — 416576160¢p(4u, )
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213525

+902581680p(3u, ) ~ 3201183400000000¢(2u, ) +181(106762)o(u, ), < 5 (3.21)

forall u,..,u, eld. Taking u, =u,=,..,=u, =0 and Changing VY,VY,,...Y, by
u,....,u, (3.1), we obtain

SUPy oy

(9(9u,) —18¢(8u,) +153¢(7u;) —816¢(6U, ) + 3060¢(5U, ) —8568¢(4u, ) +185649(3u,)

—31824¢(2u,) —3201186853000000¢(U, ), ..., »(9u, ) —18¢(8u, ) +153¢(7u, ) —816¢(6u, )
+3060p(5u, ) ~8568p(4u, ) +18564¢(3u, ) - 31824¢p(2u, ) —3201186853000000p(u, ) ), < g (3.22)

forall u,,...,u, € 4. Multiplying (3.22) by 48620, then it follows from (3.21) and the
resulting equation we arrive

sup, . |(~3201186853000000¢(2u;,) + 8391719264000000000000(L,), .,

~3201186853000000¢(2u, ) +839171926400000000000¢(u, )|, < 262145

5 (3.23)

forall u,,...,u, € Y. Dividing on both sides by 3201186853000000 in (3.23), we arrive

262145
18!

forall u,,...,u, € Y. Again, dividing on both sides by 262144 in (3.24), we arrive

sup|(—@(2u,) +2621449(u,), ..., —p(2u,) + 262144¢p(u, ) )|, < ) (3.24)
keN

< 202145 5 a0
181(262144)

P(20) ~ ().~ p(20,) — p(Uy)

o |
b 262144 262144

keN

k

forall u,,..,u,el. Let A={l:U/—>V|I(0)=0} and introduce the generalized
metric d defined on 1 bys

d(l,m) = inf {/1 e[0,00]sup[l(uy) —~m(u,), ., () —m(u)|, <4 ¥ Uy.u, €U

Then it is easy to show that A,d is a generalized complete metric space, See [16].

We define an operator 7 :A — A by
jl(u):z—}gl(Zu) ueld

We assert that 7 is a strictly contractive operator. Given I,me A, let 1 €[0,] be
an arbitary constant with d (I, m) < A. From the definition if follows that

sku15||l(ul)—m(ul),...,I(uk)—m(uk)||k <A U,..,U el
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Therefore, sup, _

(A ) = ITMU,), .., AU =T, )|, < 218
u,...,u, €Y. Hence,it holds that

d(,Tm) < 55 L a1, am) < 18o|(| m)

VI, meA.

This Means that 7 is strictly contractive operator on A with the Lipschitz constant
_ 1

L 218

By (3.25), we have d(Jg,p) < ﬂ& Applying the Theorem 2.2 in [17], we

181(262144)
deduce the existence of a fiued point of 7 that is the existence of mapping
D:U — V such that

Du)=2"Du) VYuel.

Moreover, we have d (7", D) — 0, which implies

o . 2"u
D) = lim"o(1) = lim £

forall uel.

Also, d(p,D) < ﬁd(jgo, @) implies the inequality

1
d(p.D) <——7-d(Tp.9)
e
4033
~ 25820576160000000000
Taking u, =,...,=u, =2"u,v, =,...,=Vv, =2"v in (3.1) and divide both sides by 2'*".
Now, applying the property (a) of multi-norms, we obtain

1
IGDQ,v)| = lim 7

gf (2w, 2“V)H

1
218n = 0

for all u,vedd. The uniqueness of ) follows from the fact that D is the unique fixed
point of 7 with the property that there exists ¢ € (0,) such that

< I|m
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sup| (o) ~ D). ... o(u,) - DU, < ¢

forall u,...,u, €.

Hence D is Duodeviginti function.

Example
We consider the function

Eu)=u®,  |u<1
1, u[>1

where £:R —>R. Let ¢: R —> R be defined by

pu) = Y2 £(2w) (@1

for all ueR. If the function ¢ defined in (4.1) satisfies the functional inequality
6402373706000000.(262144)* S
262144

for all u,veR, then there do not exist an Duodeviginti function D:R —R and a
constant 4 >0 such that

(4.2)

[DGo(u,v)|<

|lp(u) —D(u)| < ,8|u|18 ,  YueR (4.3)
proof:
- > 1 262144
u)|=|> 27" ER)| < =
[ou) Z(; (@) ;218” 262143
Therefore, we see that ¢ bounded by 222124 on R. Now, suppose that 0 <& <%.
Then there exists a positive integer k such that
L 5< 1 (4.4)

G
and

2"(U+9v),2"p(u+8v),2"p(u+7v),2" p(u+6v),2" (u+5v),2" (u-+4v),
2"(U+3v),2"(u+2v),2"(u+V),2"(u),2"(u—-V),2"(u—2v),2"(u—-3v),2"(u—4v),2"(u-5v),
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2"(uU—-6v),2"p(u—7v),2"(u—8v),2"(u-9v),2"p(v) e (-1,1)

forall n=0,1,2,...,.k—1. Hence for n=0,1,2,...,.k —1, From the definition of ¢ and
the inequality, we obtain that

|Go(u,v)| <"~ 27%.6402373706000000
<:6402373706000000(262144)25
B (262144) '

Therefore f satisfies (4.2) for all u,v e R. we prove that the functional equation (1.1)

IS not stable. Suppose on the contrary that there exists an Duodeviginti function
D:R — R and a constant g >0 such that

| (u)—D()| < B|u[”,

for all u<R. Then there exists a constant c R such that I =cu® for all rational
numbers u. So we arrive that

lp(u)| < B+|c]|ul” (4.5)
for all ueQ. Take meN with m+1> B+|c|. If u is a rational number in (0,2°"),
then 2"u € (0,1) forall n=0,1,2...m, and for this u, we get

o) = iZ’wf(Z”u)18 = (m+1)u® > B+|c|.u®

which contradicts (4.5). Hence the functional equation (1.1) is not stable.
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