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Abstract

Many times it happens that units produced or ordered are not of 100% good
quality. A deterministic inventory model with imperfect quality is developed
when deterioration rate is different during a cycle. Here it is assumed that
holding cost is time dependent. Demand is considered as linear function of
time. Numerical example is taken to support the model.
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1. INTRODUCTION:

Deterioration of items is a general phenomenon for many inventory systems and
therefore deterioration effect cannot be ignored in real life. Ghare and Schrader [3]
considered inventory model with constant rate of deterioration. Covert and Philip [2]
extended the model by considering variable rate of deterioration. The related work are
found in (Nahmias [5], Raffat [6], Ruxian, et al [7]).Many times it happens that units
produced or ordered are not of 100% good quality.
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Cheng [1] developed a model of imperfect production quantity by establishing
relationship between demand dependent unit production cost and imperfect
production process. Salman and Jaber [8] developed an inventory model in which
items received are of defective quality and after 100% screening, imperfect items are
withdrawn from the inventory and sold at a discounted price. Jaggi et al. [4]
developed an inventory model for deteriorating items with imperfect quality under
permissible delay in payment. Patel and Patel [10] developed an EOQ model for
deteriorating items with imperfect quantity items. Patel and Sheikh [9] developed an
inventory model with different deterioration rates and time varying holding cost.
Generally the products are such that initially there is no deterioration. Deterioration
starts after certain time and again after certain time the rate of deterioration increases
with time. Here we have used such a concept and developed the deteriorating items
inventory models.

In this paper we have developed an inventory model for imperfect quality items with
different deterioration rates for the cycle time. Holding cost is taken as function of
time. Shortages are not allowed. To illustrate the model, numerical example is
provided. Sensitivity analysis for major parameters is also carried out.

2. ASSUMPTIONS AND NOTATIONS:

NOTATIONS:

The following notations are used for the development of the model:
D(t) : Demand rate is a linear function of time t (a+bt, a>0, 0<b<1)
c . Purchasing cost per unit

p : Selling price per unit

d : defective items (%)

1-d  :good items (%)

A : Screening rate

SR : Sales revenue

A : Replenishment cost per order

z - Screening cost per unit

Pd : Price of defective items per unit

h(t) : Variable Holding cost (x + yt)

t1 : Screening time

T - Length of inventory cycle

I(t)  :Inventory level at any instant of time t, 0 <t<T

Q : Order quantity

0 : Deterioration rate during p1 <t < pp, 0< 0:<1

ot : Deterioration rate during , p2 <t <T, 0< 02<1

T : Total relevant profit per unit time.
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ASSUMPTIONS:
The following assumptions are considered for the development of the model.

e The demand of the product is declining as a linear function of time.

e Replenishment rate is infinite and instantaneous.

e Lead time is zero.

e Shortages are not allowed.

e The screening process and demand proceeds simultaneously but screening rate (1)
is greater than the demand rate i.e. A > (a+bt).

e The defective items are independent of deterioration.

e Deteriorated units can neither be repaired nor replaced during the cycle time.

e A single product is considered.

e Holding cost is time dependent.

e The screening rate (A) is sufficiently large. In general, this assumption should be
acceptable since the automatic screening machine usually takes only little time to
inspect all items produced or purchased.

3. THE MATHEMATICAL MODEL AND ANALYSIS:

In the following situation, Q items are received at the beginning of the period. Each
lot having a d % defective items. The nature of the inventory level is shown in the
given figure, where screening process is done for all the received items at the rate of
A units per unit time which is greater than demand rate for the time period O to t; .
During the screening process the demand occurs parallel to the screening process and
is fulfilled from the goods which are found to be of perfect quality by screening
process. The defective items are sold immediately after the screening process at time
t1 as a single batch at a discounted price. After the screening process at time t; the
inventory level will be I(t1) and at time T, inventory level will become zero due to
demand and partially due to deterioration.

Also here tlz% 1)

and defective percentage (d) is restricted to d < 1-—(X;yt)

)

Let I(t) be the inventory at time t (0 <t < T) as shown in figure.
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The differential equations which describes the instantaneous states of I(t) over the
period (0, T) is given by

952-:-(a+b0, O<t<p,  (3)
9£Q+9K0=-@+ba w<t<p, (4)
% + 0tl(t) = - (a + bt), w,<t<T  (5)

with initial conditions I(0) = Q, I(u1) = Sz and I(T) = 0.
Solutions of these equations are given by

I(t)= Q- (at+ %btz), (6)
a(w, -t) + 1b(u2 -t7) + 1ae(u2 - %)
3 1 2 1 2 1
I(t) - 1 1 +51[1+9(H1 't):l (7)
+ 5be(u1 -t*) - a0t (p, - t) - Ebet(u1 - %)
1 2 2y, 1 3 .3
) a(T-t) + Eb(T -t7) + gae(T -t%)
IV = : (8)

+ %be(T“ -t') - %aetz(T-t) - %b@tz (1% - %)

(by neglecting higher powers of 0)
After screening process, the number of defective items at time t1 is dQ.
So effective inventory level during t1 <t < T is given by

I(t) = - (at + %btz) + Q(1-d). ©)
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From equation (6), putting t = 1, we have

1
Q=s, + (aul + Ebufj- (10)

From equations (7) and (8), putting t = p2, we have

a(ly - 1p) + 2b( - u2) + %ae(uf -u3)

I(,) = 2 1 +Sl|:1 +9(},L1 'Hz):l
+500(k7 - 13) - a0m, (1, - 1) - S bOw, (] - 1)
(11)
- 1 2 2 l 3.3
a(T uz) + 2b(T -uz) + GaO(T -uz)
I(u,) = : (12)
2 1 4 4 1 2 1 2 2 2
+ gbe(T 'lvlz) - Eaeuz(T'uz) - Zbeuz(T 'uz)
So from equations (11) and (12), we get
_ i 2 2 i 3.3
a(T ) + 2b(T -uz) + 6aG(T -uz)
1 4 4 1 2 1 2 (2 2
1 + ébe(T ‘Hz) - Eaeuz(T‘Hz) : Zbeuz(T '“2)
(13)

1 =
[1+6(my -u1,) ] -a(py - p,) - %b(uf -u3) - %ae(uf -u3)

- %be(uf - u3) By, (1 - py) + %beuz(uf -u3)

Putting value of S; from equation (13) into equation (10), we have

b(T7 - 42) + Zab(T° - 43)

+
|
o
D
—_~
—
IS
1
=
N
[EEY

1
-5 208 (T -4, )- 2 D03 (T*-113)

1
_ + aul+—bu12j. (14)
140y, - 1 1 ( 2
I: + (Hl Hz)] —a(].J_l —].12) - Eb(l»llz - Hg) - 539(1112 - “g)

% b0 (p7-13 ) +abu, (-, )+%b9uz (w5 -u3)
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a(T-1) + (T - 13) + <ab(T° - 1)
) . + %be(T4 u;)--%aeui(T‘ Hp) - 5 bOuS (T2 - i}
O o m) ~a(u, -1y) - %b(uf -n3) - %ae(uf 1)
- %be(uf - ud) + a0y, (1, - 1,) + %beuz(uf -1}

+a(y, -t) %b(uf - 7).

Similarly, using (14) in (9), we have

1
a(T-p,) +=

1
(1-d)

I(t,) = T2+ (1)

'a(ul - Hz) -

+ (1-d) (auﬁ%bufj - (at+ %btz)

2b(T2 -ug) + %ae(T3 - ug)
+%b9(T“-u3)-§a@u§ (T -uz)-%beui (T%-u3)
%b(uf S

% b (p15-113 ) +a0u, (1,1, )+%b9u2 (uf-n3)

) - %ae(uf -13)

Similarly putting value of S1 from equation (13) in equation (7), we have

1
a(T-u,)+ Eb(T2 .t

_ [1 +0(uy 't)]

{1 0(u, - uy) ]

I(t)

a1, 1) + 5b(u %) + a0
¥ 1
+-§b9(uf-t3)-aﬂt(ul-t)-

-

—bot

N

2
2

) + %a@(T3 - ug)

+ %bO(T“ ~u3) - %aeui(T “Hy) - %beui (T*-13)
“a(y -n,) - %b(uf -u2) - %aG(Mf -13)

] %be(uf Sp3) + a0, (- 1) + %beuz(uf -13)
)

(i -t%)

(15)

(16)

(17)
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Based on the assumptions and descriptions of the model, the total annual relevant
profit (u), include the following elements:

(i) Ordering cost (OC) = A (18)
(if) Purchasing cost (PC) = cQ (29)
(iii) Screening cost (SrC) =zQ (20)

(iv) HC = _T[(x+yt)l(t)dt

= j(x+yt)|(t)dt + T(x+yt)|(t)dt + T(x+yt)|(t)dt + .T[(x+yt)|(t)dt

a(T-u,) + ;b( n) + %ae(ﬁ :)
. + %be(T“ “ul) - %a@ug(T-uz) - %beuﬁ(Tz -13)
| (1 0k - mp) ]| a(, -1,) - ;b(u -u3) - %ae( -13) t,
-—be( )—I—a@uz -p,) + ;beuz(m ui)
+aul+%buf

a(T-p,) + %b(T2 —ug) + %aLG(T3 —ug)
. + %be(T“ -u3) - %aeui (T-w,) - %beui(Tz -13)

[1+ 0(u, - “2)] ()

-a(u’l 'Hz) - lb(“l2 'Hz) - %ae( ”z) t

2
- 2003 - 1) + a0 (1 1) + 7000, (-2

+(1-d)(ap1 + %bufj
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+ x(aT +£bT2+1a9T3+1b9T4JT
2 6 8

a(T-p,) + %b(T2 —pg) + %aG(T3 —ug)

1 1 1
. ) + gbe(T4 -u3) - a0 (T-n,) - Zbeui(Tz -u3)
1+6y,

+X [2+0(ky - 1) ] -a(ul-uz)'%b(Mf'“g)‘%aG(“f‘“g) W2

- %be(uf - 1) + a0, (wy - py) + %beuz(uf -u3)

+ap, + %bpf-f—%a@uf-i—%b@pf

111 11
-2l Zxb0+y|-=b+=ab | |u!
46 y( 2”0 3" JJ‘“

i 1
[1+ e(“1 - ):|

a(T-1,) + b(T° - ) + <ad (T - )

+ Zp0(T - ) - Za0u(T-p,) - =b02(T? - )
1 1 1 8 2 4 3
3 X('E“E”}Y ’ 1 1 H
“a( - 1) - Sb(R7 - 47) - Sa0(u - 13)

- %be(uf -u3) +abu, (y - p,) + %beuz(uf -u3)

2

-a-a@ul—%beul
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1 1 1
-—ybOp’+—ybOT® +— ybOp>
30y My 48y 30y Ky

a(T-u,)+ %b(TZ i) + %ae(ﬁ )

. + 200(T* - ud) - Za0u2 (T -1, - ~b02(T7 - 1i2)
] o 8 2 4
o 00w ) - %b(uf -u3) - %ae(uf -13)

- %bﬁ(uf -u3) +abu, (- p,) + %beuz(uf -u3)

-a-a0p, —%be w

2
a(T-p,) + %b(T2 - ug) + %a@(T3 - ug)
. + %b@(T4 -u3) - %aeui(T-uz) - %beui (T? -u3)
[1+0(1, - 17)] (1+0u) 1 1
+y 1o ~a( - 1) - Sb(R7 - 47) - Sa0(u - u3)
- %be(uf -u3) +abu, (- p,) + %beuz(uf -u3)

1 1 1
+ap, + EbeJFEaerJrgber

+l 1Xb9 +£yae T5-i-1 1XaO-i-y —lb —laeT— leT2 T*
58 3 43 2 2 4

1 x(-lb-laOT-lbesz -ya o4l xa+y|laT+ le2+1aGT3+1b9T4 T?
3 2 2 4 2 2 6 8
T- lb T? -1l 1 O(T® - pd
a( lvlz) + 5 ( “2) + Ga (T 'Hz)
1b 4 4 1 2 1 2 2 2
+ 8 G(T 'Hz) - Eaeuz(T'uz) - Zbeuz(T '“2)

- 1 1
% ary [1+0(p; -1, )] “a( -1y - Sb( -n3) - Sa0(uf -u3) )

- %be(uf -u3) + a0, (wy - py) + %beuz(uf -u3)

1
+(1-d)(au1+EbeJ
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a(T - uz) + %b(T2 - pg) + %a@(”ﬁ - ug)
. + %bG(T“ -u3) - %aeui(T-uz) - %beui (T? -ul)
S S—
(100 - -a(py -1y - %b(uf -ul) - %ae(uf -u3)
- %be(uf -u3) +abu, (wy -, ) + %beuz(uf -u3)
-a-aeul-%beuf
a(T-u,)+ %b(TZ -u3) + %ae(ﬁ -13)
. + %bG(T“ -u3) - %aeui (T-p,) - %beui(Tz -u3)
[1_'_ e(“ u )] (1+6M1) 1 1 ;s
Lo “a( - p) - Sb(R] - 17) - Zad( -u3)
- %be(uf -u3) +abu, (wy -1, ) + %beuz (nf -u3)

1 1 1
+ap, + Ebuf+§aﬂuf+§b9uf

a(T-p,) + %b(T2 - H;) + %a@(T3 - uz)

+ %be(T“ -u3) - %awi(T-uz) - %beui(Tz -u3)

| (1)
(160, - 1a)] -a(ul-uz)-%b(uf-ui)-%ae(uf-ui)
: %be(uf - u3) +abu, (wy -, ) + %beuz(uf -u3)

+ (l-d)(aul ; %buf)

Hy
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1 1 1 1
- X aT+—bT2+—a6T3+—b9T4J - —ybOp}
L 5 5 8 1, 48y 1,

(T Hz) + ;b(
1 +%b6(T4-ug)

Xa+y

1

+8.|,L1+§bp_f

111 1, .1

+=[ Zxbd +y|-=b+=ab | |us

4[6 y[2 ZaJJ“2
[2+

- 9(“1 - ”2)]

(T Hz) + ;b(

2 Lp+Laoy|| 0
3| "2 72

-a-aeul-%beuf

a(T- uz)+;b( w) + %aG(T3 :)
) + %be(T“ -u3) - %aeui(T “1p) - %beug(Tz -u3)

I IEETE) L IRAPRTE IS WY
-_be( 13) + a0y, (- 1,) +;b9“2(”1 u3)

1
+(1-d)(aul+§bpfj

i) + goo(r

-13)

i %aeug(T ) - %beui(Tz
(100 -2 -a(ul 1) - %b(uf -13) - %ae(uf 1)

My -3 )+ a0y, (1, -p,) + 1beuz(uf -u3)

2

) %a@(T3 )

+ %be(T“ -u3) - %aeui (T-n,) - %beui(Tz
-a(py - p,) - %b(uf ) - %ae(“f 1)

- %be(uf -u3) +abu, (wy - ) + %beuz (nf -u3)

-13)

-u3)

My
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-%ybui’
1 2 2 1 3 3
a(T-pz) + Eb(T 'Hz) + gaO(T 'Hz)
1 + %bG(T4 -u;) - %a@pg (T-p,) - %bGug (T2 -ug)
[1+ e(u - U ):| (1+9|-L1) 1 2 2 1 2 2
X v 'a(l-ll 'l'tz) - Eb(ul '“2) - Eae(ul '“2) Ky
- %be(uf -u3) +abu, (y -, ) + %beuz(uf -u3)

1,1 1
+ap, + EbeJfEaer*gber
101 1 101 11 1
2 b0+ Zya0 |uS 2| Zxa0 + y| -2b-Za0T - =bOT? | |
5(8 3 ]”2 4[3 y( 2° 72 4 JJ“Z

1 1, 1 1 1 1 1 1
-=| x| -=b-=alT - =boT? | - S-=| xa+y|laT + =bT?+= eT3+—beT4j > (21
3[ ( ) 4 j yajp-z 2( Xa Y(a 5 6a 3 wy o (21)

1/ 1
+=| -=xb -yb |’
[0 s

(by neglecting higher powers of 6)

Hy Ha

-
1+0(u,-1,)

a(T-u2)+%b(T2 -u) + %ae(T3 -pg)+ %be(’r“ - p3)- %a@ug (T-,)

(v) DC= Cm 0I(t)dt + ].th(t)dtJ

- %beui (T% - 1d) - a(u-n,) - %b(uf -u3) -%ae(uf -u3)-

1
=co| || Ta0u, (y-p,) +§bel~t2 (Hf - Mg)

1
H,+0 [Hluz ) l'lg jj

1 1 1 1 1 1 1
+a(u1uz - §u§j+ Eb(ufuz - guij + Eae(ufuz - §u§j + gbe(ufuz - Zu‘z‘j

1 1,) 1,.(1 1
-ae(zului - guij -Ebe(gufui - Zu;‘]
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o, ) Sb(T? - 12) + Za0(T° - 1)+ Sbo(T* -
a( I’LZ) 2 ( -“2) 63( 'uz) 8 ( 'uz)

1 1 1
- 8005 (Tt )= 26045 (T - u3) -a(iy) - Sb(wf - uf)

] 1 1 1
- cp| LT 00, ~530(1 - 13)- DO (k7 - 1) +a0u, (o) +2 60w, (1] - 13)

1
H1+EeufJ

1 1 1 1
+Ea”12 + ébuf +639Mf+§beuf

ibeT‘3+iae)T5+ 1 -lb-laOT-EbOTZ T

48 15 4\ 27 274

+e 1 1 1 1 1

- —aT3+—( T+ ZbT?+=a0T%+ —beT“JTZ
3 2 2 6 8 22)
1 1 1(1. 1 1

o+ —afui+ = -=b-=adT-=bOT? |u

NEC Ha g HH 4(2 2™ )“2

- lau§+1 aT + So72+ 1007+ Lpot 15
3 2 2 6 8

(vi) SR = [p}(a+bt)dt + pddQJ = p(aT + %sz) +p,dQ (23)

The total profit (z) during a cycle consisted of the following:

n= %[SR-OC-PC-SrC-HC-DC] (24)
Substituting values from equations (18) to (23) in equation (24), we get total profit per
unit. Putting pz= v1 T and po= v2T and value of t; and Q in equation (24), we get profit
in terms of T. Differentiating equation (24) with respect to T and equate it to zero, we
have

ie. j-ﬁ -0 (25)
provided it satisfies the condition
d’n

s <0. (26)

4. NUMERICAL EXAMPLE:

Considering A= Rs.100, a = 500, b=0.05, c=Rs. 25, p= Rs. 40, ps = 15, d=0.02, z =
0.40, A= 10000, 6=0.05, x = Rs. 5, y=0.05, v1=0.30, v2 = 0.50, in appropriate units.
The optimal value of T* =0.2724, Profit*= Rs. 19220.7443 and optimum order
quantity Q* = 136.4673.
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The second order conditions given in equation (26) are also satisfied. The graphical
representation of the concavity of the profit function is also given.

T and Profit

19,22!15—3

19220—f

19,219,5—5

PROFIT 1921 9—5

19,2185

19218

19,2175

o]

5. SENSITIVITY ANALYSIS:
On the basis of the data given in example above we have studied the sensitivity
analysis by changing the following parameters one at a time and keeping the rest

fixed.

25 026

Graph 1

T
027

038 020

T

T
0.30

Table 1
Sensitivity Analysis
Parameter % T Profit Q
+20% 0.2489 23141.4159 149.6038
+10% 0.2598 21180.2957 143.1553
a -10% 0.2869 17263.0045 129.3743
-20% 0.3043 15307.3889 121.9119
+20% 0.2505 19156.0362 125.4731
+10% 0.2608 19187.7131 130.6433
X -10% 0.2857 19255.3175 143.1463
-20% 0.3011 19291.6680 150.8821
+20% 0.2702 19215.7560 135.4150
+10% 0.2713 19218.2447 135.9413
0 -10% 0.2735 19223.2550 136.9928
-20% 0.2746 19225.7770 137.5178
+20% 0.2980 19150.6195 149.3247
+10% 0.2855 19184.8953 143.0459
A -10% 0.2586 19258.4097 129.5389
-20% 0.2440 19298.2026 122.2109
+20% 0.2724 19220.8583 136.4673
+10% 0.2724 19220.8064 136.4673
A -10% 0.2723 19220.6683 136.4171
-20% 0.2723 19220.5734 136.4171
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From the table we observe that as parameter a increases/ decreases average total profit
and optimum order quantity also increases/ decreases.

Also, we observe that with increase and decrease in the value of 0 and x, there is
corresponding decrease/ increase in total profit and optimum order quantity.

From the table we observe that as parameter A increases/ decreases average total
profit decreases/ increases and optimum order quantity increases/ decreases.

6. CONCLUSION:

In this paper, we have developed an inventory model for deteriorating items with
linear demand with different deterioration rates. Sensitivity with respect to parameters
have been carried out. The results show that with the increase/ decrease in the
parameter values there is corresponding increase/ decrease in the value of profit.
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