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Abstract

In this work we introduce a wide class of infinite dimensional Banach spaces which
we call spaces of type A,, 1 < p < oo. Being aware that Grothendiek conjecture
about smallness of the ideal of nuclear operators was disproved in 1983 by G. Pisier,
in general Banach spaces, we show that it is true in this class. In fact we search
for a class as wide as possible in which Grothendiek conjecture holds. The class
A contains every Banach space in which there exists such sequence of projections
{ P} on subspaces ¢- isometric to the Euclidean space Ei, such that || P, || = o(s/n).
In 1974 W.J.Davis and W.B.Johnson showed that this property is satisfied by any
uniformly convex Banach space. We notice that in any Banach space an analogous
sequence of projections satisfying || P,|| = O(+/n), always exists. Moreover, we
show that the class §,, 1 < p < oo, introduced by Morell and Retherford in 1975
is contained in the class of type A, which in tern, is contained in the class A; in
which the Grothendiek conjecture holds.
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1. Introduction

In 1955 Alexander Grothendieck [1] posed the following conjecture: Is it true that for
any arbitrary infinite dimensional Banach spaces X and Y there always exists a bounded
linear operator from X into Y which is not nuclear?. Many attempts were done from that
time to solve this problem. In 1983 Gilles Pisier [2, 3] constructed infinite-dimensional
Banach space X such that the projective and injective tensor products X ® X and X ®, X
coincide. This disproved Grothendieck conjecture.

It is of interest for which Banach spaces this conjecture holds. In 1975 Morell and
Retherford [4] introduced a class of Banach spaces called of type S,, 1 < p < o0, in
which this conjecture holds.

Our task here is to get a class of Banach spaces as wide as possible in which this
conjecture holds. Of course such class must contain the class S, and does not contain
Pisier spaces.

For such class we introduce the class of Banach spaces of type 1,,1 < p < o0,
which increases as A decreases in which this conjecture holds. The class A, contains
every Banach space in which there exists such sequence of projections { P, } on subspaces
e-isometric to the Euclidean space Zi, such that || P,|| = o(+/n). In [5] W.J. Davis and
W.B.Johnson showed that this property is satisfied by any uniformly convex Banach
space. We notice that in any Banach space an analogous sequence of projections satis-
fying || P,|| = O(+/n), always exists. This is a consequence of the famous result [6] of
A.Dvoretzky in 1961. The class A, contains S, and is contained in the class A1 in which
Grothendiek conjecture holds. We give several examples for such classes.

2. Basic Definitions and facts

By L(E, F) we denote the Banach space of all linear continuous operators from a Banach
space E into a Banach space F endowed with the usual norm. By £7 is denoted the space
of p-absolutely summable sequences of real numbers and by ¢7 the Euclidean space
equipped with the norm of 7. By L” is denoted the space of p-Lebesgue integrable
functions. A bounded linear operator P from a Banach space E into itself is called a
projection on E if P?> = P (The idempotent property) [7]. The Banach-Mazur distance
[8] of two isomorphic Banach spaces E and F, is defined by d(E, F) = inf || T'|||| 7! Il,
where the infimum is taken over all isomorphisms 7" from E onto F'.

Definition 2.1. [Ideals of operators] [9, 10] An ideal of operators A = {A(X,Y) :
X, Y e X} where X is the category of all Banach spaces, is a collection of linear subsets
A(X,Y) of L(X,Y) satisfying the following conditions:

1. A(X,Y) contains the space F (X, Y) of finite rank operators.
2.U€eLY,Yy), T e AX,Y),V e L(Xy,X)=UTV € A(Xo, V).
If on each component A(X, Y) there is a norm p (or quasi norm) satisfying

p(UTV) = lUIIVIp(T) ¥ UeLY, Y, TeAX,Y),VeLXoX)
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then this ideal is called a normed (or quasi normed) operator ideal respectively.

Example 2.2.

1.

The ideal L, = {L.(X,Y) : X,Y € X} of compact operators [9] is a normed
operator ideal with the usual operator norm.

. The ideal N of nuclear operators [1, 9, 11] is a normed operator ideal.

. The ideal IT), of p-absolutely summing operators and the ideal DIT, of operators

whose duals are p-absolutely summing [9, 10, 12] are normed operator ideals.

. The ideal /\/’2oo [10] of all operators T € L(X,Y) which has a representation

T(x) = Zﬂnfn(xm where (£,}72) € X*. {ya};Z; € ¥ and lim §, = 0, with

o0
Z | fn()]? < 400, Z lg(yp)|> < +oo forevery x € X, g € Y*.

. The ideal S;7”, (p > 0) is a quasinormed operator ideal [9, 11], where

SPP(X,Y) ={T e L(X,Y) : Zan(T)p < 400},
n=0

and o, (T'), is the nth approximation number of the operator 7.

Remark 2.3.
1. It is well known [10], that if an operator A is p-absolutely summlng, then
Z | A(x)|I? < 400 for any sequence {x,}q-; in X for which Z | f )P <
n=1 n=1
+oo Vf e X'
2. Every operator T € N3°(X,Y) is approximative. In fact, the sequence {7},

k
of finite rank operators, where T;(x) = Z Bn fn(x)y, converges in norm to 7.

n=1

Consequently A5°(X,Y) C L.(X,Y) VX,Y e X.

. If X, Y are Hilbert spaces then

N(X,Y) SNP(X,Y)=Lo(X,Y) VX, Y €X.

This is a consequence of spectral decomposition Theorem [11].
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Definition 2.4. [3, 10] An operator ideal A = {A(X,Y) : X, Y € X} is called small if
[AX,Y) = L(X,Y)} = min{dimX,dimY} < oc.

Example 2.5. The ideal of compact operators L. and the ideal of absolutely summing
operators I1; are not small ideals while S?f P (p > 0) 1s a small ideal. In fact, for the
infinite dimensional sequence spaces £” we have,

1. Lo(eP, 09y = L¢P, 09) ¥V 1<gq < p[13,14).
2. T (¢4, €% = L', %) [15].

3. In [16] it was proved that for any infinite dimensional Banach spaces X, Y and for
any 0 < p < g, itis true that:

SHP(X, ) S S (X, Y) S LX, Y).

3. Basic Theorems and Technical Lemmas:

In our work we will be in need to the following results:

o0
Theorem 3.1. (Abel Dini) Let Zan be a divergent series with @, > 0, and §,, =

n=1

o0
. ) . a
E ai, n = 1,2,... its partial sums. The series E S—’Z converges for r > 1 and

n=1
diverges forr < 1.

Theorem 3.2. (Morell and Retherford [4]) Let X be an infinite dimensional Banach
space, {B,}.>, a convergent to zero sequence of positive numbers with 8, < 1, then
there exists a basic sequence {x,},~ such that ||x,| = B, and satisfying:

(0, ¢]
1
S“F’{(ZIX’*(%)V)Z xt e X x| < 1} <1

Corollary 3.3. Let Y be an infinite dimensional Banach space, {8,},~; a monotonically
convergent to zero sequence of positive numbers. Then there exist a number ¢ > 0 and
biorthogonal system {y,, gn},; with the properties:

Yl <yng><+00 VgeY*and||gn||<ﬂ— (n=12..).
n

Proof. 1t is a direct consequence of Morell and Retherford Theorem if we remark that
for any basic sequence {y,} there is a sequence of coefficient functionals {g,} such that
I <|lyull llgnll < 2y where y > 1 is the basic constant.
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Theorem 3.4. (Bessaga and Pelczynski [16]) Let {x,},>, be a sequence in a Banach
o0

spaces X and let {8, ]}~ be any convergent to zero sequence of real numbers. If Z | <

n=1
00

Xn, X5 > ] < 400 Vx* € X*, then the series E Bnx, unconditionally converges in
n=1
norm.

Lemma 3.5. Let X be a Banach space and {x]}2 | be a sequence of functionals in X*.
oo

If Z | <x,x, >| < 4ooforevery x € X, then there exists a constant ¢ > 0 such that

n=1
o0

Zl <x,x, >|<c|x|| Vx e X,andin general,

n=1

o0
Y l<xfF>|<c|F| YFeX*

n=1

k
Proof. Let us define a sequence of seminorms Pj(x) = Z| < x,x; > | for(k =

n=1
1,2, ...). Since these seminorms are continuous then using Banach Steinhauss Theorem
k

we get that P(x) = li]£n2| < x,x, > | is a continuous seminorm. Hence P(x) <
n=1

cllx]] Vx e X. Now, since any ball of center at zero in X is weak* dense in the ball of

the same radius in X™* then for any F € X™* there is a generalized sequence {x,} in X

such that
x|l < ||F|l and 1lim < xq, x* >=< x*, F > Vx* € X*
o

0
Since Z | < Xg, X > | < cllxe|l < c||F|| Ve, then taking limit by « we complete the

n=1

proof. |
The following Lemma is useful for showing that some operators are well defined.

Lemma 3.6. Let X, Y be Banach spaces, { f,},~ be a sequence of functionals in X* and
{zn}ne a sequence of elements in Y and let {1,},~, be a convergent to zero sequence
of real numbers. If for any x € X and g € Y™,

> 1 fa(x)g(zn)| < +oo, then the formula A(x) = >y fu(X)zn

n=1 n=1
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defines a compact operator from X into Y.

Proof. Applying Lemma (3.5) with g(z,) f,, instead of x| we get for every g € Y™,

Sl<xg@)fu> =Y 1fa(0)gm)l < +o0 Vx € X.
n=1 n=1

o0
Therefore, there exists ¢, > 0 such that Z [fn(x)g(zn)] < cellx|Vx € X, g € Y*.

n=1

o0
Applying Bessaga and Pefczyriski Theorem for the weakly summable series Z Jn(X)zn

n=1
00

we get the convergence of the series Z Un fn(x)z, and the operator A is well defined.

n=1
The compactness of the operator A follows from being a limit, in norm, of the sequence

k
Ar(x) = Z fun(x)z, (k=1,2,...) of finite rank operators. [

n=1
Definition 3.7. [4] A Banach space X is called of type S, ;, 1 < p < oo if there exist

anumber A > 1 and sequences of operators {A,}2 |, {By},—, such that

An: €l — X, By X —> €0, with ByAy = I,p,and | Ayl Bl < A
A space X is called of type S, if it is of type S, ; for some A > 1.

Proposition 3.8. Let X be a space of type S, 1 < p < oo. Then there exist sequences
of operators {A,}°2 |, {Bn},~; such that:

n=1>
1. Ay:l; — X, B,:X —> £, and B,A, = I 2.
A BAll
Jn

Proof. Let X be a Banach space of type S, ; for some A > 1. Then there exist two
sequences of operators {A,},2 |, {Bn}oe |, such that

2. inf 0.

Ap P — X, By : X —> £P, with B,A, = Lpp, and || Ay ||| Ball < 2

n?

Let p # 2 and let o, : £2 —> €7 and B, : €7 :— (2 be the identity mappings. There

n
are two possible cases:

CaseI: (p > 2) Letx = {x;}/"_, € ¢, then

el = (3 1xil?)7 < {3 1Py = el
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Since for xg = (1,0,0,...,0), we get ||a,(xo)ll, = l|xoll2 = 1, then |la,|| = 1. Let

y = ()i € ¢£F, g >1, 7 = T Then using Holder’s inequality we get:

r —

n
/!
E yil* < {E |yi|2r}%{ E 1”}7. Consequently,
i=1 i=1 i=1

n
1 L 1
1Bayllz =D Iy} <n /{ZW} =n2 ||yl p.
i=1

2
Therefore we get ||ﬂn|| < n2r/ =n T = np2ﬂ Taking yo = (1, 1,1,...,1) we
2

| i

getnzf Iyoll = n3n¥ = Vn = [Ba(30)ll2. Therefore, ||, = n2’" = n'@ . Conse-
p=2

quently, [l [ll|Bull =n 2 (1,2).

2
Case II: (p < 2) Taking r = — and using Holder’s inequality with power r, we get:
P

1
-

ot ()15 = Z xil? < {Z il .

Consequently,
1 j r=1 2-p
ot < 7 ’{Zm 2 =0l = 0 1
Moreover, for yo = (1, 1, ..., 1) we get:
2-p 2—
lyollan 27 = —nin T =nb = llotn (Yo) Il p

2-p )
Therefore, ||a, || = n 27 . It is clear that

Bl = { Ykl = {3 ) = st
i=1 i=1

1Bn(x0)ll2 = 1 = |lxoll, where xo = (1, 0,0, ...,0). Therefore, ||B,]| = 1. Conse-
quently,

2-p
lanlll| Bnll = n 2r (2,2)
12=p|

From (1.2),(2.2) it follows that for any p € (1, +00) |los ||| Bnll =1 27 .
Taking C, = Ao, D, = B, By, then we get:

I2\

Cn:ly —> X.Dy: X —> L3, with D,C = I2, and | Cy|l[| Dy]| < An
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Since
|p — 2] 1 1 1
= =l5-l<3
p 2
then ciliD
lim M —0.
n ﬁ
|
Proposition 3.9. If in a Banach space X there exist a sequence of subspaces {L,} |,

dimL, = n, and a sequence of projections {P,} - ;, such that

Py: X —> Ly and | Py|ld(Ly, £7) = o(/n),

then there exist sequences of operators {A,}oc |, {B,}.— such that:
1. Ay: 02— X, B,:X —> £2and B,A, = L.

[AnllIBall _

Jn

Proof. From the definition of Banach Mazur distance, for each n € A there exist two
isomorphisms 7;,, Tn_l, such that

2. inf 0.

Tp:Ly— & T, 6y — Lo ILINT, < 2d(La, £)
Let ¢, be the canonical injection of L, intoX. Then we get the diagram

7,7 P T,
Ty LS GRLINY N

Taking A, = ¢, Tn_1 B, =T,P,, we get,B, A, = ide%. Moreover,

[AnllllBall _ .

T 1 Tn Pn Pn 2d Ln, 62
\/ﬁ

Jn <inf NG =0.

inf

Corollary 3.10. Any uniformly convex Banach space satisfies (1) and (2). See [5].

4. Banach spaces of type 1,

In this section we introduce a wider class of Banach spaces which contains the class
satisfying (1), (2) of Propositions (3.8) and (3.9) for p = 2.

Definition 4.1. A Banach space X is called of type A,,1 < p < oo if there exist a
sequence of elements {x,},, and a sequence of functionals { f,}>-, such that:
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o0
)Y | <xu.f>|" <400 VfeXH

n=1

o0
1i) Z|<x,fn>|2<—|—oo Vx € X;

n=1
o0

iii) > | < xp, fu > |7 = +o0.
n=1

Proposition 4.2. Let X be a space of type A,. Then
1. dimX = o0o;
2. If X is a complemented subspace of a space Z, then Z is a space of type A ;

3. If 1 < g < p,then X is of type A,.

Proof. Let us consider that the sequences {x,}o- ; and { f,,}, satisfy the conditions 1),
i), ii1). In fact,

1) If dimX < oo, then dimX* < oo. Let dimX = m and let {e;}/", be a basis

m
in X*and f, = Z Ainei, (n =1,2,...). From condition ii) it follows that:
i=1

lim < x, f, >=0 Vx € X. Le the sequence { f,,},-, converges weakly to zero
n

in a finite dimensional space and hence is bounded in norm. Consequently, there
exists a constant ¢ > Osuchthat : [A;;| <c¢ VY(n=1,2,...),0( =1,2,...).
Therefore,

m m
[<x fu>1=1) <xhmei>[<c) |<xe>| (m=12..)
i=1 i=1
Using Holder’s inequality with p > 1 and p’ = Ll we get
p J—

m
P
| < x, fu > |p§cpml’/2|<x,e,~ >P n=12,...).
i=1

Therefore we get from property i)

oo » oo m
Dl<xufu>1P < Pm? Y Y | <xyei > |

p m (0.9]
= cpmVE E | < xp,e; > |P < +00.

i=1 n=1
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This contradicts iii) and hence dim X = oc.

2) If X is a complemented subspace of a Banach space Z, then there exists a con-
tinuous projection P from Z into X. Then, P* : X* — Z*. We define in Z* a
sequence {h,},>, by the equality h, = P*f, (n=1,2,...) and we show that
the sequences {x,}--, and {h,};° , satisfy the conditions i), ii), iii).

i) If f € Z*, then considering f as a functional on X, we get:
0.¢]
Yl <xu f>17 < 4oo.
n=1
ii) For any element x € Z we have Px € X and hence,
[e.¢] o0 0.¢]
Dl<xhy>P =) I<x,Pfp>P=) |<Px, f> <+o0.
n=1 n=1 n=1
iii)

%) )
Z|<xnahn>|p = Z|<Xn,P*fn>|p
n=1

n=1
o0 o0

Sl Pr s =Y < oo = e

3) We define a sequence of positive numbers {8, }oc | as follows:
r=a 1 1
,Bn:|<xn»fn>|q(s_)q~

n
where S, = Z | < xi, fi > |P. Putting y, = Bnx,, we prove that the sequences
i=1
{yn}oe; and { f,,},2, satisfy conditions i), iii) with ¢ (condition (ii) does not depend
on p). We use Abel Dini Theorem.

o0 0.¢]
- —q !
Condition i) Y | < y. fo > ! = nE_ll < Xn, fu > 1" qS—nI < Xn, fu > |7

n=1
o
1
= Y I < fu> P =400
Sy

n=1
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1
P >1 e 4 + — = 1 Using Holder’s inequality
pP—q p s

with power P we get:
q

Condition i) Let s =

o0 o0 1
D<o f=10 = Y < fo> P < f > 1 <
n=1 n

n=1
r—q

3 = 1 25
S{Z|<xn,f>lp} X {Z|<xn,fn>|P(S_)ﬁ} < +oo.
n=1 ne=l n

<R

Proposition 4.3.
1. Forr € (1, 2], the space £" is of type A, for any p € [1, +00);

2r
r—2"

2. For any r > 2 the space £" is of type A, for p <

Proof. Let x" = (0,0,...,1,0,0,...) (unity is in the n'h place) and let " be defined
by the equality: f"(§) =&, forany & = (&), (m=1,2,3,...).

1) Let 1 < r < 2. We verify conditions i)-iii) under p > r’ = Ll In fact,
00 00 00 2 B
iii) is clear; ii) Zl <& "> )P = 2:|§n|2 < <Z|§n|r)r < 400 V& =
n=1 n=1 n=1
)iz € €. L
i) For any ¢ = (gr)j2; € Z’,, where — + — =1, we have
ror
(o.¢] 0
Z| <x",p>|P :Z|<pn|p < +oo forany p > r'.
n=1 n=1

From 3) of proposition (4.2) we get the proof of (1).

2
2) Letr > 2. Thenr' = r o Z

. Take a number p such that:
r—1 r—

1
and let h,, = (—)pf” n=12..).
n

r<p<
r—
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We will prove that the sequences {x"}°> ; and {h"}72 | satisfy conditions i)-iii).
i n’ hn p = — n’ n p = _ = OO’
m)ng_l|<x > | E n|<x > E " +

00 , o0 ) 12
ii)E | <x,h" > |7 = E | <x, f">17(-)r <
n
n=1

A

/N /N
2

A

s

S

Vv

S1I—
R[]

&) e N
5

L

=

7

|

N——"

[A

o0 o0 o0
DY I<x" =17 = Y leal” = (Xleal”)” < +oo
n=1 n=1 n=1

Vo = {p.)2, e £

From (3) of proposition (4.2) we get the proof of (2) [ _J
Remarks 4.4.
1. The space £ is of type A1, but as will be shown is not of type A, (see Corollary
5.5).

2. The space ¢! is not of type A1 (see Corollary 5.5), although its dual is of type A;.
3. For r € (1, +00) the space £" is of type A;.

1

Proof. 1) Let x" and f" be the same as in Proposition (4.3), and let b, = — " (n =
n

1,2,...). We show that {x"}°°, and {h"}°2, satisfy the conditions of A;. Let f €

n=1 n=1
£>)*, &, =sign < x", f > . Then,

o0

k
H Y l<x".f>] = 1i]?128n<x”,f>
n=1

n=1
k k
= tim (Y enx”) TILI Y eax” Il < 1]
n=1 n=1
(0.¢]

2
X
E | ”200 < +o00;
n

n=1

A

o0

i) Y |<x.h">[
n=1
o0

0
iii) Z|<x",h”>| = Z
n=1

n=1

S|~

= +o00.



A wide class of Banach Spaces in which Grothendieck conjecture 5071

3) If r € (1, 2] then from Proposition 4.3 (1), £ is of type A, for any p € [1, +00)
and hence of type A,. For r > 2, then from Proposition 4.3 (2), £" is of type A, since

2
r > 2. [ |
r—2

5. Main Results

Theorem 5.1. If the space X is a Banach space of type A, and Y is an infinite dimensional
Banach space, then IT,(X, Y) does not contain N5°(X, Y).

Proof Since X is a space of type A, then there exist two sequences {x,},- in X, and
{fu}o2, in X* satisfying conditions: i), ii), iii). Let us take

—1
Bn = (Sp)%, Where S, = Z| <xi, fi > |”.
i=1
By the corollary of Morell and Retherford Theorem, there exists a constant ¢ > 0 and a
biorthogonal system {y,, gn},~ in Y such that:

Yl <ymg>1><+ooVge v ||gn||<ﬂ L(n=1,2,...).

n=1 n

o0
The series Z < X, fu > yn 1s weakly convergent. In fact,

n=1

o0 o0 1 o0

2 2
Y <xfiz<vg ==Y I<x fum P <= P < 4o
n=1 n=1 n=1

According to Lemma (3.6), we define an operator A from X into Y as follows:

(0¢)
Alx) = Z,Bn <X, fn > Yn
n=1
Clearly we have A € N5°(X,Y). We prove that the operator A is not p-absolutely
summing. In fact, we have:

A = [ ()| =

e ”,Bk|<Xk fe>1> ﬁk|<Xk S > |

Consequently,

A%

(0]
> I Ax)|”?
k=1

1 o0
= DB <k, fi= |7
k=1

1 — 1
= _ s > p—:—|—00
> k§=1| < Xk, fk > | 5
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Since the space X is of type A, then from the condition i) we get

o
Z|<xk,f>|p<—|—oo VfeX",
k=1

and the operator 7 is not p-absolutely summing. |

Corollary 5.2. If X is of type A, and Y is infinite dimensional Banach space, then
IT,(X, Y) does not contain L (X, Y). This follows from the inclusion:

NZP(X,Y) € L(X, V).
Corollary 5.3. Under the same conditions of Corollary (5.2), we get,
IM,(X,Y) # L(X,Y).

Corollary 5.4. If X is a reflexive space of type A, and Y is an infinite dimensional
Banach space, then

M,(X,Y) G L(X, V).

The statement of this corollary follows from the relation
Hp(Xa Y) E LC(X’ Y)’

satisfied for any reflexive Banach space X. See [18] and Corollary (5.2).

Corollary 5.5. The spaces ¢! , L ! , are not of type A1; and the spaces £>°, L™, and C(L2),
where €2 is an arbitrary compact set, are not of type A».

Proof. 1t is well known that [1, 3, 19]

(e, %) =k, %), T (L', 3 =L@, %),
(€%, %) = L(£®,€%), TL(L™®, %) =L(L™, ¢, T (C(Q),£*) =L(C(Q), )
It remains only to apply Corollary (5.3). |

Theorem 5.6. Let X be a Banach space in which there exist sequences of operators
{An}sO:p {Bn}?lozl such that:

1. Ay: €y — X, B,:X —> £, and B,A, = I2.

[An Il Ball

0,
Jn

2. inf
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then it is of type A».

Proof. Let {m}2; be a sequence of natural numbers such that

Jmy k2

Without loss of generality, one can consider that

1 Am | B, Il 1

Y

HAm b= 1Bl < =

Taking mg =0, for j = 1,2, ..., my41, we define

Ximormy+Amptj = Am€

s *
Jmotmy+tmerj = Bpy )

M1

where {e;},; 7} is the canonical orthonormal basis in Eik 41- Let us define

Lo
Xmo+mi+-+mp+j = T ——Xmo+mi+-+mi+j>
VMt 1

1 ~
fmo+m1+-~~+mk+j - fm0+m1+~-+mk+j
M1

o0

We show that the sequences {x,}o0 |, { fulne ;>

Ao.

M1
1

M2

o0

. 2

DY l<xf>P =
n=1

M1
+J

~
Il
=

mi+1

I
M2

~
I

0

1

q* 2
mk+1 k1

I
M2

~
Il
o

ME+1 k + 1

o

1
= ||f||2zm < +00

k=0

o~
I

A
L[e

2
——— Y I <Amnej f>|
.

1
2
> < AL f >
N = 7

— (i i) 1P

5073

satisfy the conditions of spaces of type
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ii) Similar to i) we etZl <x, fu>F<|x| Z < +00
& I (k+ *k+1)?2
n=1
o0 o0 Mi+1
2 1 * 2
iii) Z| <Xn, fn>1" = Zm Z | < Amk+1ej’ BMk-Hej > |
n=1 k=0 kL o
mMr+1
= Zm Z|<Bmk+1 mk+1e],e]>|
k—|—lj 1
o0 LSS
SIS DT ED MRS
mk—H 5
j=1 k=0

Corollary 5.7. Any Banach space of type S, is of type A,. This follows from Proposition
(3.8).

Theorem 5.8. Let X be an infinite dimensional Banach space, and Y a Banach space of
type type A2. Then DITx(X, Y) does not contain N;°(X, Y).

Proof. Since Y is of type A2, then there exist a sequence of elements {y,},;-; and a
sequence of functionals {g,}- such that:

(0.¢]
1. Z|<yn,g>|2<+oo VgeY*
n=1

2.Z|<y,gn>|2<—|—oo VyeY

n=1
(o¢]

3.) I<vwgn> =
n=1

1 n
Letus take 8, = (S—)JT, where S, = Z| < Vi, & > |2. Clearly, 8, — Oasn — oo.
" i=1
From corollary of Morell and Retherford Theorem, there exist a constant ¢ > 0 and a
biorthogonal system { fi, Fi}pe;, (fk € X, Fx € X™*) such that:

c
Yol <fnF =P <doo YFeX™ Rl (=12,

n=1 n

Using Lemma (3.6) we construct an operator A from XintoY as follows:

o0
Ax:Zﬂn<x,fn>yn.

n=1
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Clearly, A € N7°(X,Y). We show that A does not belong to DII>(X, Y). We have

(0]
A*¢ = "Bu<yn.g>fn (€Y.

n=1
Therefore we have
1470l = [P A%60)| = B2 < > |
Consequently,
L 2 o < Ve gn > 12
;IIA 2ll Z;;ﬁn|<yn,gn>| :; 5 — oo,

o0
Since from (2) and Lemma (3.5) we get Z | < G,g, > |* < 400 VG € Y** then
n=1

A* does not belong to T (Y™, X™). [ |

Corollary 5.9. If X is an infinite dimensional Banach space, and Y a Banach space of
type A>. Then DII7(X, Y) does not contain L (X, Y).

Theorem 5.10. Let X, Y be infinite dimensional Banach spaces. If X is of type 1| or Y
is of type A; then
N(X.Y) G Le(X. Y)

Proof.

1) Let X be of type A;. Then by corollary (5.2) of Theorem (5.1), IT; (X, Y) does not
contain L.(X, Y). Since

NX,Y)CIi(X,Y) [18]
and N (X, Y) € Lo(X, Y), then N(X, Y) G Lo(X, Y).

2) Let Y be of type A>. Then by corollary (5.9) of Theorem (5.8), DI1,(X, Y) does
not contain L.(X, Y). Moreover, if T € N (X, Y) then

T* e N(Y*, X*) CI11(Y*, X¥) C (Y™", X*) [18].

Consequently, N'(X, Y) € DII,(X, Y). From which it follows that N (X, Y) does
not contain L.(X, Y) and finally

NX,Y) G Le(X, Y).

Corollary 5.11. The ideal N of nuclear operators is small in the class of type A1.
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6. Conclusion

If X and Y are Banach spaces of type A1 ( a property satisfied by any Banach space of
type A, ), then N(X,Y) ; L.(X,Y). This means that for any Banach spaces X and Y
of type A1 there always exists a compact non-nuclear operator from X into Y. This also
proves that Grothendieck conjecture holds in the class of Banach spaces of type A;.
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