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Abstract

Epipolar geometry is a mathematical tool for reconstruction of a 3D object from
its images on two projection planes. In this paper we show that any plane induces
a projective transformation of the first projection plane. We obtain the set of fixed
points of such a transformation. Particular cases of affine induced transformations
are also discussed.
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1. Introduction

Reconstruction of a 3D object from two perspective images is a significant task in Pho-
togrammetry, Computer Vision, Robotics and related fields. Epipolar geometry has been
a main tool for its solution in the last two decades. Epipolar geometry describes the geo-
metrical relationship between two perspective views of one and the same 3D scene. This
3D reconstruction problem can be solved using triangulation, if the perspective images
are obtained by cameras with known intrinsic and extrinsic parameters. This method
based on the projection matrices is presented in [1] and [4]. A generalization is given
in [5]. The connection between the corresponding points on the two images can be ex-
pressed in terms of homogeneous coordinates. In case of known intrinsic parameters and
unknown extrinsic parameters, this connection is represented by the essential matrix see
[2] and [11]. More generally, the fundamental 3 x 3-matrix F is the algebraic represen-
tation of epipolar geometry. If M; € m; (i = 1, 2) are projections of the point M € E?
in the projection planes ;, i = 1, 2, and if their homogeneous coordinates (written as
3 x 1-vectors) related to corresponding plane coordinate systems are p;, i = 1, 2, then

(p2)” Fp; =0.

The matrix F has a rank 2, in particular det(F) = 0. There are several methods for
computing the fundamental matrix. The 8-point algorithm is described in [1], [4], [14].
A new eight-point algorithm is presented in [15]. The fundamental matrix is computed
by parametrization in [1], [4], [13], [14], and by the use of the projection matrices in [1],
[4], [14]. Another compact algorithm for computing the fundamental matrix is presented
in [6].

Techniques based on projective geometry are widely used in epipolar geometry.
There exists a homographyy (a projective transformation) between projection planes
defined by another plane. This homographyy is studied in [1], [3] and [4] by the use
of the extended Euclidean space which can be considered as a projective closure of the
Euclidean 3-space (see also [9]).

In this paper, we investigate projective transformations of the first projection plane
into itself that are generated by an arbitrary plane and epipolar geometry. First, we
describe the set of fixed points of any such a transformation. Second, we find a matrix
representation of the same projective transformations. Important particular cases are
also discussed. The paper is organized as follows. The next two section are devoted
to the basic facts and some properties of perspective projection and epipolar geometry.
In Section 4, it is given a constructive definition for a projective transformation of the
first projection plane obtained by a plane not passing through projection centers. In
addition, the main theorem for fixed points is proved. The last section contains matrix
representations of considered transformations.
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2. Central projection

A central (or perspective) projection I1; of the Euclidean 3-space E? is determined by a
projection (or image) plane 1 C E? and a projection center C’ € E3\ {m1}.

If M € E is an arbitrary point different from C’, and if C’ v M denotes the line
passing through C " and M, then the intersecting point

My =(C'vM(\m

is the central projection of M, i.e. M| = I[11(M) (see Fig. 1). The extended Euclidean
space contains all points, lines and planes of 3 as well as the set of points at infinity, the
set of lines at infinity and the unique plane at infinity 7, (see [9]). The central projection
is also well defined for an arbitrary point at infinity. Obviously, M is a point at infinity
if and only if the joining line C’ v M is parallel to 7r;. Moreover, M1 = M if and only if
M € 7. In the same way, the point C ' and an arbitrary line [ C E? not passing through
C’ (or respectively, an arbitrary line u at infinity) determine a unique plane denoted by
C’ v 1. Then, the central projection of / (or respectively, u ) is the intersection line

I, =(C' VI ﬂm (oruy = (C' vV u) ﬂm), ie, T (1) = 14 (or T1; () = uy).

™

Figure 1: Central projection

Let us consider a Cartesian coordinate system {C'; X', Y ', Z'} in E® with an origin
placed at the center C" and coordinate axes X ', Y, Z’ such that X " and Y’ are parallel
to the projection plane 7ry. This coordinate system is known as a camera frame, and the
Z'-axis is the principle ray of the camera. The pedal point H of C’ with respect to 7
is called a principal point, and the distance |C 'H ‘ = d, between C’ and 7 is the focal
length (Fig. 1). In the image plane 77 there is an associated Cartesian coordinate system
{O1; x1, y1} called the image frame. Its origin O is placed at the point H and the axes
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x1 || X" and y; || Y’ have the same directions as X " and Y ', respectively. Assume that
a four-dimensional column vector m’ = (m}, m, m5, m})" represents homogeneous

coordinates of an arbitrary point M € {E*\ C'} U Too Withrespectto {C'; X', Y', Z'}

and a column 3 x 1 vectormy = (mq, mi2, m13)T represents homogeneous coordinates
of the point M| = I1{(M) with respect to {O1; x1, y1}. Then there exists a projection
3 x 4 matrix P such that

m; = k| Pym’, ()

where k is a non-zero real factor. Under the above assumptions, the projection matrix
possesses the simplest form, i.e.

d 0 00
Pi=| 0 d 00 (2)
0 0 10

Recall that, if M € {E*\ C'}, then my # 0, and if M € 7o is a point at infinity, then
my = 0 and |m)| + |m5| + |m%| # 0. Similarly,
|m11| + |mi2| + |m13] # 0 and m3 = O if and only if the projection M is a point at
infinity.

Let a, b and ¢ be three real constants, and let o« C {E3 U o} be a plane with an
equation in homogeneous coordinates am} + bm) + cm’s — m) = 0 regarding to the
camera frame. Then, C’ ¢ « and the restriction

o1 = Il : 0 — m

is a perspectivity with a center C’. This perspectivity is represented by (1) and (2). The
4 x 3 matrix

— 1 —
— 0 0
d
0 ! 0

P, = d, 3)

0O 0 1
a b
— —

L dy d; .

is a generalized inverse matrix of Py, because P; P, P; = Py (see [8]). Moreover, if
the point Nj € w1 has homogeneous coordinates written as a three-dimensional column
vector ng = (nyy, 12, n13)T with respect to {O1; x1, y1}, then the four-dimensional
column vector
T
P, ny =n' = (n, n5, n}, ny) 4)

represents homogeneous coordinates of the intersecting point

N=a[)(C'VN)



Induced Planar Homologies in Epipolar Geometry 3763

with respect to {C'; X', Y', Z'}. Hence, the reverse perspectivity with a center C’
0, L, T —

is fully determined by (3) and (4).

The central projection ITy, the perspectivity ¢ and the reverse perspectivity ¢, Ican
be also expressed in terms of the camera frame {C'; X', Y ', Z’}. Suppose that m’ =
(my, mh, my, my)" and mj = (m},, m},, m}5, m},)" are column vectors representing
homogeneous coordinates of the points M € {E3 \ C'} Uyroo and M| = I1I}(M)

with respect to the camera frame. Then, mj = (d m/, d m5, d m}, m5)" and the four-
dimensional vectors m” and m) are related by

m) = k{Pjm’, (&)
where k{ is a non-zero real factor and
d 0 0 0
;o 0 d4 00
Py = 0 0 d O ©)
0O 0 1 0

is an extended projection 4 x4 matrix. If M € «, then homogeneous coordinates of M| =
¢1(M) = 11 (M) with respect to the camera frame are determined by (5) and (6). Con-
sider a point N; € 71 whose homogeneous coordinates with respectto {C'; X', Y ', Z"}
can be written as a four-dimensional column vector nj = (1}, n},, d n}3, nj3)". If

1 000
1 0100
! e —

Por=210010 )

a b ¢ 0
is a generalized inverse of the matrix P} obtained by the plane «, i.e. P{P P = P],

then the four-dimensional column vector
P,'nj=n" = (n},nh nhn)"

1 8
d_l(n/”,n’lz,dln/w,an/“+bn/12+d1cn/13)T ®

represents homogeneous coordinates of the intersecting point

N=a[)(C'VN)

withrespectto{C’; X', Y', Z'}. Hence, P, ' canbe considered as an extended projection
matrix (related to the camera frame) of the central projection I, with a projection center
C’ and a projection plane a. Moreover, the reverse perspectivity with a center C’

-1 .
¢, =glz 711 — «

is completely determined by (7) and (8) in terms of the camera frame.
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3. Epipolar Geometry

In this section, we give a brief overview of the epipolar geometry which will be used
in the next sections. Let I1; and IT, be two central projections determined by the pairs
(r 1, C') and (712, C "), respectively, and let C’ # C"”. We denote by d; the distance
from the point C ' to the plane 71 and by d, the distance from the point C” to the plane
).

IfM e {E3\{C'vC"}} Unoo is an arbitrary point, and if M; = I1; (M), M, =
[T, (M) are its central projections, then (M, M3) is a pair of corresponding points
associated to M (see Fig. 2). Similarly, if / ¢ E? U o 18 a straight line not passing

through either of the projection centers and if /] = (C' Vv [) m m,l =(C" VI m m
are its central projections, then (I, [5) is a pair of corresponding lines associated to the
line /.

The joining line C’ v C” is called a baseline. The intersection points E; = (C' Vv
Cc’) ﬂ mirand E; = (C'vC") ﬂ , are known as epipolar points or epipoles. In this
paper we consider the case when each of the projection planes 71 and 5 is different from
the plane at infinity, and neither C’ nor C” is a point at infinity. An epipolar plane is
any plane containing the baseline. Epipolar lines are the intersection lines of an epipolar
plane with the projection planes.

Figure 2: Epipolar geometry.
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3.1. Coordinates of a space point

Letus consider the camera frames ,,,,, = {C"; X', Y', Z'}and F,,,,, = {C"; X", Y", Z"}
which are related to the central projections I1; and IT», respectively. The Cartesian co-

ordinates of the projection centers C " and C” with respect to the first camera frame

—_—

Feam' are (0,0, 0) and (11, t2, t3). In other words, t = C'C" = (11, 1, 13)7 is the rep-
resentation of the translation vector with respect to the first camera frame. Analogously,
the unit vectors i’, j’, k' along the axes of the first camera frame and the unit vectors
i”,j”, k" along the axes of the second camera frame can be related to the first camera
frame as follows: i’ = (1,0,0)7,j’ = (0, 1,007, k' = (0,0, D7,i"” = (r11, r21, r31)7,
j" = (ria, r2, r32) T, k" = (r13, 123, r33) T . Hence, the space rotation that transforms the
positively oriented orthonormal triad {i’, j’, k '} into the positively oriented orthonormal
triad {i”, j”, k”} is presented by the rotation matrix

1 2 13
R=| r1 rn m

r31 r3z2 ra3

with respect to the first camera frame. In fact, Ri’ =i”, Rj’ = j” and Rk’ = k”. It

can be noted that any rotation matrix is characterized by R7 = R~ ! and det(R) = 1.
Suppose that a column vector m’ = (m}, m}, ms, m})" represents homogeneous

coordinates of the point M € {E>\ {C' Vv C"}} U Too With respect to the first camera

frame F,, , and a column vector m” = (m’, m%, m?, m!)T represents homogeneous
cam 1 2 3 4

coordinates of the same point M with respect to the second camera frame F,, ”. Then,
m’ and m” are related by

m’ =k'Am” 9)
where k' is a non-zero real factor and the square matrix

rin ri2 riz

A:[R t ]_ 1 I r3 b
o 1 r31 s 3 f3

0O 0 o0 1

is nonsingular, since det (A) = 1. Its inverse matrix is

rie o rar or3 —itet

A—lz[RT —RTt]_ rie rn o —j’ -t
t

1

0 1 T | 3 ors or -k
0O 0 O

where i” - t denotes a vector dot product. Thus there is another relation between m” and
m” which can be written in the following matrix form

m =k"A'm’, (10)

where k” is a non-zero real factor.
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3.2. Coordinates of projection points

Let us consider a first image frame JF im- — {O1; x1, y1} and a second image frame
F> im {O2; x2, y2} which are related to the central projections 1 and IT,, respectively.
As in the previous section homogeneous coordinates of the first projection point M| =
[T;(M) are denoted by my = (m 1, m3, m13)T with respect to F; ' and by

/ / / / 1 \NT / / / ! \NT
my = (myy, myy, myz, my)" = (myy, myy, dimys, mi3)

with respect to the first camera frame F.,,, . Then, the relation between my and m/l 18
expressed by

1 00
01 0
my’ =k 00 4 |™v (1)
0 0 1
where k| # 0 is a constant, or equivalently, by
d 0 00
mp = kl 0 d] 00 mj /, (12)
0 0 10

where k1 # 0 is a constant. Moreover, the relation between the coordinate vector
m’ from the previous subsection and my is expressed by (1) and (2), Similarly, ho-
mogeneous coordinates of the second projection point M, = TI>(M) are denoted by
my = (ma1, m, maz)! with respect to F» ™ and by

Vi /7 Vi /7 n\T Vi Vi /7 1" ~\T
m, = (my, my,, mMyz, My,)" = (Myy, My, damyy, Myy)
with respect to the second camera frame

fcam 1/ — {C//; X//, Y//, Z//}.

Then, the relation between my and m) is expressed by

10 0

//_//010

m=%100 a4 |™
00 1

where kp # 0 is a constant.
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4. Induced Planar Homologies

Leta C E U Too be a plane not passing through the projection centers C’ and C”.

Then, there exist two perspectivities which are determined by I , I1, and «. The first
perspectivity with a center C’
g01_1 T — o

is described in Section 2, and it is determined by (7) and (8) with respect to the first
camera frame. The second perspectivity with a center C”

o = Il : 0 —> m

has a simple matrix representation in terms of the second camera frame

d 0 0 0
0 & 0 0

my=kPim’. Pi=| " K #0 (13)
0 0 10

where m” and mj are column 4 x 1-vectors of homogeneous coordinates of the points
M € a and My, = (M) = [1,(M) € m,, respectively, and P/z/ is the extended
projection matrix of Il with respect to the second camera frame. Notice that (13) is
similar to (5) and (6). Let us consider the restriction

w3 =il : 1 —> m

which is also a perspectivity with center C’. It is clear that ¢3 can be expressed by (5)
and (6) with respect to the first camera frame.

The composition

Vv =g¢s0pmoq (14)

is a projective transformation of the first projection plane m; into itself. This trans-
formation connected to the plane o can be also defined in direct constructive way. If
M € m is an arbitrary point, then there exist uniquely determined intersection points
M= (C'VvM)[\e. My =(C"V M) \m2and My = (C'V Mp)( 1. Thus,
Y (M) = M3 (see Fig. 2).

The planar projective transformations are classified by the sets of their fixed points
in [7] and [10]. First, we will describe all fixed points of .

Theorem4.1. Leta C {E? U T~} be a plane not passing through the projection centers
C’and C", and let g be the intersecting line of the planes « and 7r,. Then, the projective
transformation

Yo — m
given by (14) has a pencil of fixed lines passing through the epipolar point E£; and a
line of fixed points g1 = ¢3(g) = (S’ V g) ﬂ 1. Moreover, it is fulfilled either v has
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no other fixed point and the points M| € w1 \ {E] Ugl}, My, = ¥(M;) and E; are
collinear, or ¥ has only fixed points.

Proof. If E, = (E1 V E3) (), then

Y (E1) = @309 097 (E1) = 93 0 92(Ey) = 93(E2) = EJ.

In other words the epipolar point E is a fixed point of the projective transformation .
Suppose that a; is an arbitrary epipolar line in 7q, i.e. E1 € a; C 71 and consider the

intersecting lines by, = o ﬂ (C'vai)andc; = m» ﬂ(C "\ ay). Then, we have

Y(a1) = g3 0@ 09, (a1) = @3 0 92(be) = p3(c2) = ay.

Hence, all epipolar lines in 71 form a pencil of fixed lines of . According to the
terminology of projective geometry the projective transformation y is either a planar
homology with vertex E1, or an elation with vertex E;. Similarly, we can verify that any

point G| € g is a fixed point of . In fact, if G, = (C’ Vv Gy) ﬂ a € g, then

Y(G1) = g300 00 (G1) = 930 02(Gy) = 93(Gy) = G1.

This means that g is either an axis of a planar homology ¥ or an axis of an elation. The
last statement follows from the fact that ¢ preserves the incidence as a product of three
perspectivities. |

If the plane « does not pass through the point E3, i.e. E> ¢ g, then E| & g1 and the
projective transformation  is called a planar homology (see [4], [10] and [12]). This
case is plotted in Fig. 3. If the plane « contains the point E;, i.e. E; € g, then E| € g
and the projective transformation 1 is called a special plane homology (see [10]) or more
often an elation (see, for instance, [4]). In the particular case @ = m, the the projective
transformation v is the identity.

Now, we can name the considered transformations.

Definition 4.2. For any plane o C {E? U oo} NOt containing C " and C ", the projective

transformation ¢ : m; —> m defined by (14) is called an induced planar homology
of the first projection plane.

The induced planar homology is an affine transformation of 71, if the line at infinity
of the plane 7 is a fixed line of ¥r. Let us consider two important particular cases.

Corollary 4.3. Let S be a plane containing C " and parallel to 71, and let B ﬂ m = f.

Suppose that o # 7 is a plane passing through f and not containing C’ and C”.
Then, the induced planar homology v defined by (14) is an affine transformation of 7.
Moreover:



Induced Planar Homologies in Epipolar Geometry 3769

Figure 3: The vertex and the axis of the planar homology

(a) if the epipolar point E; is not a point at infinity, or equivalently, the base line
p1p p p y q y
(C' v C") is not parallel to 71, this affine transformation is a homothety with a
center Eq,

(b) if Ey is a point at infinity ((C" v C") || 1), the affine transformation ¥ is a
translation.

Proof. If u; C m is the line at infinity, then
V) =g30@ 00, (1) =@300:(f) = 3(f) = ui,

and for any point at infinity U; € u the conditions (C’ Vv Uy) ﬂ oa=F € fand

Y(Up) = @3 002097 (Ur) = @3 0 02(F1) = 93(F1) = Uy

are fulfilled. This means that the line at infinity of 7} is the line of fixed points of V.
Hence, ¢ is an affine transformation. If E; ¢ uj, then the epipolar point E is an
isolated fixed point of ¥r. Therefore, in this case, the induced planar homology v of the
extended Euclidean plane | is a homothety with center E£. Similarly, if £ € u1, then
the induced planar homology 1 (whose vertex E| is a point at infinity and whose axis
u1 is the line at infinity) is a translation. [



3770 Georgi Hristov Georgiev and Vencislav Dakov Radulov

S. A Matrix Representation of Induced Planar Homologies

Any projective transformation can be expressed by one matrix equality in terms of ho-
mogeneous coordinates. In this section, we derive such an equality for arbitrary induced
planar homology.

Theorem 5.1. Let o C {E? U s} be a plane given by the equation in homogeneous

coordinates ax| + bxy + cxj — x;, = 0 with respect to the first camera frame, and let
aty + bty + ct3 # 1. Then,

(i) the induced planar homology ¥ : m; —> | defined by (14) possesses a representa-
tion with respect to the first camera frame F.,,

tqidy +didy t1qady t1gzdy 0
| haidi bgrdi +didy 1 q3d, 0 /
mzr =k 13q1dy 13q2 dy 13q3d) +didy 0 m (15
1391 1392 13q3 +do 0
where

/ / / / y 1T
my' = [m, my,, dim}z, m3]

and ;
r / / / /
mz; = [mzn’ My1p, Ma13, m214]

are homogeneous coordinates of M € 71 and My = ¥ (M) related to Feap ',
q1=ri3—a(t-K'") —ad,
g2 =r3 —b(t-K') —bdy,
g3 =133 —c(t-k") —cda,
Ky #0.

(ii) the induced planar homology ¥ has a representation with respect to the first image
frame F; '™

tiqidy +didy t1g2dy t1 g3 d}
my; = kp; g1 d; haad) +didy g3 d12 mj, (16)
13491 1342 13q3dy + did>

where kp1 # 0, my = [m11, mi2, mi3]" and mag = [ma11, mar2, ma13]” are homoge-
neous coordinates of M € 1 and M| = (M) € m; related to F; '™,

Proof. Interms of homogeneous coordinates, the planar homology v is a linear transfor-
mation. Therefore, considering homogeneous coordinates of points on 771 with respect to
the space coordinate system F,,,,, " we can find a 4 x 4-matrix B such that my;" = Bmy’.
Since Y is a composition of three perspectivities, the matrix B is a product of three
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extended projection matrices related to the first camera frame. More precisely, we can
write
/ / / / / /
mmpp = k21P1 P2 Pa mp (17)

where Py " is determined by (6), P, " is expressed by (7), and P, ' is the extended projection
matrix of I with respect to F,,, ". Using (9), (10) and (13) we compute

triz+dx tiras 1133 —t1(t-K' +dy)
_ 1ri3 by +dy 1hr3z —n(t-K' +dy)
P r_ AP //A 1 —
2 2 13713 13123 nrz+dy —13(t-K' +dp)
3 23 33 —t- Kk’

Replacing the obtained expressions for Py, P, and P, in (17) we get (15). From (11),
(12) and (17) it follows that

d 0 00 é? 8

mp = 0 44 0 0 |P/'PyP,’ mj.
0 0 10 00 d
00 1

Then, the matrix equality (16) is an immediate consequence of the matrix equality (15).
[ |

We may combine the Corollary 4.3 with Theorem 5.1.

Corollary 5.2. Let the plane « coincides with the plane at infinity 7, and let the
projection planes 71 and m, are parallel. Then, the induced planar homology ¥ of 71 is
an affine transformation that has a representation with respect to the first image frame

~7:l im

d 01 nd
my; =k | 0 do nd my, (18)
0 0 nn+d

where k>1 # 0, (11, 12, 13) # (0, 0, 0) are Cartesian coordinates of C " related to Foup ',
and d» + 13 # 0. If 13 # 0, then ¥ is the homothety whose center £ has homogeneous

d
2 Ifr =0,
3

2
then |7]| + |f2| # 0 and ¥ is the translation determined by the two-dimensional vector
thd td
v=|—- —
dy dy

Proof. Since the camera frames F,,,  and F,,, " have one and the same orientation
and y || 72, do + 13 = 0 <= C' € m,. This implies that d» + 13 # 0, r13 = 0,

coordinates (d; t1, d; t, t3)T related to F im and whose ratio is r =

related to F; .
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rp3 = 0,r33 = 1. From o = 7 it follows that a = 0, » = 0 and ¢ = 0. Then,
q1 = 0, g2 = 0, g3 = r33 = 1. Substituting these values in (16) we get (18). Thus,
¥ is an affine transformation and ¥ (Uy) = U, for any point Uy € u; = m; ﬂ Too. If
t3 # 0, then the epipolar point E; = (C' v C") ﬂ 1 with homogeneous coordinates
(dit1,d; 1o, t3)T related to F im s not a point at infinity and ¥ (E) = E. This means
dity dit
that ¥ is a homothety whose center £ has Cartesian coordinates (%, %) with
3 3
respect to F1 ', By (18), if the point M| € 7| has Cartesian coordinates

dit 1 dit
(g+_,¥),
13 13 B3

then its image M»>; = (M) has Cartesian coordinates

(d]l‘] N d> dﬂz)
13 nBd+1) 13 )

Hence
— 1
EiM, = <—, 0) ,
13
— d> —_—
ExMyy = | ——,0) =rE|M
13(dx + 13)
and r = . Ift3 = 0, then (#1, 1) # (0, 0) and (18) becomes a matrix representa-

2113
tion of the translation of 7y defined by the nonzero vector
ndy thd
d’ d )’
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