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Abstract
The paper presents a mathematical model for a single population on a line represented as boundary value problem for a nonlinear differential equation in partial
derivatives. The steady equation is solved by quadratures. The paper suggests an
algorithm offering a numerical solution to the nonlinear boundary linear problem.
It outlines the results of a study on how various parameters affect the behavior of
solutions.
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Introduction

The theoretical basis underpinning the majority of contemporary mathematical models
of interacting populations was shaped by Lotka and Volterra [1]. Since the 1960s,
numerous models describing interaction between populations have been formulated.
They are mostly based on different kinetic functions than those offered by Volterra [2–
7]. This approach is used in the predator–prey models [8–15] and the competition models
[16–22].
Most of the models focusing on the dynamics of interacting populations are represented as a Cauchy problem for a system of ordinary differential equations. Point models
assume that the habitat is homogeneous and the density of population does not depend on
spatial coordinates. In reality populations occupy limited territories and space with varying environmental properties. Heterogeneous properties of the environment and internal
social structure of the population shaped in the evolutionary process driven by survival
may develop, at least in certain species, the need for displacement. Their dispersal is, as
a rule, directed to territories with lower concentration of species [14, 23–28]. In this case
mathematical models are designed as a set of equations in partial derivatives [29–s31].
Research in spontaneous dispersal of zoological species has focused mainly on the
migration of small mammals [25, 28]. The displacement of species can happen at two
different points in time: before or after the habitat is saturated with species. Displacement
before the saturation is typical for species sensitive to population density. It shows
their strive to occupy areas with lower density. When the territory is saturated with
species, displacement concerns doomed sedentary species with a lower social status and
younger species in search of trophic resource. Thus, we can regard territorial dispersal
of population triggered by these reasons as random individual or group displacement of
species.
The paper introduces a generalized model of a single logistic population on unlimited
trophic resource placed on a linear habitat (a straight line). The dynamics of population
growth is described by an evolutionary equation.

2.

Generalized logistic population model

Generalized logistic population model. P. F. Verhulst was the first to introduce a mathematical model describing evolutionary processes within an isolated population with
limited growth. A more general elaboration of the Verhulst model is a generalized model
of logistic population [1, 32], whose growth is described by the equation
du
= f (u),
dt
where the continuous and twice differentiable function satisfies the conditions
f (0) = f (K) = 0 (0 < K < +∞),
f  (0) = µ > 0,
f  ≤ 0 f or 0 < u < K.

(1)

(2)

Mathematical Models of Single Population

3611

The function f (u) is called a local rate of population growth, µ is a constant that is
determined by the growth rate of the population. K is the environmental capacity [1, 2].
The condition f (0) = 0 is natural as population cannot emerge out of zero species, the
condition 0 < f  (0) provides growth of the emerged population, whereas the condition
f (K) = 0 is population size bounded above. The critical point u = 0 is unstable, unlike
the stable u = K. Therefore, all the solutions to the equation (1) satisfying the conditions
(2) are monotone increasing on the interval [0, K], originate from point u(t = 0) = u0
and tend to u = K, where t → ∞. Hereinafter, the environmental capacity is taken as
the unit of measurement of population size, i.e. K = 1.
Models of logistic population are exemplified by a logistic model – f (u) = µu(1−u)
and the model by M. Rosenzweig – f (u) = µu(1 − uγ ). The Yu. M. Svirizhev models
f (u) = µu2 (1 − uγ ), and their generalizations f (u) = µuβ (1 − uγ ) (0 < β, 0 < γ ) do
not satisfy the f  (0) > 0 condition. However, as is in the case with logistic population
the critical point u = 0 is unstable, whereas u = 1 is stable.

3.

Diffusion model

Roadsides, edges of fields, pipe lines, rivers, etc. are natural examples of linear habitats
home to a wide range of flora and fauna. This model regards the dispersal of population
as a dispersal of population along a straight line. In this case the dispersal of spices is
described by the evolutionary equation [33–35]
∂ 2u
∂u
= D 2 + f (u),
∂t
∂x

(3)

where x are Cartesian coordinates and the function f (u) is a local rate of population
growth. The parameter D defines the mobility of species. The model assumes that
mobility of species on a given territory is random.
Equation (3) for a habitat of length l requires initial and boundary conditions. Initial
conditions are determined by the function u = u(t, x) at the initial instant. Hence
u(x) = u0 (x). There are two ways to define boundary conditions.
First – in points x = 0 and x = l
∂u
=0
∂x

(4)

and second

∂u
= 0.
(5)
∂x
If the function u tends to vanish at the boundary line, then there cannot possibly be
any population at this point. If this condition holds true for the derivative ∂u/∂x (the
condition of the environmental capacity [33]), then the environment can show certain
independent growth of population.
If we change initial conditions for equation (3) and consider u0 (x) = u∗ , where
u = u∗ are the roots of the equation f (u) = 0, the function u(t, x) = u∗ becomes
at

x=0:

u = 0;

at

x=l:
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solution to this equation for boundary conditions (4). The equation f (u) = 0 has several
solutions, whereas the equation (3) for boundary conditions (4) only has a unique solution.

4.

Stationary solution

The equation (3), where f (u) = 0 becomes a diffusion equation and its solution for stationary boundary conditions gradually converges to the solution of a stationary problem
disregarding the value of the required function at the initial instant [12]. Considering
the boundary conditions (4) and (5), this provides a trivial solution. The result maybe
different for the non-linear equation (3).
The stationary solution of the non-linear equation (3) must satisfy the differential
equation
∂ 2u
(6)
D 2 + f (u) = 0,
∂x
when f (0) = 0 for boundary conditions (4) and (5), the equation gets a trivial solution.
If the equation (6) is multiplied by du/dx and integrated, we get a quadrature [36]
 
 u
D du 2
= (u∗ ) − (u),
(u) =
f (u)d u,
(7)
2 dx
0
where u∗ = 0 is the value of the function u at point x = l. The integration constant u∗
satisfies the boundary condition at x = l for (4) and (5). If the function f (u) is nonnegative on the interval [0, u∗ ], which holds true for a generalized logistic population,
then (u) is monotone increasing with an extreme value at point u = u∗ (for x = l).
Therefore, the equation (u∗ ) − (u) = 0 only has one root on the interval [0, u∗ ] and
the first condition in (4), as follows from (7), is satisfied only if we get u(x) ≡ u∗ . In
this case the solutions to equation (6), for boundary conditions (4), are the roots of the
equation f (u) = 0. For the generalized logistic population we get u = 0 and u = 1.
As the function f (u) on the interval [0, u∗ ] takes on positive values, the solution
u = u((x) of equation (6) for boundary conditions (5) at point x = l gets an extreme
value. In addition, the condition 0 ≤ u(x) ≤ u∗ must be satisfied on the interval [0, l].
Accordingly, from (7) follows the dependence u = u(x), expressed as an integral
 u
du
1
= x.
√
2D 0
(u∗ ) − (u)
This solution will satisfy the boundary condition u(0) = 0, if
 u∗
1
du
= l,
√
2D 0
(u∗ ) − (u)

(8)

where u∗ is the unknown quantity. Therefore, (9) is an equation that defines the integration constant u∗ .
The integration element in (8) has a singularity at point u = u∗ , as the function
(u) = (u∗ ) − (u) tends to vanish. If its derivative set to −f (u) also tends to vanish
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at this point, then gets a multiple root and the integer on the left side of equation (8)
diverges. Therefore, in solutions of equation (7) u∗ cannot equal the roots of f (0) = 0.
For the generalized logistic population the function f (u) tends to vanish when u = 1.
Hence, equation (8) cannot be solved for u∗ = 1. Therefore, the solution of equation (6)
on boundary conditions (3) is subject to the condition 0 ≤ u(x) ≤ 1.
The solution for equation (6) for boundary conditions (4) is similar to that of the
problem of nonlinear deformation of a thin rectilinear rod [36], described by the equation
d 2u
+ β 2 sin u = 0.
2
dx
In continuum mechanics, if β is less than a certain critical value, there is only a trivial
solution for this equation; whereas if this value is bigger than a critical value, then a
trivial as well as non-trivial solutions are possible. In the latter case the trivial solution
will be unstable [36, 37].

5.

Stability of a solution

Equation (6) for boundary conditions (4) and (5) is satisfied by the solution u = u∗ = 0,
for boundary conditions and the solution is u = u∗ = 1. Assume that along with this
solution there is a similar solution u = u∗ + δu, where δu << 1. Then from equation
(3) there follows a highly accurate equation for δu
∂ 2δ
∂δu
= D 2 + fu (u∗ )δu
∂t
∂x

(9)

with an initial condition
δu(t = 0, x) = δu0 (x),

( δu0

<< 1).

The solution to equation (9), for boundary conditions (4) for δu shows up as trigonometric series [12]
δu =

∞


Ck (t) sin µk x

(µk = (k − 1/2)π/ l).

k=1

Coefficients Ck (t) should satisfy the equations
dCk
= −(Dµ2k − fu (u∗ ))Ck .
dt
Initial conditions for Ck (t) are obtained from the expansion of the function in a Fourier
series
∞

Ck (0) sin µk x.
δu0 (x) =
k−1
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If u (u∗ ) < 0, all Ck as a function of time will tend to zero for any Ck (0). In this
case, the solution u = u∗ will be stable. If u (u∗ ) > 0, the solution will be stable only
if u (u∗ ) < Dµ21 . On the infinite line, equation () is satisfied by the function
 ∞

δu0 (t = 0, z)
(x − z)2 
dz, (γ = u (u∗ )).
exp γ t −
δu(t, x) =
√
4Dt
2 πD1 t
−∞
Whichever point of the straight line is taken, this solution will represent an increasing
function of time irrespective of the values of the coefficient D. Assuming that at the
initial instant δu0 = u0 δ(0) (δ(x) is delta function), we get
 (x − νt)(x + νt) 
u0
exp −
δu(t, x) = √
, (ν = 4Dγ ).
4Dt
2 πDt
It follows that at the initial stage of growth the function δ(t, x) represents
 a traveling
wave, distributed on the infinite line in both directions at the speed ν = 2 Dγ [12].

6.

Numerical experiment

Numerical solutions were used to numerically solve
∂ 2u
∂u
= D 2 + µuβ (1 − uγ ),
∂t
∂x

(10)

for boundary conditions (5) on the line l = 1. The equation (10) was approximated by
finite differences [38-44] on a uniform grid for spatial variables with a step h = l/n and
step τ for time variables (i = 2, 3, ,̇n − 1)
ui (t) = ui (t − τ ) + D

τ
(ui−1 (t) − 2ui (t) + ui+1 (t)) + f (ui (t)),
h2

(11)

for boundary conditions (4): u2 − u1 = 0, un − un−1 = 0, for boundary conditions
(5): u1 = 0, un − un−1 = 0, where ui (t) – is the value of function in node i at an
instant t, n – is the number of segments in the integration interval, τ is the integration
interval for time variables. Simple iteration was used to solve the set of equations (11)–
(13) for each interval of time [38-44]. For grids with n = 500 and n = 100 and the
integration step τ = 0.1h2 /D for time variables the results matched with an accuracy
of 1%. The iteration converges in 2–3 iterations with 0.1% accuracy set for maximum
relative divergence for all the nodes on the grid.
The results of basic numerical experiments are depicted in Figure 1 and Figure 2.
Figure 1 shows the variation of function u = u(x) for boundary conditions (4) at different
instants (t = 0.04, t = 0.06, t = 0.08, t = 0.10) for µ = 1000, D = 1, β = 1, γ = 1.
The initial value of function u was set to u(t = 0, x) = 0.002 sin π x/2. Figure 2
represents the solution of equation (10) for a boundary condition u(t, x = 0) = 1 and
an initial condition u(t = 0, x) = 0 with 0 < x ≤ 1 at instances t = 0.001, t = 0.002,
t = 0.003, t = 0.004 (µ = 1000, β = 1, γ = 1).
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Figure 1: Solution to equation (10) at different instances for boundary conditions (4),
µ = 1000, β = 1, γ = 1
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Figure 2: Solution to equation (10) at different instances for the boundary condition
u(x = 0) = 1 and the initial condition u(t = 0, x) = 0 with 0 < x ≤ 1, µ = 10000,
β = 1, γ = 1
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Our numerical experiments reveal that a logistic population showing low mobility
along line with high birth rate (D << µ) will gradually disperse along the whole length
of the line irregardless of its germination coordinates. Thedispersal can show a wave
pattern, moving at the speed close to the theoretical value 2 µD [12, 24, 31].

7.

Conclusion

The study obtained different results for diffusion and point models of single populations.
A trivial solution is the only stable solution for cases when mobility exceeds critical value
in a generalized logistic population on a line with limited growth on boundary areas with
high mobility of species.
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