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Abstract

This paper is devoted to a nonlinear system of multi-order fractional differential
equations with variable delays. Using the contraction principle, we show the ex-
istence and uniqueness of the solution. Furthermore, we prove the stability of the
solution.
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1. Introduction

In the last few years the theory of fractional differential equations had an important role
in the real world. Indeed, this type of equations have various applications in physics,
biology, chemistry, engineering, etc. see for example [1, 2, 3, 4, 6,7].

In the present work, we initiate the study of the nonlinear system of fractional differ-
ential equations with variable delays 7; = 7 (¢), and of multi-order @ = (ay, ..., ay)
of the form

‘DYixi(t)y = fij(t.xi (). x;(t=7;®)), i=1Ln t>0, (L)
j=1
xM) =)= (¢ @),....0, (1), te[-1,0l (1.2)

Where D% denotes the Caputo fractional derivation of order «; € 10, I[ for i =
1,...,n. Here, we assume that f;; : R* x R> — R are continuous functions and
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T j are continuous real-valued functions defined on R™, such that

T = max { supt;(t): j=1,2,..., n} > 0, @ (¢) is a real-vector function defined
teR+

on[—t, 0] with values in R”.

Firstly in section 2, the definitions of Riemann-Liouville integral, and Caputo frac-
tional derivative are introduced. Secondly in section 3, sufficient conditions for the
existence and uniqueness of the solution of the problem (1.1)-(1.2) are given. Finally in
section 4, we discuss the stability of the solution with respect to the orders of derivation
and the initial condition.

2. Preliminaries

This section contains the definitions and properties of Riemann-Liouville fractional in-
tegral and Caputo fractional derivative (see [4, 7]), which will be used throughout this

paper.

Definition 2.1. For all 7 > 0, the Riemann—Liouville fractional integral of a function
f € L'[0, T] of order « € RY is defined by

1 t
1°‘f(t):=m/0 (t =) f(s)ds, t>0

where I' is the gamma function.
For o« = 0, we set [ O.— 14 , the identity operator.

The semigroup property of Riemann—Liouville fractional integral is given by

Theorem 2.2. If o, 8 > 0and f € L?[0,T] (1 < p < 00), then
Frrfo=1r"ro=117m
at almost every point ¢t € [0, T'].

Definition 2.3. The Caputo fractional derivative of order & € R of the function f with
D" f e L'[0, T]is defined by

. 1 !
‘DYf(t)y=1""“D"f () = oo /0 (t — )" £ (5) ds,

d
wheren—1<a§n,neN*andD:E.

Theorem 2.4. If f € Cla,blanda >0 (n — 1 < o < n), then

DU ()= f(1).
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3. Existence and uniqueness

In this section we give sufficient conditions for the existence and uniqueness of the
solution of the problem (1.1)-(1.2). Firstly, based on the semigroup property we prove
the following lemma.

Lemma 3.1. The vector function x () := (x1 (¢), ..., x, (¢)) is a solution of the prob-
lem (1.1)-(1.2) if and only if

n
P KT +Y 1% (i () xj (t =15 (1)) t>0
1 - _]:l
o; (1), tel[-t,0],i=1,...,n.
L (3.3)
Proof. Fort > 0 andi = 1, n, the equation (1.1) can be written as
n
' Dx; (1) =) fij (t.xi (1) . x; (t —7; (1))
j=1
Applying the operator 1% on both sides, we obtain
n
I'Dxi(t) = Y I%fij (t.xi (). x; (t —7; (0)).
j=1
n
X () —xi (0) = Y I%fy (t.xi (1), x; (t =7, (1))
j=l1
Then
n
xi (1) =¢; O+ ) 1% fij (t,x; (1), x; (1 = 7; (1))
j=1
[

Now, to show the existence and uniqueness of the solution of the problem (1.1) —(1.2)
based on the contraction principle, let us fix firstly the appropriate functional framework
see [5].

Let the Banach space E = {v € C ([—1,+oo[,R") : v (t) = ® (1), 1 € [-7, 0]}
equipped with the distance defined for all x and y in E by

n

& (x,y) =Y sup {e ™ i (1) — yi DI},

i=1 teR+

where A € R™ will be chosen later.
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We define the continuous operator F' : E — E by

Fo = O ; 1 i (62 @), 2 (1 = 7 ). {>0
¢; (1), te[-71,0],i=1,n.

Theorem 3.2. Assume that the following hypotheses are satisfied:

(Hy) Let fij : R* xR’ — R be a continuous function, satisfying the Lipschitz condition

| fij (£ xi, ) = fij (touisvp)| < ki lxi —uil + hj [y — v

Jjl»

where k;, h; > 0,1, j =1,n.
(H>)For j =1,n, 1;€C (R+, R) and

Tj(t) > -1, t>0.
(H3) For j = 1,n,3t; > 0 such that

T (1) =1, Vi e0,1],
T (1) <t, Ve, +oof.

(Hy)

il’ai nki—l—eihj <1
i=1 =1

Then the problem (1.1)-(1.2) has a unique solution.

Proof Letx,y e E, fori = 1,nand ¢ > 0 we have
|Fx; (t) — Fy;i (1)]

= D1 fij (txi @0, xj (=7 0)) = fij (630 @),y (=7 (f)))}‘

j=1

= Z/ (t;so)l; f,j (s,xi (s),x; (s—rj(s)))—f,-j (s,yi ($),yj (s—rj (s)))}ds

< Z / ! ;f) S i (503 900y (5 =77 ) = i 5230 0035 (5 = 75 9)) s
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From (H;)

|Fx;(t) — Fyi (l)|

ap—

(t - ) o
Zk/ o s (5) — v )l ds

A

+ Zh (’;f); 65 9) ~ 6, (7 )] ds

n

+ 2N (t;(); [xj (rj () = v (rj ()] ds
Jj=1 : i

t

I (t—S)a"_1|. ()1d
nlfol(s)_Yl(s) N
0

A

(t — )"
: Z / Ty O =y o) s

where rj (s) =s — 7 (s).
So

e M |Fx; (t) — Fy; (t)]

t
t _ O(,'—l
nk; / U =975 [y (s) — yi (s)] ds
[ (o))

A

T e O
+ Z f ]"Zx) )»(l‘ ]())e k;()|xj(rj(s))—yj(rj(s))|ds
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e M |Fx; (t) — Fy; ()]

t
r— )%l
G- e M9

A

< nki sup {e7 |x; () = yi (O)]
' Sup A I (O = O] | T
n ! ([—S)ai_l )
+ hi sup 1e 19 |x: (r;i (0)) —y; (rj (¢) = M)y,
2oty sup [ @) =i )‘}f,- )
Using a change of variable, we find
e |Fx; (1) = Fy; ()]
1 M ai—1_,—u
< ki sup {1 ©) = ) g [ e
' Sup AT @ =3 Ol 5z | T
" . A(t—tj) vl
ut u
+ hisup {e ™ |x; (0) —yi (O]} — / e e (=5 gy
; jg'e]RJr{ | J J ‘} p A F(Oéi)
1 M o —1 ,—u
< ki sup {7 1 ©) = ) 55 [ e
lgeﬂg{ i (¢ yi (€ })\.a’ T (a;)
" . A(t—tj) vl
l/t l
+ hisup {e™|x; (0) —y; (O} —= / e e du
; jg'e]RJr{ | J J ‘} A% A F(Oé,’)
nk; _ " hiett _
< o sup (e () =3 O+ ) =g sup {7 |x; (©) -y O}
§€R+ ]=l CER"‘
nk; " hiett
s Gh ) Sadi(xy).
j=1
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Then
n
> " sup {e M |Fx; (1) — Fyi ()]}
i=1 IER+
hj et
S Z A'al Z )“al d}L (x’ y)
i=1 i=1 j=1
Z sup {e™ |Fx; (t) — Fy; (1)]}
i—1 teRT
n n n 1
< nzkitai+ZTaiZhje)‘f dy (x,y), Withr:x
i=1 i=l  j=1
n n n
< nZkirai +Z‘L’O"'Zh_ie dy, (x,y).
i=1 = j=1
Finally

n n
d;L(Fx,Fy)fz:r“i nk,-—l—eZhj dy (x,y).
i=1 j=1

n n
As Z % | nk; +e Z h;j | < 1, then from the contraction principle the continuous

operator F' : E — E has a unique fixed point x = Fx, which is the unique solution of
the problem (1.1) — (1.2). |

4. Stability

Now, we study the stability of the solution of the problem (1.1) — (1.2) with respect to
the orders of derivation and the initial condition in the sense of the following definition.

Definition 4.1. The solution x of the problem (1.1) — (1.2) is stable with respect to the
initial condition and the orders of derivation if: Ve, €2 > 0, there exists a real constant
8 > 0 not depending on € and €5, such that

d(e,a) <ejandd (P, ®) < e, = d; (x,X) < Smax{ey, €2},
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where x is a solution of the following problem

DY) =) fij (.5 @, %5 (t—1;0)), & €l0,1[, i=T,n, t>0, (44)

j=1
x=@)=(¢;t),....0, (1), te[-1,0] 4.5)
with
d (e, @) = max |o; — @; and d (o, ) = nax |9: (1) — ¢ ()] -
i=l,n i1 €l—1,

Theorem 4.2. Assume that hypotheses (H;) — (Hs) of the precedent theorem are satis-
fied, and there exists a positive constant M such that

M =max |fij (t,u,v)|, i, j=1,....n.
teR+

Then for all n € ]0, 1[, the solution of the problem (1.1)-(1.2) is stable with respect to
the initial condition and the orders of derivation in [7, 1[.

Proof. Let x (t) and x (I)Ethe solutions of the problems (1.1)-(1.2) and (4.4)-(4.5),
with o;, @; € [n, 1[, i = 1, n, and for > 0 we have

xi () =X @) = ¢;0)—¢; (0
D 1% f (xi (0 xj (=T, (1))

j=1

=Y I (0 E 0,5 (=1 )
j=1
xi()—% @) = ¢;0)—¢;(0)
+ DI fij (1 xi (1) xj (1 =T ()

j=1

=D I i (1% (), %) (1 =T ()

j=1
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x; (1)

Hence

|x; () — x; (2)]

IA

>

|p; (0)

— X (1)

t 1
(t — )%~

I (i)

Jj=1 0

-9t -t

+Zl°"'ﬁj (1% (1), % (1 = ;1))

Jj=1

_ Z 19 fij (6, % (1), X (1 — 7, (1))
j=1

®; (0) — ¢; (0)
+21“f {fij (txi @), xj (t—7; () — fij (1.5 (). % (t — 7 1))}

j=1

+Z{I‘”' —Ial}fl, (.5 (1), % (1 — 1, ().

j=1

— ¢: (0)]

| fij (5. %1 () xj (s = 7 (9))) = fij (5. % (), %) (s — 7 ()))| ds

@)  T@)

(5,5 (), %j (s — 7, ()| ds

lxi () —% (O] < |¢; (0)—¢; (0

+Zk[“;f)(: [xi (5) — % (5)] ds

(t —5)%~! ~
+Zh / T (o)) |¢j(s_tj(s))—¢j(S—Tj(s))|ds

—i—Zh /(t;z); |xj(s—tj(s))—)Ej(s—rj(s))|ds
1
s)ot, S)&,'*]

F(a) B I‘(&,-) | fij (5.5 (). %) (s — 75 (9))) | ds
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Ixi () —% ()] < max_|¢; (s) —; (s)]
se[—1,0]

n g (r — s)(xi—l
) =@, | h; | ——d
+;Agerp_a;§0]|¢, ®) = ©|hy | —os—ds
- 0

+Z’< / [ ;()?; Ixi () — %i ()] ds

(t— )" -
—l—Z #‘xj(s—tj(s))—xj(s—tj(s))‘ds

(t— S)O(,'fl (t — s)&,'*]
— - ds
I' (@) I (@)

+Z§n€1%)i|ﬁj (6. % (©). % (¢ — 7,
j=1

lxi () —% ()] < max_|¢; (s) —; (s)]
s€[—1,0]
[ = (= 1;)"]

+;s£1af’fol ¢ (s) — ¢ (5)| hy T T 1)

+nki | @ - R @l
nk; T (@) x; (s x; (s)|ds

+Zh [o-o ! [ (s =) ) = %j (s =7 ()| ds
)

ST
o — &l‘—l
—9) — Sz ds.
I (i) I" (@)

Then
M) —x @ < M rp_ax01|¢,~ (s) — ¢; (9)]
[ — (1 —1;)"]

n
—At 7
(s)— b (s)| I
e ;se‘?‘ar’fo]|"’f(” P O

t
t— 5%l _
ki %f“’*)f“ xi (5) — & (5)] ds
l

(t_s) - rj(s ri(s
+Zh T ¢TI O (@) = % (1 )| ds

S)Oll s)(i,'*l

- ds,
[ () [ (&)
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withr; (s) =s — 7, (s).
e () —% O = max [ (s) = i ()]

051

+Z max 9} (5) = ;)]

+ 1)
M a,—l
+nki sup {e7 |xi (0) — % (D)1} / ye du
CeRT 0

(l _ S)Ot,'—l (t _ S)&i—l

— - ds
I (a;) I' ()

+Zhl sup { —x(rj(©)) ‘xj' (rj (s)) — X (rj (s))|}

]:1 §€R+
A(t—tj)
ua,-—l
X f e te (=5 gy
A I ()

Applying the mean value theorem, there exists an intermediate value &; between «; and
i, 1 =1, n, such that

ORI, max, \«m (5) = ¢; (5)]

+Z max \¢>J () — @, (s)\—H)

k,- -
+5 sup {e™ 1 (©) = % ()1}
eRT

nhje)\‘f _)Lg -
+2_ e s e @ =% @)

+”M€_Mf 8" (s) (@)| ds lo; — @],
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_ 8-l
with g (s) (B) = % for B € [n, 1[.

eMixi (1) — % ()] < ;ggﬁ¢xw—éxn|

n _ hjt;li
+Zd (0, ®) Fa D

+—dk (x, x)+Z 0

)\‘(x

e (G -v @) e
+nMe /{ IEE (t—5) }dslozl ol .

0
Where v is the digamma function. So

n

Z sup {e ™ |x; (t) — % (1)}

i=1 [€R+
n n n s
hjt;

er[nax }(b, (s) — ¢; (S)} +sz(q>, &)) T(a;+1)

i=1 i=1 j=1

Z—dx(x,xwrzzh

i=1 j=1

A

AT

j€ -
o (6 X)
n

! ~
+nMZ sup e—kt/{lln(l—s)|_w(ai) (t—s)&i_l}ds |Oéi—0_(l' )

i=1 IER+ F (&l)

Thus, there exists a positive constant K depending on n (K = K (1)), such that

n h]t;xl

dy (x,%) < d(®, D) +ZZF(0{ (@, @)

n

Z —d,\ (x,X) + €7 Zz—dA (x, X)

i=1 i=1 j=1

n
+nMZK i — &
i=1
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1oty _
dy (x,%) < 1+ZZF(0{—|—1) d(o, )

n

+ nZ ki “ZZ ds (x, ©)

i=1 i=1 j= 1
+n’MKd (e, &)

n n
1= "% | nki+eY hj| |d(x. %)
i=1 j=1

n ht“l
_ , )
< 1+ZZF(%+1) d(®, @) +n’MK d (e, &),

with — =71
Then

1—Zr°" nk; —|—eZh dy (x,X)

n htat ~
< max HZZF(% . MK | [d(®, @) +d(a, ®)].

So,forall€;,€p > 0andd (e, @) < €1, d <I> < €7, there exists
-1
n n n h l‘a’ )
§=211- % | nk; +e h; max 1+ ,n"MK |,
; ; ! er(a,+1)

such that d) (x, x) < d max {e, €2} . Thus, according to the stability definition given in
the beguining of this section we deduce that the solution of the problem (1.1)-(1.2) is
stable with respect to the orders of derivation and the initial condition. |
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