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Abstract:

In this article, we construct a solution of a singularly perturbed boundary
value problem for a differential equation of conditionally stable type in the
critical case. The issues of the limiting transition solution of the perturbed
problem to the solution of the unperturbed problem as the small parameter
approaches zero and the existence of the phenomenon of the boundary jump
have been investigated. Analytical representation of the solution of the
perturbed problem has been found using introduced initial and boundary
functions. At the same time formulas for the boundary jumps, the orders of the
jumps, asymptotic estimates for the solution of the considered boundary value
problem have been found.
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1. Introduction

First studies devoted to the phenomena of the initial jumps of solutions of nonlinear
singularly perturbed initial value problems with unbounded initial values aspiring of
the small parameter to zero are the works of Vishik and Lyusternik [1], and of
Kasymov [2]. These studies were continued in [3,4].

The phenomenon of the jump in applied problems is an important factor, which
should be taken into account at the replacement of the perturbed problem by more
simplified degenerate problem. The magnitude of the jump makes it possible to
determine the range of the simplified problem applicability.

For example, new rationale of Painlevé paradox and the origin of jump phenomenon
were proposed in the works of Neumark and Smirnov [5].
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Mathematically, the jump phenomenon was investigated in [6-8]. In the papers [9-12]
more general classes of singularly perturbed boundary value problems for linear
differential equations of the n-th order, having a phenomenon of the initial jump under
the condition of stability of rest points of the joint equation have been investigated.
The given condition consists in that the coefficient under the n—1— derivative is
different from zero on the interval [0,1]. In this case, phenomenon of the initial jump
occurs only at one end of the segment [0,1].

In this paper, we will consider somewhat different problem for a singularly perturbed
equation of the third order and it is not containing the second derivative.

Thus, condition for the stability of the joint equation’s rest point is not performed for
the considered equation.

2. Statement of the Problem.
Thus, we consider a singularly perturbed boundary value problem

Ly=ey"+Bt)y +C(t)y=F(1), (D
¥0.6)=ay, Y(0,&)=a;,  y(1,&)=bh, 2)

where € >0 is a small parameter, ay, ay, b, — are known constants.

Assume that:

(@) B(®),C(He C*([01]), Fr e C'([0.1);
(b) a constant y independent of €, such that
B()<y<0, te[0,1]; (3)
(c) we have the inequalities:
a;B(0)+a,C(0)-F(0)#0;
1 1 1
by —agexp —J‘@dx —J‘is)exp —J‘@dx s#0.

) B(x) i B(s) g B(x)

Under condition (c), we obtain that additional characteristic equation ,u3 +Bt)u=0

has roots: ty =0, t, === B(t) , 13 =+/— B(1).

This case is said to be conditionally stable of the critical case. Characteristic feature of
this case is the presence of jumps simultaneously at the points: t =0, ¢t =1.

Our aim is to establish the asymptotic estimates of solutions of singularly perturbed
boundary value problem (1), (2), to prove the existence of the phenomenon of
boundary jumps, determine the order of the boundary of the jump in the points ¢ =0
and r=1, investigate the asymptotic behavior of the solution of the boundary value
problem (1), (2) as € = 0.

The study will be conducted by a certain rule. In the first stage, on the basis of
auxiliary functions we will construct the solution of the problem (1), (2). In the next
step there will be investigated the asymptotic behavior of the solution of the problem
(1), (2), phenomena of boundary jumps.
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3. Fundamental Solution System.
At the same time with (1), we consider the homogeneous equation

y=8&"+B(t)y'+C(t)y=0. 4)

Lemma 1. If conditions (a) and (b) are satisfied, then, for sufficiently small € >0,
the fundamental solution system y;(t,€), 1=13 of the singularly perturbed Eq. (4)
permits the asymptotic representations:

Y9 t,8)=ul? 1)+ O(e),

t
1
. j 1y (x)dx

v (te)=—_¢ O our o ronlen 5)
£
g
—T M3 (x)dx
Wee=—re T 0mn+ode) ¢=012,
£

as € —0, where

B(x) 0P (X

PO =2 ®)#0, 1y =—-B() . ty =/-B() , k=23,
q, ()= CO+3p O (1), k=23.

u, (1) =exp —IC(X) dx |; uk(t)zexpt—iqk—((x))dx}tO, te[01], k=2,3,
0

Proof. The proof of the lemma is readily obtained from the well-known theorems of
Schlesinger [10] and Birkhoff [11] (for example, see [12, pp.29-34]).
For the Wronskian’s determinant W (z,&) the fundamental solution system

v;i(t,€),1 :1,_3 of Eq. (5), for sufficiently small £ >0, we obtain

Wit.e)= %m(f)uz(f)%(f)/% (O (1) (115 (1) = 115 (1)) X

£
Xexp[ j,uz (x)dx+— \/_ j,u3 (x)dxj(l + 0(\/_)) #0. (6)
4. Construction of initial functions.
Following previous work [9], let us introduce the Cauchy function for the Eq. (4):
K(t,s,€) :W(t’—s’g), s,te [0,1], (7)

W(s, &)
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where W (t,s,€) is the 3"-order determinant obtained from the determinant W (s, &)
by replacing the 3™ row of the fundamental solution system with
(), y2(1,€), y3(1,€) of Eq. (4).

From the explicit expression (7) of Cauchy function K (z,s,€), defined at 0< s <t <1,
it satisfies the homogeneous Eq. (4) with respect to the variable ¢ and the initial

conditions: K (s,5,6)=0, j=0]1, K’(s,s,€)=1 and it does not depend on the

choice of the fundamental system of solutions of the equation (4).

Now, we introduce the following functions:

Ko(t,s,e)zm; Kl(t,s,é‘)zpl(t’—s’g). (8)
W(s,€) W(s,é)

Here K (s,s,€)+ K, (s,s5,€)=K(t,s,€), Fy(t,s,), P(t,s,e) is the 3 dorder

determinants obtained from the determinant W (s, &) as a result of replacement of the

3-d row respectively:

D (2,€), y,(1,€), 0)5 (0, 0, y3(2,€)),

where y,(,€), y,(1,€), y3(t,€)1s the fundamental system of solutions of Eq. (4).

Notice, that K(t,s,€), K;(t,s,€) are continuous functions and, together with its

derivatives up to third order inclusively, and as a functions of the variable f satisfy

the homogeneous equation (4). The functions K (z,s,€), K;(¢,s,€) will be called

the initial functions of the problem (1), (2).

Let conditions (a) and (b) be satisfied. Then, from (8) using estimates (5) and (6) for

initial functions K(g‘”(t, s,€) and KI(Q) (t,5,€) for sufficiently small €, we obtain the

following asymptotic representations:

K(g‘p (t,s,&)=

up ()13 ( )CXP[l } H (X)dXJ
Je s

t

1
o T
ul()— +0\/E+\/;egs

u()B(s) 71 Uy ()i ()(U3(5)— s (5)) N

®)

KI(Q) (t,s,&)=

1 N
. — [ 3y
J 1 uz () (1) , Ve col Ve +
Je® uz($) 3 ()(p3(s) =t (5)) Je

5. Construction of boundary functions.
Consider the determinant of the third order
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¥1(0,8) y,(0,€) y3(0,€)
J(€)=]y1(0,&) y3(0,€) y3(0,8),

yi1,&) y,(1,€) y3(,€)
where y,(,€), y,(,€), y3(t,€)1s the fundamental system of solutions of Eq. (4).
Expanding the determinant J(¢&)in elements of the 3-d row and taking into account
(5), at € > 0 we obtain

J(€) =%u3 Du, (0) 25 (0)u; (0)(1+ O(\/E)) #0. (10)

Definition. Functions ® (¢,€), k :1,_3 are referred to as boundary functions of the

perturbed problem (1) (2) if they satisfy the homogeneous Eq. (4) and boundary
conditions
®,(0,6)=1,P,(0,6)=0, k=2,3; P5(L,e)=1,P,(1,6)=0, k=1,2;

@, (0,6)=1,®,(0,6)=0, k=1,3. (11)

Theorem 1. Let conditions (a), (b), and (c) be satisfied. Then, for sufficiently small
&> 0, the boundary functions ®, (t,€), k =1,3 exist on the interval [0,1], are unique,

and are given as follows:

o, (1.e)=100 i3 (12)
J(€)

where J,(t,€) is the determinant obtained from J(g) by substituting the k™ row

with the fundamental solution system y;(t,€),i =f3 of Eq. (4).

Let conditions (a), (b) and (c) be satisfied. Expanding the determinant J;(z,€), in

elements of the i row, then from (12) and taking into account (5) and (10), at € = 0
we obtain the following asymptotic formula:

’ q t
(q)( £)= uf (t ) Je up(0) uy (1) (1) exp[if,uz(x)dxj—
up(0) Je? u1(0) uy(0)4,(0)

1 () w0 (@) [ dj
OO \F“W)x

1z 11
[72 —[updx [ ——[puz(x)dx
& £
+0| Ve +~—e ¢

e 0 + e ! ,

\/ELI \/ELI

oD (1.e)=e| - ul@) 1 wp0pg@ ffﬂz(x)dx_ .
o i ©O) et 1y (0)45(0)




3430 Duisebek Nurgabyl et al

11
43 (x)d. Iﬂ (x)d. ———=Juz(x)d
Lo a0 @) ‘3“+0 s, e f 2000 e Ty

e O (W 0) NG N

1 uz(pd (t) j,u3 (1)dx

Y (1,6) =
Je us(uy (0)
Ve uOusp ) —*f L fms (ds
Tz mOus (D 0)° \/;q
6. Analytic representation and asymptotic estimates of the solution.

Theorem 2. Let conditions (a) and (b) be satisfied. Then the inhomogeneous
boundary value problem (1), (2) has a unique solution and expressed by the formula

y(t,€)= a0¢1(t,8)+a1¢2(t,8)+b0<b3(t,8)+<I>1(t,8)% j K (0,s,&)F (s)ds +
1] n
£ (16) J' K{(0.5.€)F (5)ds —31.6)— J' Ko(L,5,€)F (s)ds + (14)
0

t t
L J' Ko(t,5,8)F(s)ds +~ J' K, (t,5,€)F (5)ds.
£ £
0 1

Proof. It is sufficient to prove the theorem that the function defined by the formula
(14) satisfies all the conditions determining the solutions of the problem (1), (2). Its
uniqueness follows from the estimate (10). The theorem is proved.
Consider the formula (13). Using (9), (12), we obtain (13) on the segment 0 <7 <1
following asymptotic representation'

0] f u” OF(s)

uy(0) ul(s)B(s)

q
L Ve w0 exp[ A, dxj{al u(0) F(oq
Je! u2 (011 (0) "1(0) B(O)

y(q)(t?g) = aO

L us(u (1) w () F(s)
TR w0 [ Ve g 3(x)dxj N0 1()I 556"

JeF (1) {;13(;) /lz(f)J
Ve (us () -y D\ K5 @) 1)
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2 2
£ 1 £
\/_q exp[ j,udeJ+ Ve exp[ j/gdx} (15)
Je £ Je! T\ Ve
Now, we define a degenerate problem. From (15) we come to the conclusion that the

initial condition for the degenerate solutions can be obtained from equation (2) in the
form y(0) =a, . Thus, we obtain

Lyy=B1)y'+Ct)y=F(1), y(0)=ay. (16)
The solution of (16) can be represented in the form
t
uo) , [OFG),,
u () < uy (s)B(s)
From this we have
w0, [HOF) ,  F)
uy(1) ) ul(s)B(s) B(t)

Then, by condition (c) on the basis of (15) and (16) we obtain
lim y(r.)=5y(), 0<r<l, lim Y(t,e)=Y (1), 0<r<l,
E—

+0| Ve +

y()=ay

y'(t)=ag

e
y(1.&)=y(1) =by —age s’ ‘I I;g; 20" gy
0

F (O) € O,
0>
B (O) B(0)

n0.er=0 L] vaey=0 L] yae=of L
y (0,8)—0(\/5} V(1) 0(\/;})) (1,e) O(J.

It follows from this and (16) that in points t=0, t=1 the solution of problem (1), (2)
possesses a phenomenon of boundary jumps first and zero orders.

Ay =y(0,6)-y(0)=qa, -

References

[1] Vishik M.I., Lyusternik L.A., On initial jump for non-linear differential
equations containing a small parameter, RCS USSR, Vol. 132 No. 6. (1960)
1242-1245.

[2] Kasymov K.A., On asymptotics of the solutions of Cauchy problem with
boundary conditions for non-linear ordinary differential equations containing a
small parameter, UMN, Vol. 17 No. 5 (1962) 187-188.

[3] Zhakupov Zh.N., Asymptotic behavior of the solutions of boundary value
problem for some class of non-linear equation systems containing a small
parameter, I//News of Academy of Sciences of Kazakh Republic ( Kaz. SSR),
Series of Physical-Mathematical Sciences, No.5 (1971) 42-49.



3432

[4]

[5]

[6]

[7]

[8]

[9].

[10]

[11]

[12]

Duisebek Nurgabyl et al

Dauylbayev V.K., Atakhan N. The initial jumps of solutions and integral
terms in singular BVP of linear higher order integro-differential equations. //
Miskolc Mathematical Notes. Hungary. Vol. 16 (2015), No. 2, pp. 747-761.
Kasymov K.A., Dauylbaev M.K., Atahan N. Asymptotic convergence of the
solution of a singularly perturbed boundary value problem for integro-
differential equations // Bulletin of the KazNU. Ser. math., mech. Almaty, No
3(2012). -pp. 28-34

Mirzakulova A.E. Asymptotic convergence of solution of Boundary Value
Problem for integro-differential equations with a small parameter // Bulletin of
the KazNTU,Vol.103, No.3, 2014, pp. 473-478.

Neimark Yu.l., Smirnova V.N., Singular perturbed problem and Painleve
paradox, Differentsial’niye uravneniya, Vol. 36 No. 11 (2000) 1493-1500.
Kasymov K.A., Nurgabyl D.N. Asymptotic estimates for the solutions of
boundary-value problems with initial jump for linear differential equations
with small parameter in the coefficients of derivatives // Ukrainian
Mathematical Journal. Vol. 65, No. 5, 2013, pp 694-708.

Duisebek Nurgabyl. Asymptotic estimates for the Solution of a Restoration
Problem with Initial Jump // Journal of Applied Mathematics (USA). Vol.
2014 (2014), Article ID 956402.

Schlesinger L., Uber asymptotische Darstellungen der Losungen linearer
Differential systemeabe Funktionen eines Parameters (German), Math. Ann.,
Vol. 63 (1907) 207-300.

Birkhoff G.D., On the asymptotic character of the solutions of certain linear
differential equations containing a parameter, Trans. Amer. Math. Soc., Vol. 9
No. 2 (1908) 219-231.

Lomov S.A., Introduction of Singular perturbations general theory, Moscow,
Nauka (1981) 399.



