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Abstract

The purpose of this paper is to present some characterizations of n-almost prime
submodules; and introduce almost strongly prime submodules as a new generaliza-
tion of prime submodules and study their properties. It is shown that this notion of
almost strongly prime submodules inherits most of the essential properties of the
usual notion of a prime ideal.
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1. Introduction

Throughout this paper, all rings are commutative with identity and all modules are unitary.
For a submodule N of M, let (N : M) denote the set of all elements r € R such that
rM C N. An R-module M is called a multiplication R-module if for each submodule
N of M, there is an ideal I of R such that N = I M. Several authors have extended the
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notion of prime ideals to modules [2], [3]. Almost prime ideals were introduced by S.
M. Bhatwadekar and P. K. Sharma [6], and were later studied by D. D. Anderson and M.
Bataineh [9]. An integral domain R with quotient field K is called a pseudo-valuation
domain if whenever a prime ideal P contains the product xy of two elements of K, we
have x € Pory € P. Suchaprime ideal P is called a strongly prime ideal. (see [4], [5],
[7]). A proper submodule N of an R-module M is called an almost prime submodule of
M if whenever r € R and m € M such thatrm € N — (N : M)N, then either m € N
orr € (N : M), see [8]. If we consider R to be an integral domain with quotient field
K, T = R — {0} and M is a unitary torsion-free R-module, then a prime submodule
P of M is called strongly prime if for any y € K and x € My, yx € P givesx € P

ory € (P : M), where My = {ct_z | a € M,t € T} (see [1, p. 399]). In the first

section of this paper, we generalize the notion of an almost prime ideal to an almost
prime submodule by classifying all modules in which every submodule can be written
as a product of almost prime submodules. In the second section, we introduce the notion
of almost strongly prime submodules and obtain some basic results.

2. Almost Prime Submodules

Following [11], an ideal P is called an almost prime ideal, whenever xy € P — P2,
then either x € P or y € P. A proper submodule N of an R-module M is called a
weakly prime submodule if whenever r € R and m € M such that 0 #= rm € N, then
eitherm € N orr € (N : M). Also N is called an n-almost prime submodule of M if
whenever r € R and m € M such that rm € N — (N : M)"N, then either m € N or
re (N : M) (seel8)].

Proposition 2.1. Let N be an (n + 1)-almost prime submodule of an R-module M.
Then N is an n-almost prime submodule.

Proof. Letr € R,m € M withrm € N — (N : M)"N. Since N — (N : M)"N C
N — (N : M)""'N then rm € N — (N : M)"T'N; and since N is an (n + 1)-almost
prime submodule, thenr € (N : M) orm € N. [ |

The following proposition shows the relation between n-almost prime submodules
and weakly prime submodules.

Proposition 2.2. Let M be an R-module and N be a submodule of M. Then N is
an n-almost prime submodule of M if and only if N/(N : M)"N is a weakly prime
submodule in M /(N : M)"N.

Proof. (=) Letr € Randm € M suchthat0 # r(m + (N : M)"N) € N/(N : M)"N
thenrm € N — (N : M)"N. Sor € (N : M) orm € N. Therefore r € (N/(N :
M)'N :M/(N :M)"N)orm+ (N : M)"N € N/(N: M)"N. Hence N/(N : M)"N
is a weakly prime submodule.
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(<) Suppose that N/(N : M)"N is a weakly prime in M/(N : M)"N. Let r €R and
m e M withrm € N — (N : M)"N. Then0 # r(m + (N : M)"N) € N/(N : M)"N.
Thereforer € (N/(N : M)"N : M/(N : M)"N)orm + (N : M)"N € N/(N : M)"N.
Hencer € (N : M) orm € N. [ |

The following theorem characterizes n-almost prime submodules of multiplication
modules.

Theorem 2.3. Let M be a multiplication R-module and N be a proper submodule of M.
Then N is n-almost prime in M if and only if for any ideal A of R and submodule K of
M with AK CN—(N:M)"N,then A C (N:M)or K C N.

Proof. (=) Let A be any ideal of R and K be a submodule of M with AK C N,
AZ(N:M)yandK ¢ N.Leta € A— (N : M)",thenaK C N so K C (N :y (a)).
As N is n-almost prime and K SZ N, then by [6, Prop. 2.2] we have K € ((N :
M)"N :p (a)). Therefore aK € (N : M)"N. Now suppose that a € Aﬂ(N M)

andb € (K : M). If b e (N : M)", thenab € (N : M)** C ((N : M)"N : M) and so
abM C (N : M)"N. Since b is arbitrary, then a(K : M)M C (N : M)"N. Therefore
aK C(N:M)'N.Ifbe (K:M)—(N:M)", thenbM C K and bAM  AK < N.
Therefore AM C (N :p (b)) with AM ¢ N (since A ¢ (N : M)). Therefore by [6,
Prop. 2.2], AM C (N : M)"N :p (b)) so bAM C (N : M)"N. Since b is arbitrary,
thenaK = a(K : M)M C (N : M)"N.

(&)Letr € Randm € M withrm € N—(N : M)"N. Then (r)(m) C N—(N : M)"N.
Therefore (r) € (N : M) or (m) C N. Hencer € (N : M) orm € N. [

Proposition 2.4. Let M be a finitely generated faithful multiplication R-module and N
a submodule of M. Then the following are equivalent.

(1) N is an n-almost prime submodule of M.

(i) (N : M) is an (n + 1)-almost prime ideal of R.

Proof. (i) = (ii) Leta,b € R withab € (N : M) — (N : M)""!, then abM C
N — (N :M)'N. IfabM € (N : M)"N. Thenab € (N : M)"N : M). Therefore
abe (N:M)'N : M) = (N: M)"(N : M) = (N : M)"*, which is a contradiction.
SoabM € N— (N : M)"N. Since N is n-almost prime, thena € (N : M)orbM C N.
Hencea € (N : M)orb € (N : M).

(ii) = (i) Letr € Rand m € M such that rm € N — (N : M)"N. Then r({(m) :
M) C ((rm) : M) C (N : M) and r((m) : M) gZ (N : M)"“, for if r((m) : M) C
(N : M)"!, then r((m) : M)M < (N : M)"*'M. Therefore r(m) € (N : M)"N,
sorm € (N : M)"N which is a contradiction. Now r((m) : M) € (N : M) — (N :
M)”“. Since, (N : M) is an (n 4+ 1)-almost prime ideal of R, thenr € (N : M) or
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({m) : M) (N :M)andsor € (N:M)or{m)=(m): MM C (N : M)M = N.
Hencer ¢ (N : M)orm € N. |

Recall that if M is an R-module, L and N are two submodules of M, then there are
ideals I and J of R suchthat N = IM and L = J M. Define the multiplication of N and
Lby (IJ)M. If my, mr € M, then there are ideals /1 and /5 such that Rm|; = I{ M and
Rmy = I M, where the multiplication of m| and m is defined by mm, = (I1 1) M.

Following [11], a subset S € R is called almost multiplicatively closed if a, b € S
implies ab € S or ab € (R — §)*. Now we will extend this definition to submodules.

Definition 2.5. Let M be a multiplication R-module and S be a subset of M. Then S
is called an almost multiplicatively closed subset of M if a,b € S, then ab C S or
ab (M —S:M)Y(M —S).

Proposition 2.6. Let M be a multiplication R-module and N a submodule of M. Then
N is an almost prime submodule of M if and only if M — N is an almost multiplicatively
closed subset of M.

Proof. (=) Let N be an almost prime submodule of M and a,b € M — N. We need
to show that ab € (M — N) orab € (N : M)N. So assume that ab Q (N:M)N.If
ab € N,thenab € N — (N : M)N. Since N is almost prime, thena € N orb € N,
which is a contradiction. Therefore ab SZ N. Henceabe M — N.

(«<=) Suppose that M — N is an almost multiplicatively closed subset of M and to the
contrary that N is not an almost prime submodule of M. Let a,b € M be such that
ab € N— (N : M)Nbuta ¢ Nand b ¢ N. Now we have a,b € M — N and
ab ¢ (N : M)N. Since M — N is an almost multiplicatively closed subset of M then
ab € (M — N),soab ¢ N, a contradiction. [ |

A well known result of Krull states that if S is a multiplicatively closed subset of R
and / is an ideal of R maximal with respectto I NS = @, then [ is prime. The following
proposition is a generalization to modules.

Proposition 2.7. Let M be a multiplication R-module, L be a submodule of M, and S
be a multiplicatively closed subset of M such that L NS = @J. Then there is a submodule
N of M maximal with respect to the properties L € N and N N S = ). Furthermore, N
is a prime submodule of M.

Proof. The proof is similar to [14, Theorem 5]. [

Theorem 2.8. Let M, L be any two R-modules. Then A is an almost prime submodule
of M if and only if A x L is an almost prime submodule of M x L.

Proof. (=) Suppose that A is an almost prime submodule of M. Letr € R, (a,b) €
M x Lwithr(a,b) e AXL—(AXL:MxL)AxL.Nowr(a,b)e AXL—(AXL:
MxI)AxL=(A—(A: M)A)x L. Hencerae A—(A: M)A andrb € L. Since
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A 1s an almost prime submodule of M, then we will have eitherr € (A : M) ora € A;
therefore, (a,b) e Ax Lorr e (AXxL : M x L),where (AxL:MxL)=(A:M).

(<) Suppose that A x L is almost prime of M x L. Letr € R,a € M withra €
A—(A: M)A. Thenr(a,0) €e (A—(A: M)) x Limpliesr(a,0) e AXL—(AXL:
M x L)A x L. Since, A x L is an almost prime submodule of M x L, then (a,0) € Ax L
orr € (Ax L:M x L). Itfollowsthata € Aorr € (A: M). |

Lemma 2.9. Let M and 7 be two R-modules, N be a submodule of M and L is a
submodule of T'. If N x L is an almost prime submodule of M x T, then N is an almost
prime submodule of M and L is an almost prime submodule of 7.

Proof. Leta € M andr € Rwithra € N — (N : M)N, and r(a,0) = (ra,0) €
(N—(NXL:MxT)NyXLCNxxL—-—(NxL:MxT)N xL.Since N x L isan
almost prime, then (a,0) e N x Lorr e (N XL : M xT) C (N :M). Hencea € N
orr € (N : M). Similarly, we can show that L is an almost prime submodule of 7. W

Note that, in general, the converse of the above lemma is not true; for example, take
R=Z M=Z7Z,T =7Z,N=2Zand L =3Z, then N and L are almost primes with
3¢(NxL:MxT)and(2,4) ¢ (NxL),but3(2,4) e NxL—(NxL : MxT)N xL.

The next two theorems classify all finitely generated faithful multiplication modules,
for which every submodule is an almost prime submodule. For that we need to recall the
following proposition and lemma (see [11, Proposition 2.23] and [11, Lemma 2.26]).

Proposition 2.10. Let (R, M) be a quasilocal ring. Suppose [ is an ideal of R with
M? C I € M. Then [ is almost prime if and only if M? = I°.

Lemma 2.11. Let (R, M) be a quasilocal ring with every proper principal ideal almost
prime. Then M? = 0.

Theorem 2.12. Let T be a finitely generated faithful multiplication R-module, (7', L)
be a local R-module and N be a submodule of T. If (L : T)L € N C L, then N is
almost prime if and only it (N : T)N = (L : T)L.

Proof. (=) Let (L : T)L € N C L. Since T is a multiplication R-module and
L is a maximal submodule of T, then L = IT; where I is a maximal ideal in R.
Now (IT : T) = land (L : T)L € N C L imply (L : T)2 C (N :T). So
& C (N : T) € I. Since N is almost prime, then by [8, Theorem 3.5] we have
(N : T) is almost prime. Therefore by Proposition 10, we have [ 2 = (N : T)2, SO
I’T = (N : T)’T. Hence (L : T)L = (N : T)N.

(<) Let (N : T)YN = (L : T)L. Since T is a multiplication R-module and L is a
maximal submodule of 7', then L = (L : T)T; where (L : T) is a maximal in R and
N=(N:T)T.Now (L:T)L € N C L implies (L : T)ZT C(N:T)T C(L:T)T.
Also, since multiplication modules are cancelation modules, then (L : TY?C(N:T)C
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(L:T)and (N : T)N = (L : T)L. So(N : T)> = (L : T)®2. Now (L : T) is a
maximal ideal in R, (L : T)2 C(N:T)C(L:T)and (N : T)2 = (L : T)2. So by
Proposition 10, (N : T') is almost prime. Hence N = (N : T)T is also an almost prime
submodule of T, by [8, Theorem 3.5]. [ |

Theorem 2.13. Let T be a finitely generated faithful multiplication R-module and
(T : M) be alocal R-module. Then every proper submodule of 7 is an almost prime
submodule if and only if M 2=0.

Proof. (=) Since T is a multiplication R-module and M is a maximal submodule of T,
then M = IT, for some maximal ideal / in R. Let A be a proper ideal in R. Then there
is a submodule N of T such that A = (N : T). If we consider the module N = AT,
then (N : T) = (AT : T) = A. Now let Q be a proper principal ideal in R, then
Q = (Y : T) for some submodule Y of T, and since every proper submodule is an al-
most prime submodule, then Y is an almost prime submodule. Therefore by [8, Theorem
3.5] we have Q = (Y : T) is an almost prime ideal in R. Hence (R, I) is a quasilocal
ring in which every principal proper ideal is almost prime. So / 2=0 by Lemma 11. It
follows that M> = I*T = 0.

(<) Let N be a proper submodule of 7. Since every weakly prime submodule is an
almost prime submodule, it is enough to show that N is a weakly prime submodule of
T.Letr €e R,me T withO #rm € N. Now we show thatr € (N : T) orm € N.
Since, rm # 0, then rm ¢ M? and rm € M — M?. But every maximal submodule is
an almost prime submodule. Sor € (M : T) orm € M, where (M : T) is a unique
maximal ideal of R (the uniqueness of (M : T) is guaranteed by the uniqueness of M).
Now suppose that 7 ¢ (M : T). Then r is a unitin R. Therefore m = r_l(rm) e N. So
suppose m ¢ M andm € N. Then Rm =T and hencer € (N : T),sincerm € N. B

3. Almost Strongly Prime Submodules

Let R be an integral domain with quotient field K and M be a torsion-free R-module. For

any submodule N of M, suppose y = d € Kandx = C;l € Mt. Wesay yx € N if there
S

a
exists n € N such that ra = stn, where T = R — {0} and My = {; |lae M,t € T}.

It is clear that this is a well-defined operation (see [1]).
Following [1], a prime submodule P of M is called strongly prime if for any y € K
and x € My, yx € P givesx € Pory € (P : M).

Definition 3.1. Let R be an integral domain with quotient field K and M be a torsion-
free R-module. A submodule N of M is called almost strongly prime if for any y € K
and x € My withyx e N— (N : M)N,theny € (N : M)orx € N.

Example 3.2. Let R =R, M = Rand N = Q. Then N is an almost strongly prime
submodule of M.
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It is clear that every almost strongly prime submodule is almost prime, but the con-
verse is not necessarily true. Consider the Z-module M = Z and the submodule N = 2Z,
then clearly, N is almost prime, but not almost strongly prime.

Following [12], an R-submodule N of M7 is called a fractional submodule of M if
there exists r € T such thatr N C M.

Corollary 3.3. Let N be a proper submodule of M. Then N is an almost strongly prime
submodule if and only if for any y € K and any fractional submodule L of M, yL C N
but yL & (N : M)N,then L S Nory € (N : M).

Theorem 3.4. Let N be a prime submodule of M. For the following statements, we
have (i) < (ii), (iii) < (iv), (iv) = (i).

(i) N is an almost strongly prime submodule of M.

(i) For any fractional ideal I of R and any fractional submodule L of M, IL C
N—(N:M)NgivesL C Norl € (N :M).

(ii1)) N — (N : M)N is comparable to each cyclic fractional submodule of M.

(iv) N — (N : M)N is comparable to each fractional submodule of M.

Proof. (i) < (ii) Follows from Theorem 12.

(iii) = (iv) Let L be a fractional submodule of M such that L SZ N—(N : M)N. Then
there existx € L — (N — (N : M)N) for which Rx gZ N — (N : M)N, where Rx is the
cyclic fractional submodule of M generated by x. Hence N — (N : M)N € Rx C L.
(iv) = (iii) is clear.

(iv) = (i) Suppose thatfory € K andx € My, yx e N— (N : M)Nbuty & (N : M)
and x ¢ N. Since x € N, then by (iv) wehave N — (N : M)N C Rx,yx e N — (N :
M)N C Rx, implies yx € Rx. So x € R. On the other hand, since y € (N : M) by
(iv) N— (N : M) C yM, yx € yM; therefore, x € M. Now forx € M and y € R
with yx € N — (N : M)N; where N is a prime submodule of M, we have x € N or
y € (N : M), which is a contradiction. Thus N is an almost strongly prime submodule
of M. |

Note that as in Theorem 17, in general, (i) # (iii). For example, take R = Q,
M =Q®dQand N = Q& (0) which is a strongly prime submodule. Letx = (0,4) ¢ M
and consider the fractional submodule Rx of M. Then Rx ,CZ N and N Q Rx.

Notice that our next results are on multiplication modules and since modules are
assumed to be torsion-free, then for any multiplication module M and ideal I we have
(IM : M) = I. Notice that our next results are on multiplication modules and since
modules are assumed to be torsion-free, then for any multiplication module M and ideal
I wehave (IM : M) =1.

Lemma 3.5. Let M be a multiplication R-module, P be an almost strongly prime sub-
module of M. Then (P : M) is an almost strongly prime ideal of R.
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Proof. Leta,b € K withab € (P : M) — (P : M)2. Then abM < (P : M)M — (P :
M)*M, because if abM C (P : M)*M, then by ab € (P : M)>M : M) = (P :
M)Z(M M) = (P: M)ZR =(P: M)2 which is a contradiction, see [8, Lemma 3.4].
Since M is a multiplication R-module, thenabM < P — (P : M) P. Now by Corollary
17, wehavea € (P : M)yorbM C P.If bM C P,thenb € (P : M),anda € (P : M)
orb € (P : M). Hence (P : M) is an almost strongly prime ideal of R. [

Definition 3.6. Let M be an R-module and P be an ideal of aring R. Define Tp(M) =
fmeM| (1 —pym=0,forsome p e P}. If M =Tp(M), then M is called P-torsion
R-module, and if there existm € M, q € P such that (1 —g)M C Rm, then M is called
P-cyclic R-module [13].

Theorem 3.7. Let M be an R-module. Then M is a multiplication R-module if and only
if for every maximal ideal P of R, M is P-cyclic or P-torsion R-module. See [13].

Proposition 3.8. Let P be an almost prime ideal of R, and M be a faithful multiplication
R-module. Then P is an almost strongly prime ideal if and only if PM is an almost
strongly prime submodule of M.

Proof. (<) Suppose that P M is an almost strongly prime submodule, then by Lemma
19, P = (PM : M) is an almost strongly prime ideal.

(=) Lety = i e Kandx = ? € M7 suchthat yx € PM — (PM : M)P M. We show
that y € (PMS: M)=Porxe PM.Ify g P,putA={be R|bx € PM}. Aisan
ideal of R. If A = R, then x € PM. So suppose A # R. Then there exists a maximal
ideal Q of R suchthat A C Q. Since M # To(M), then M is Q-cyclic by the previous
theorem. So there exist m € M and g € Q such that (1 — g)M C Rm. Therefore
(1 —q)[PM — P>M] € Pm — P>m. Now yx € PM — (PM : M)PM and hence
(1—q)yx € Pm— P*m. Therefore by [1] there exists v € P such that (1—g)ra = stvm
and u € R such that (1 — g)a = um which implies that (1 — g)ra = rum = stvm.

rou
Therefore ru = stv. Again by [1], we have — - " —ve P — P2 Forifv e P2, then
S

rou r
(1—¢q)yx e P?m which is a contradiction. Now, — - 7= veP—P? andy = - € P,
) s

so%ePand(l—q)a:um. Then(l—q)?:%mePM. Hence (1—g) e AC Q

is a contradiction. So A = R and hence x € PM, and P M is an almost strongly prime
submodule. |

The next Proposition gives the relationship between almost prime and almost strongly
prime submodules.

Proposition 3.9. Let P be an almost prime submodule of M, then P is an almost strongly
prime if and only if forany y € K, y'PCPorye(P:M).

Proof. (=) Recall thatif x € (P : M) then M is an ideal of R and P is an ideal of M.
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So we will consider two cases.

case (1): Assume that M is an ideal of R and P an ideal of M. Let 0 # y € K,
y_]P Z Pandy ¢ (P : M) = P. For P is not an almost strongly prime ideal, let
X € My and yx € P — P?. Now, since y_lP & P then there exists x, € P such
that y_lxo ¢ P and hence yx +x, € P — P? and y(x + y_lxo) € P — P2. But
ye&P=(P:M)andx + y 'x, & P. Hence, P is not almost strongly prime.

Case (ii): Assume that M is an R-module but not an ideal of R. Suppose that P is an
almost strongly prime submodule of M,y € K — (P : M), x € P and x = y_lyx e P.
Ify_lyx € (P : M)P, then y_ly e(P:M).Sole(P:M)and M C P, contradic-
tion. So y 'yx € P — (P : M)P. Since P is an almost strongly prime, then ylx e P.
Hence y_lP cC P.

(<) Suppose for any y € K, y!PCPorye (P:M). Lety € K and x € My
with yx € P — (P : M)P. If y"'P C P, then y '(yx) € P, x € P. Otherwise,
y € (P : M). So P is an almost strongly prime submodule of M. [
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