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Abstract

In this paper, we establish some common fixed point theorems for generalized-
(¢, o, B)-weakly contractive mappings in generalized metric spaces which extends
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1. Introduction and preliminaries
In 2000, Branciari [2] introduced the concept of a generalized metric space as follows:

Definition 1.1. Let X be a non-empty setand d : X x X — [0, co) be a mapping such
that for all x, y € X and for all distinct point u, v € X, each of them different from x
and y, one has

(i) d(x,y) =0ifand only if x =y,
(i) d(x,y) =d(y, x),
(i) d(x,y) <d(x,u) +d(u,v) + d(v, y) (the rectangular inequality).
Then (X, d) is called a generalized metric space (or for short g.m.s.).

Definition 1.2. Let (X, d) be a generalized metric space. A sequence {x,} in X is said
to be

(1) g.m.s. convergent to x if and only if d(x,, x) — 0 as n — oco. We denote this by
{x,} > xasn —> ocoorlim,_c0d'jx, =x

(i) g.m.s. Cauchy sequence if and only if for each € > 0 there exists a natural number
n(e) such that forall n > m > n(e), d(xy,, x;) < €.

(ii1) complete g.m.s. if every g.m.s. Cauchy sequence is g.m.s. convergent in X.

We denote by W the set of functions ¢ : [0, 00) — [0, 00) satisfying the following
hypotheses:

(Y1) 9 is continuous and monotone nondecreasing,
(¥2) ¥(t) =0ifand only if t = 0.

We denote by & the set of functions = : [0, 00) — [0, o0) satisfying the following
hypotheses:

(al) « is continuous,

(¢2) a(t) =0if and only if = 0.
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We denote by I' the set of functions g : [0,00) — [0, oo) satisfying the following
hypotheses:

(B1) B is lower semi-continuous,

(B2) B() =01if and only if r = 0.

Definition 1.3. A mapping 7 : X — X is said to be (¥, o, B) weak contraction
if there exists three maps ¥, «, 8 : [0,00) — [0, 00) such that ¥ (d(Tx, Ty)) <
a(d(x, y))aL.“B(d(x, y)), where

(1) ¥ 1is continuous and monotone non-decreasing,
(i1) « is continuous,
(ii1) B is lower semi-continuous,
(iv) ¥(t) =0 =a(t) = B(t),if and only if, = 0.
Now, we introduce the following notions:

Definition 1.4. A mapping 7 : X — X is said to be generalized (V, «, ) weak con-
traction if there exists three maps ¥, «, B : [0, 00) — [0, 0co) such that Y (d(Tx, Ty)) <
a(M(x, y)B(M(x,y)), where

M(x,y) = max{d(x, y),d(x, Tx),d(y, Ty)},
(1) ¢ is continuous and monotone non-decreasing,
(i1) « is continuous,
(ii1) B is lower semi-continuous,

av) ¥ (1) =0=wa(t) = B(t),if and only if, = 0.

Definition 1.5. A mapping g : X — X is said to be generalized (¢, o, ) weak contrac-
tion with respect to f : X — X if there exists three maps ¥, «, 8 : [0, 00) — [0, 00)
such that

V(d(gx, gy)) < a(N(x, y))B(N(x,y)),

where

N(fx, fy) = max {a’(fx, Iy).d(fx, gx),d(fy, gy),

d(fx,gx)d(fy, gy) d(fx,gX)d(fy,gy)}
L+d(fx, fy) =~ 1+d(gx,gy)
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(1) ¥ is continuous and monotone non-decreasing,
(i1) o is continuous,
(iii) B is lower semi-continuous,
(iv) ¥(t) =0 =«a(t) = B(t),if and only if, = 0.

In 1996, Jungck et al. [4] introduced the concept of weakly compatible maps as follows:

Definition 1.6. Two maps f and g defined on a self map X are said to be weakly
compatible if they commute at their coincidence points.

In 2002, Aamri et al. [1] introduced the notion of E.A. property as follows:

Definition 1.7. Two self-mappings f and g of a metric space (X, d) are said to satisfy
E.A. property if there exists a sequence {x, } in X suchthatlim, .~ fx, = lim,— ccd'{gx
t forsomet € X

In 2011, Sintunavarat et al. [5] introduced the notion of (CLRg) property as follows:

Definition 1.8. Two self-mappings f and g of a metric space (X, d) are said to sat-
isfy (CLRy) property if there exists a sequence {x,} in X such that lim, . fx, =
limy— ~0gx, = gx for some x € X.

2. Main Results

For proving our main results, we need the following Lemma:

Lemma 2.1. Let {a,} be a sequence of non-negative real numbers. If

Y (an+1) < alay)B(an) (2.1)
foralln € N, where ¢ V,a € &, € I" and
v(t) —a()+ B#) >0 (2.2)

for all + > 0, then the following hold:

(1) apy1 < apifa, >0,

(i1) a, — O0asn — oo.
Theorem 2.2. Let f and g be self mappings of a Hausdorff g.m.s. (X, d) satisfying the
followings:

gX C fX, (2.3)
fX or gX is a complete subspace of X, (2.4)
V(d(gx, gy)) <a(N(fx, fyDB(N(fx, fy)), forallx,y € X, (2.5)



Common fixed point in generalized metric spaces 5

where ¥ € W, o € ® and B € I" and satisfy condition (2.2) with

N(fx, fy) = max {a’(fx, fy),d(fx,gx),d(fy, gy),

d(fx,gx)d(fy, gy) d(fx,gX)d(fy,gy)}
1+d(fx, fy) =~ 1+d(gx,gy) '

Then f and g have a unique coincidence point in X. Moreover, if f and g are weakly
compatible, then f and g have a unique common fixed point.

Proof. Let x¢ be an arbitrary point in X. Since gX C f X, we can define the sequences
X, and y, in X by
Yon = fXont1 = gxo, foralln > 0. (2.6)

Moreover, we assume that if y,, = y2,+1 for some n € N, then there is nothing to prove.
Now, we assume that y,, # y2,+1 for all n € N. We assert that

lim d(yn, yn+1) = 0. (2.7)
n—oo
Substituting x = x3, and y = x2,,41 in (2.5), using (2.6), we have

Y (d(y2n, yan+1)) = ¥ (d(gxon, gX2n+1))
< a(N(fxan, fxonr1)BN(fx2n, fX2n+1))
= (N (y2n—1, Y20)) BN (Y2n—1, y21)), (2.8)

where

N(y2n—-1, y2n) = max {d(yzn—l, yon)s d(Y2n—1, Y2n), d(Y2n, Y2n+1),

d(y2n—1, y20)d(Y2ns Y2u+1) d(Yan—1, Y20)d (Y2ns Y2n+1) }
1 +d(y2n—1, y2n) ’ I +d(yan, yan+1)
= max{d (yan—1, y2n), d(y2n, Y2n+1)},
since
d(yan—1, y20)d(Yon, Yon+1)
1 +d(Yon—1, y2n)

< d(y2m, Yan+1)
and
d(Yon—1, y2n)d(Y2n, Y2n+1)
1 +d(y2n, Yan+1)
If d(yan—1, y2n) < d(Y2n, Y2n+1), then from (2.8), we get

<d(2n-1, Y2n)-

Y (d(y2n, Y2nt+1)) < a(d(Y2n, Y2u+1)) B (Y2n, Y2n+1)),

which implies that, d(y2,, yon+1) = 0, thatis, y», = y2,+1, Which is a contradiction. So

d(yZna Yont1) < d(y2n—1a Yan)s
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then from (2.8), we obtain

U (d(y2n, Yont1)) < a(d(y2n—1, y20)) B(d(y2n—1, y2n))- (2.9)
Similarly, we also conclude that
U (d(ynt1, yant2)) < a(d(yan, Y2041)) B(d(Y2ns Y2n+1))- (2.10)
Generally, we have that for eachn € N
Y (d(Yns Ynt1)) < a(d(2ns Y2u+1))BA(Y2n, Y2n+1))- (2.11)

From (ii) of Lemma 2.1, we obtain that
lim d(y,, yp+1) = 0.
n—oo

Next, we prove that {y,} is a g.m.s. Cauchy sequence. Suppose that {y,} is not a g.m.s.
Cauchy sequence. Then there exists € > 0 such that for k € N, there are m(k), n(k) € N
with m (k) > n(k) > k satisfying

(a) m(k) is even and n(k) is odd
(b) d(Yn@ry> Ym@r)) = €
(c¢) m(k) is the smallest even number such that the condition (b) holds
Taking into account (b) and (c), we have that
€ < d(Yn(ky» Ym())

< dnw) Ymk)—-2) +dVmipy—2, Ymtk)—1) +dYm@py—1, Ymk))
< € +dYnk) Yntk)—2) +d(Ynk)—25 Ynk)—1)- (2.12)

Letting k — 00, we obtain

lim d(Yu@k), Ymk)) = €,
k—00

€ <dn)-1> Ymk)—1) (2.13)
< dYnk)—1> Ymk)=3) + dYmk)=3> Ymk)—2) + dYmk)—2> Ym@k)—1)
<€ +d(Ymw)-3s Ym@k)-2) + dYm@)—25 Ymk)—1)- (2.14)

Making k — oo, we obtain
lim d(yng)—1, Yma—1) = € (2.15)
k—o00

Substituting x = x,xyandy = Xy k) in (2.5), we have

Y (d(gXnik)» 8Xmk))) < A(N(fxny, [Xmw)) BN (fXnys fXmk))), thatis,
Y (dVnik)> Ym@)) < AN Ony—15 Ym)—1I BN Ynk)—1 Ymt—1)), (2.16)
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where
d(Yni)—1> Ymt)—1) < NOnk)—15 Ymk)—1)

= max {d(yn(k)—l, Ym)—1)> AV =15 Ynk))s AYmk)—1> Ymk))s

dYnt)—1, Ynk)AYmy =15 Ymk)) dVny=15 Yn)AdYmk)—1, Ym(k)) }
L4+ d(Yn@)—1> Ym@—1) ’ 1+ dney Ymk)) '
= max{d(Yut)—1, Ymx)=1)» d(Ynt)=15 Yn®))s A(Ym)—15 Ymk))}-

Letting kK — o0 1in (2.16) and using the lower semi-continuity of 8 and the continuities of
Y and o, we obtain ¥ (¢) < a(€)B(€), whichimplies thate = 0, by (2.2), a contradiction
with € > 0. It follows that {y,} is a g.m.s. Cauchy sequence.

Since f X is complete, so there exists a point # in f X such that

lim y, = lim fx,11 =u (2.17)
n—oo n—oo

Since u € fX, so we can find p € X such that fp = u. We claim that fp = gp. From
(2.5), we have

Y (d(fxny1,8p)) = ¥ (d(gxn, gp))
< a(N(gxn, gp))B(N(gxn, gP))-

Letting limit as n — oo and using the continuity of @ and semi-continuity of 8, we get

v(d(fp,gp)) < allimp—coN(gXn, gp)) — BUimu_coN(gxn, gP)), (2.18)

where

N(gx,, gp) = max {d(fxn, fp).d(fxu, gxn),d(fp, gp),

d(fxu,,gxn)d(fp, gp) d(fxnagxn)d(fp’gp)}
1+d(fxo, fp) = 1+d(gxn.gp) |

Making limit as n — oo, we have

ngngo N(gxu, gp)) = max {d(fp, fp),d(fp, fp),d(fp, gp),

d(fp, fp)d(fp,gp) d(fp,gp)d(fp,gp) }
1+d(fp, fp) =~ 14+d(fp,gp)
=d(fp,gp). (2.19)

So, from (2.18) and (2.19), we have

V(d(fp,gp)) <ald(fp,gp)) —BA(fp,gp)),
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which implies that, d(fp, gp) = 0, that is,

fp=gp=u. (2.20)

Therefore, p is a point of coincidence of f and g. The uniqueness of the point of
coincidence is a consequence of condition (2.5). Now, we show that there exists a
common fixed point of f and g. Since f and g are weakly compatible, by (2.20), we

have g¢fp = fgp, and
gu=2gfp=fgpr= fu. (2.21)

If p = u, then p is a common fixed point of f and g. If p # u, then by (2.5), we have

Y (d(gp, gu)) < a(N(gp, gu)) — B(N(gp, gu)),
where,
N(gp, gu) = max {d(fp, fuw),d(fp, gp),d(fu, gu),
d(fp,gp)d(fu,gu) d(fp,gp)d(fu,gu) }

L+d(fp, fu) ~  1+d(gp, gu)
= max{d(u, gu),d(u, u), 0,0, 0}
=d(u, gu).

Therefore, we have

Y(d(u, gu)) < a(d(u, gu)) — p(d(u, gu)),

which by (2.2) implies that, d(u, gu) = 0, thatis, u = gu = fu. Consequently, u is the
unique common fixed point of f and g. [

Denote by A the set of functions y : [0, 00) — [0, 0o) satisfying the following
hypotheses:

(h1) y is a Lebesgue-integrable mapping on each compact subset of [0, 00),

(h2) for every € > 0, we have

/E y(s)ds < €.
0

We have the following result.

Theorem 2.3. Let (X, d) be a Hausdorff gm.s. and f, g : X — X be self mappings
satisfying (2.3), (2.4) and the following:

d(gx,gy) N(fx,fy)
/ yi1(s)ds < / y2(s)ds
0 0

N(fx, fy)
- / v3(s)ds,
0
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forall x, y € X, where y1, 2, ¥3 € A and satisfy condition (2.2). If f and g are weakly
compatible, then f and g have a unique common fixed point.

t t

t
Proof. On taking ¥ (¢t) = / yi(s)ds, a(t) = / y2(s)ds and B(t) = / y3(s)ds in
0 0 0
Theorem 2.2, we get Theorem 2.3.

Taking y3(s) = (1 — k)y»(s) for k € [0, 1) in Theorem 2.3, we obtain the following
result:

Corollary 2.4. Let (X, d) be a Hausdorff g.m.s. and f, g : X — X be self mappings
satisfying (2.3), (2.4) and the following:

d(gx.gy) N(fx,fy)
/ yi(s)ds < k / ya(s)ds,
0 0

for all x, y € X, where y1, y» € A and satisfy condition (2.2). If f and g are weakly
compatible, then f and g have a unique common fixed point.

Remark 2.5. If N(fx, fy) =d(fx, fy), then (2.5) reduces to

Y(d(gx, gy)) <ald(fx, fy)) —Bd(fx, fy)), (2.22)
which is condition (2.3) of Theorem 1 [3].

Remark 2.6. If f is the identity mapping, then (2.22) reduces to

¥ (d(gx, gy)) < ald(x,y)) — B(d(x, y)). (2.23)
Example 2.7. Let X = [0, 10]U 11,12, 13, ... and

lx —yl, ifx,y €[0, 10], x # y;
dix,y)=1{ x+y, ifatleastoneof x ory ¢ [0, 10] and x # y; (2.24)
0, ifx =y.

Then (X, d) is a Hausdorff and g.m.s.
Let ¥, «, B : [0, 00) — [0, 00) be defined as

t, if0<r<10;
vt)=a) =4 2

t=, iftr > 10 and
2, if0<t<10;
B(t) = ;
, ifr > 10.
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Let g : X — X be defined as

1
x——xz, if0<x <10;
gx) = 5
x—10, ifx e {11,12,13,...}.

Without loss of generality, we assume that x > y and discuss the following cases:

Case 1. (x € [0, 10]). Then

1 2 1 2
V(d(gx, gy)) = (x — 5% ) - (y— 37 )

1 1
:<x—y)—§<x—y><x+y>s(x—y)—goc—y)2

1 2
=d(x,y) — g(d(x,y))
= a(d(x,y)) — Bd(x, y)).
Case 2. (x € {12,13,...}). Then

1
d(gx,gy) =d (x — 10,y — gyz) , if y € [0, 10],

1
or,d(gx,gy)=x—10+y—§y2§x+y—10.
and

d(gx,gy)=dx —10,y —10), ify € {11,12,13,...},
or, d(gx,gy)=x—10+y—10 < x 4+ y — 10.

Consequently, we have
Y(d(gx, gy)) = (d(gx, gy))* < (x +y —10)* < (x + y — 10)(x + y + 10)
=(x+y)?-100 < (x—l—y)z—é

= a(d(x,y)) — Bd(x, y)).

5
So, we have V¥ (d(gx, gy)) < ¥ (1) = 1. Againd(x, y) = 11 4+ y. So,

1
Case 3. (x = 11). Theny € [0, 10], gx = 1 and d(gx, gy) =1 — (y - —yz) <1

1
a(d(x,y)) — Bd(x,y) = (11 4+ y)? — <

) 1
=121 +y* +22y — ¢

604
= — +22y+ y2 > 1 =1y(d(gx, gy)).
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Considering all the above cases, we conclude that the inequality (2.23) remains valid for
¥, o, and B constructed as above and consequently, g has a unique fixed point.
Clearly, it is seen that O is the unique fixed point of g. |

3. Weakly compatible and E.A. property

Theorem 3.1. Let f and g be self mappings of a Hausdorff g.m.s (X, d) satisfying (2.3),
(2.5) and the following:

f and g are weakly compatible, (3.25)
f and g satisfy the E.A. property. (3.26)

If the range of f or g is a complete subspace of X, then f and g have a unique common
fixed point in X.

Proof. Since f and g satisfy the E.A. property, there exists a sequence {x,} in X such
that

lim fx, =lim,— ~gx, =z, for some z in X. (3.27)
n—oo

Since gX C fX, there exists a sequence {y,} in X such that gx, = fy,. Hence
limy_ oo fX, = z. Now, we shall show that lim,_,.cgy, = z. Let us suppose that
limy— o€y, = t. From (2.5), we have

Y(d(gxn, 8yn)) < a(N(fxn, fyn)BIN(fXn, fyn))-

Letting n — 00, we have

Y(d(z,1) <alimupocoN(fxn, fyn)BUimyooN(fXn, fyn)), (3.28)

where,

N(fxnv f)’n) = max {d(fxn» fyn)v d(fxn, g-xn)7 d(f)’n, gyn),
d(fxn, 8x)d(fyn, 8¥n) d(fxn, 8x)A(fYn, g¥n) }
L+d(fxn, fyn) — 14d(gxs, gyn) '

Letting n — 00, we have

Tim N (fx,, fyn) = max {d(z’ 2),d(z,2),d(z. 1), dl(zﬁfz(zé; 2 dfszsz;f) }

=d(z,1). (3.29)
Thus, from (3.4) and (3.5), we get

Vv(d(z, 1) = ald(z,1)pd(z, 1)),
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which implies that d(z, ) = 0, thatis, z = 7. Hence, lim gy, = z. Now, suppose that
n—2a'jo0

f X is complete subspace of X. Then, there exists u in X such thatz = fu. Subsequently,

we have

lim fx, = lim gx, = lim
n—oo n—oo n— 00
fyp,= lim gy, =z= fu.
n—o0
Now, we show that fu = gu. From (2.5), we have

U (d(gxn, gu)) < a(N(fxn, fu)) BN (fxn, fu)).

Letting n — 00, we have
Y(d(z, gw) = (lim N(fxa, fu))(im N(fx, fu)), (3.30)
where,

N(fXn, fu) = max {d(fxn, Ju), d(fxn, gxn),

d(fu,gu),d(fxn, gxp)d(fu, gu) d(fxn,gxn)d(fu,gu)}
1+d(fxu, fu) " 14d(gxn, gu) '

Letting n — 00, we have

,,lggoN(fx”’ fu) = max {d(z,z),d(z,z),d(z, gu),

d(z,z)d(z, gu) d(z,z)d(z, gu)
1+d(z, fu) = 1+d(z, gu)

} =d(z, gu). (3.31)

Thus, from (3.6) and (3.7), we get

Y (d(z, gu)) < a(d(z, gu))p(d(z, gu)),

which implies that, d(z, gu) = 0, thatis, z = gu = fu. Since f and g are weakly
compatible, therefore, g fu = fgu, implies that, ffu = fgu = gfu = ggu. Now, we
claim that gu is the common fixed point of f and g. From (2.5), we have

V(d(gu, ggu)) < a(N(fu, ffu))B(N(fu, ffu))
=a(d(fu, ffu))B(fu, ffu))
= a(d(gu, ggu))B(d(gu, ggu)),

which implies that, gu = ggu = ffu.
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Therefore, gu is the common fixed point of f and g. For the uniqueness, let z and
w be two common fixed points of f and g. From (2.5), we have

Y (d(z, w)) = ¥(d(gz, gw))
< a(N(fz, fwu)B(N(fz, fw)), (3.32)

where,

N(fz, fw) = max {d(fz, fw),d(fz,g2),d(fw, gw),

d(fz,82)d(fw, gw) d(fz,g)d(fw, gw) }
14+d(fz, fw) = 14+d(gz, gw)
= max{d(z, w),0,0,0,0} =d(z, w). (3.33)

From (3.8) and (3.9), we get
V(d(z, w)) < a(d(z, w)B(d(z, w)),

which implies that, d(z, w) = 0, that is, z = w. Therefore, f and g have a unique
common fixed point in X. |

4. Weakly compatible and (CL R ) property

Theorem 4.1. Let f and g be self mappings of a Hausdorff g.m.s (X, d) satisfying (2.3),
(2.5), (3.1) and the following:

f and g satisfy (C LR y) property. (4.34)
Then f and g have a unique common fixed point in X.

Proof. Since f and g satisfy the (CLRy) property, there exists a sequence {x,} in X
such that

lim fx, = lim gx, = fx, for some x € X.
n—oo n—oo

From (2.5), we have

VY (d(gxn, gx)) < a(N(fxn, fX)BWIN(fxn, fx)).

Letting n — 00, we have
Y (d(fx,g0) < a(lim N(fxa, fO)B(im N(fx,, fx), (439

where,

N(fxn, fx) = max {d(fxn, fx),d(fxn, gxn),d(fx, gx),

d(fxn, gxn)d(fx, gx) d(fxn,gxn)d(fx,gX)}
1+d(fx, fx) 7~ 14d(gxy, gx) '
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Letting n — oo, we have

lim N (fxy, fx) = max {d(fx, fx),d(fx, fx),d(fx, gx),

d(fx, fx)d(fx, gx) d(fx,fx)d(fx,gx)}
14+d(fx, fx) 1+d(fx, gx)
=d(fx, gx). (4.36)

Thus, from (4.3) and (4.4), we get

Y (d(fx, gx)) < ald(fx, gx))B(d(fx, gx)),

which implies thatd( fx, gx) = 0, thatis, gx = fx.Now,letz = fx = gx. Since f and
g are weakly compatible, therefore, fgx = gfx, implies that, fz = fgx = gfx = gz.
Now, we claim that gz = z. From (2.5), we have

Y(d(gz,z2)) = ¥(d(gz, gx))
<a(N(fz, fx)BN(fz, fx)). (4.37)

where,

N(fz, fx) = max {d(fz, fx),d(fz,82),d(fx, gx),

d(fz,g2)d(fx,gx) d(fz,g2)d(fx, gx) }
14+d(fz, fx) = 14d(gz, gx)
= max{d(gz,2),0,0,0,0} =d(gz, 2). (4.38)

From (4.5) and (4.6), we get
V(d(gz,2)) < a(d(gz,2)p(d(gz, 2)),

which implies that, d(gz, z) = 0, thatis, gz = z. Hence, gz = z = fz. So, z is the
common fixed point of f and g. For the uniqueness, let w be another common fixed
point of f and g. From (2.5), we have

Y (d(z, w)) = ¥ (d(gz, gw))
< a(N(fz, fwu)B(N(fz, fw)), (4.39)

where,

N(fZ, fw) = max {d(fZ, flU), d(fZ, gZ), d(fw’ gw),

d(fz, g2)d(fw, gw) d(fz,gZ)d(fw,gw)}
1+d(fz, fw) 1+d(gz, gw)
= max{d(z, w), 0, 0,0,0,0} = d(z, w). (4.40)
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From (4.7) and (4.8), we get

Y (d(z, w) < ad(z, w))B(d(z, w)),

which implies that, d(z, w) = 0, that is, z = w. Therefore, f and g have a unique
common fixed point in X. |
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