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Abstract

On the basis of existing variational principles, an optical-mechanical analogy
is carried out only at the level of geometrical optics. A local variational
principle (LVP) is formulated. On the basis of this principle, new formulations
of the direct and inverse problems are considered. An optical-mechanical
analogy which has a new extension in comparison with the existing optical-
mechanical analogies is presented. According to the method of V-function, the
trajectory motion of an object is connected with its wave motion. A linear
harmonic oscillator is considered, and its energy levels are found. These
results correlate with the energy levels of the real microscopic oscillators
interacting with the light. While simulating the electron motion in the
Coulomb field, the considered method allows setting a rule of energy
guantization of a hydrogen-like atom, which completely coincides with the
classical results of Schrédinger and Bohr.

Keywords: local variational principle, trajectory motion, wave motion, wave
function, optical-mechanical analogy, harmonic oscillator, hydrogen-like atom

1. Introduction

An optical-mechanical analogy is, first of all, a view on the nature of light, its
corpuscular and wave properties. Hamilton [1] was the first, who turned attention to
the analogy between the motion of mechanical conservative systems and the
propagation of light beams in an optically inhomogeneous medium. So, from the
Hamilton-Jacobi equation, written for a stationary system,

dg_kﬂ(ag j—o 01
4 ék]’q (01)
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we obtain, setting in (01) S(gq) = Et—W(q):

H(ZV,Q) =E (02)

where W(q) is the characteristic Hamilton function, E is the total energy of the
conservative system, H is the Hamiltonian function.
From (02), written for a single particle:

3 M 2
Z(—J =2m(E -U) (03)
i=1 étli
where U(q) is the potential energy of the particle, E is the total energy of the particle,

m is the mass of the particle; and the eikonal equation, which describes the
propagation of the light beam:

> &(p v n® 1
Z P 2 /12 , (04)

i1 i C

where (D(CI) is the eikonal function (the light wave phase), V is the frequency of
the monochromatic light wave, n is the refractive index of the medium, ¢ is the
velocity of light, A isthe light wavelength, it follows that the equations are similar in
appearance. That is, this analogy is based not on the real nature of phenomena, but on
the similarity of the mathematical form of expression of the laws of these physical
phenomena.

Moreover, (04) is obtained from Fresnel’s scalar wave equation,

FD(q,t) L TP(g,1)
ﬁ2 2 Z @
when a monochromatic wave (D(q, l‘) =e is considered for 4 — 0.

The same analogy can be demonstrated on the basis of Fermat's principle of the light
beam propagation, written in the form:

S([nds)=0, (06)

where n is the index of refraction, ds is the beam path element,
and Maupertuis’ principle of least action:

5(_[m9ds) =0 (07)

=0 (05)

27 (vi—p(q))

where MG is the particle momentum, ds is the particle trajectory element.
In addition, if the refractive index varies according to the law

N=m3=,2Mm(E —U)  then the path of the light beam coincides with the

trajectory of the particle.
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Louis de Broglie shed new light into the optical-mechanical analogy [2, 3]. He
considered a correspondence between wave and particle on the basis of equations (03)
and (04), and on the basis of variational principles of Maupertuis and Fermat [4]. If,
instead of the function W, we take W/h in the equation (03), where h is the Planck

constant, and put @ = W /h | then from (03) and (04) we have
1 2m(E-U) p?

/12 T h2 o h2 1

From this we obtain the famous Louis de Broglie's formula for determining the

wavelength of the particle:

P h
- 09

0 (09)
The idea that a wave motion is hidden behind the motion of particles has become
particularly productive for physics [1]. The studies of Louis de Broglie have served
Schrodinger as a basis for the formulation of the wave equation [15] which is now one
of the fundamentals of quantum mechanics.
The recent experimental advances in the study of behavior of individual microscopic
systems, in turn, are reviving sustained interest in the problem of the wave-particle
dualism, in the role of information in the theoretical description of the behavior of
micro-particles [5, 6]. The ongoing attempts to understand the paradoxical
manifestations of wave-corpuscle dualism in the motion of an electron (and other
microparticles) also stimulate the creation of new theories that somehow develop
Louis de Broglie’s idea of a pilot-wave [7-9]. In this paper, we propose a new
approach in this direction, based on the wave-corpuscle monism, in order to explain
the nature of a particle (an object). Namely, the theory developed below uses the
description of physical reality, which takes into account the presence of the particle’s
trajectory, which is a reflection of the existence of the particle; at the same time, it is
assumed that the motion of the particle is determined by a physical wave V(x,t).

(08)

2. Local variational principle (LVP)
Let us introduce X(t) = (X, X,,....,X,)", a vector of the phase coordinates,

X € R" where R" is n-dimensional Euclidean space and time t €T , where T is a
time interval. Consider a system of differential equations:

X = f(x) (1)
We say that the equation (1), describing the motion of an object along a path,
determines the state of the object being studied.

Now, we introduce a function V=V(xt) (X € R" ,teT), which we call a wave
function or VV-function, and its rate (speed) of change
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v _ov  ov'
dt ot ox

according to the system (1).
Consider an isochronous variation of the rate of change of the wave function

)%

where

oV O
5[5) =t V)

oV’ ooV ' oV’
o|— f |= f+—— of
OX OX OX
oV ' of
oV =—— X; Of =—X
OX OX
When the rate of change of the wave function is varied, the object goes from a certain
state into a new state. Such a transition will be called a wave transition of the object to

a new state. The quantity oV will be called a possible wave transition from the initial

state into a new state. Moreover, OX determines the trajectory variations.
We now formulate a local variational principle (LVP) [10-11]:

f )

Among all possible transitions into a new state, a transition is realized, in which,
at any given time, the rate of change of the wave function V(x,t) assumes a
stationary value

dv
o)
dt ©)
Introduce the total variation of the rate of change of the wave function:
(D) =)+ (s, = .
dt dt dt \ dt
d_o0, 0"
Where ‘gt T ot ox  dt

Let the wave function (V-function) be a finite, twice differentiable function of its
arguments, satisfying the equation:

AV (x,1) AV (x,1) n ANV (x,t) df (X)
A? |le KX HieOT; 00 = Z X dt
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where f,(X) are the components of n-dimensional vector-function of the right parts
of the equations (1) of the object motion.

Theorem |
For the transition into a new state, it is necessary and sufficient the existence of
V-function, satisfying the condition:

dv
A(Ej =0 ©

Theorem I1.

The motion of the object (1) occurs so that, at each time, the phase velocity
vector is co-directional with the gradient of the wave function, i.e.

v’

=w S =14l % (6a)

3. New formulation of the direct and inverse dynamics problem based on the
method of V-function.

A direct dynamics problem can be formulated in the following form:

Let differential equations be given describing the trajectory of the object (1).

It is required to determine a wave function V(x,t) satisfying the equation (5)

The initial and boundary conditions (5) are determined from Theorems I, Il and from
the condition of connectedness of the wave function V(x,t) with the trajectory of the
object motion (1). The conditions of connectedness provide the initial condition for
the wave function:

Vx,t),_,=V(x0)=0 ©
and the boundary condition for the wave function:
V(x,t) _,=V(0,0)=0. (8)

Two other conditions follow from Theorems | and 1. From the condition of Theorem
I

aer 57[7 %rT
A(dV) :i [ 5xj+d(+ xjdt:()
dt dt \ cx dt\ ot ox : (9)

taking into account

d(ov’ d(ev’ . N
—| — X |=—| — X&|=0=— X=const. (10)
dt| & dt| & X

we derive the equality:
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d oV
( ) _0 11)
dt \ o
Hence we obtain:
2. 4
——— = const (12)
o
Then the second initial condition for the equation (5) will have the form:
N (x,t NV (x,0
a |, A
From the condition of Theorem I1, it follows:
4 1.
“ =k'x, (14)
ax
Hence, the second boundary condition is obtained:
N (X, N (0,1 1. _
Ny _ VO ):klx(t):klf(XZO). (15)
X | o X

For the case of X =9 (n=1), we obtain the solution of the equation (5) in view of
(7)—(8), (13), (15) in the following form:
+i(Z x—at)
V(x,t)=tAe ¢ (16).
The inverse problem of dynamics on the basis of the V-function method is stated as
follows:

For a given wave function V(x,t) satisfying the equation (5) which we write in the
following form:

&V . VT dx W AV (x,t)
| e, |

it is required to determine the differential equations (1) of the object motion.
For a given wave function, the solution of the inverse problem of dynamics
immediately follows from (6a):

(17)

: 24
X, =k — (18)
&,
Using (10) and Theorem 11, it can be shown that the following is true:
vV'd .
— —x=0 (19)
G dt

From (19), taking into consideration (18), we get the following equality for k=1:
1. 1 .,. 1&.

5 z—xsz—inz =C (20)
2 2 25
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Solving the inverse problem, we not only have obtained the equation of motion (18),
the right-hand sides of which depend on the way of defining the V-function, but also
an access to the foundations of H. Hertz’s mechanics, which follows from (20).

The principle of straightest path, as H. Herts [12] showed, is more general in the sense
that there follow from it the integral energy principles, the principle of least curvature
and the least time principle. Also, it follows from (20) and (10) that H. Hertz’s
principle is contained in our principle.

Besides, if the condition X; = 4; — (i, j =1,n) is fulfilled, then the equation
X,

j
(17), in view of (18), assumes the form:

N VAV = 0 (21)

> —

2 N2 T T ik
where 3° =D %" =X Xand V'=) —.
i1 i1 OX;
For the one-dimensional case (n=1), the equation (17), taking into account (19),
assumes the form:

é’zV(x,t) é’ZV(x,t) 2

a  a
Let the wave function be given in the form of the equation (16) of a plane wave which
disseminates in the direction of the object motion. Then (16) will satisfy (21a),
provided x= 9.

In addition, from the equation (12) where the wave function is given in the form (16),
it follows that

NV (x,t +i(Cx—at)
VX0 _ Fidwe 4 = const . (22)

0 (21a)

The constant in the right-hand side of (22) is a real number. Therefore, in order to
satisfy the condition (22), the phase should assume the value:

—(gx—a)tj—a)(ﬁ—tj—z+7zn =0,1,2.3 23
qD '9 9 2 ,(n— 1==16 ) ( )
X
Since X=9= 5 —t=C the equation (23) takes the form:
T T 0]
oC==+m=>w=—(0+2n)=—2(1+2n
5 ZC( ) 5 ( ), (24)

i. e. in the solution (16), the natural frequencies may assume only certain discrete
values. Then (22), in view of (23) and (24), will assume the form:
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Aw = Aa;‘)(l + 2n) = const (25)

This means that, there are only discrete values in the equation (22), and the object
motion will proceed along the direction of movement of the wave front.
Moreover, from the equation (14), taking into consideration (16), it follows

N (X, 1) _ i Ao eii(‘;x—wt)

=k*x=k?*9 26

X 3 ’ (29)
Taking into account (22), we obtain

24C2)) 3=k 9% = const . (27)

The equality (27) is nothing more than the realization of (10) for n=1.

4. Extension of the Optical-Mechanical Analogy
Consider the trajectory motion of a particle satisfying the equation (14)

N

X = kg. The trajectory motion of the particle, as it follows from (21),
corresponds to the wave motion that satisfies the wave equation:
AV (X, 1) _[k N )2 ON (x,1)

A? X X

Qx—wt
g

0. (28)

i(
The function (16) V (X, t) = Ae will satisfy the equation (28), provided the

k™9
equality (24) is fulfilled. In this case, we get ‘A‘ZT Suppose that

K™ =M is the mass of the particle. Then the amplitude‘A‘ has the dimension of

action. If we take A= Z =h , Where h is the Planck constant, then there follows

from (25) the rule of energy quantization, which is the same as the one considered by
Schrddinger in the case of Planck’s oscillator. Moreover, by considering (23) we
obtain from (26)

ho
—=mg
g . (29)

Using these results, it is possible to indicate the following relations between wave and
particle:
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2
9=9 w="0"_2=
nooh
X (30)
A=—1, A=n
m3

Moreover, the wave and trajectory measurements can be described by one and the
same wave function:

1 o

) . .1
+i(—x—awt +i—(—X—hawt +i—(m9—Et
(9 h( 3 ) h( )

V(x,t) = Ae g he = he (31)

In the relations (30), the basic fact is the equality between the phase velocity of wave
and the particle velocity, while in quantum mechanics the particle velocity is equal to
the group velocity of Louis de Broglie’s waves. The condition (25) of energy
quantization is produced naturally as a result of solving the inverse problem.

Consider now in what way the V-function method is related to the optical-mechanical
analogy of N.H. Chetaev [13, 14]. To this end, we first show how the local variational
principle is connected with the Hamilton principle.

t
If the Hamilton principle &S = 5U Ldt] =0 determines the state of a mechanical
t0

system on a fixed time interval, and the equations of motion derived from this
principle determine the state at each time point, then the local principle determines
also the wave process within the state.

iS(a.t)
Suppose that V (q ) t) =e N , Where S is the main Hamiltonian function.
Then

i iS : is is
5(d_Vj _5(I_d_seh] :I_é(d_S)eh_id_Séseh =0 (32)

dt/  “\hdt h "\dt h? dt
Hence, the following equalities should hold separately:
A= o
dt
oS5=0 | (34)
iS

As seen from (34), for the representation V =" the local principle contains the
Hamiltonian  principle. At the same time, the Hamiltonian action

t
S = _[ Ldt should satisfy the additional condition (33).
to

In his work [13], N.H. Chetaev demonstrated how a stable motion of a holonomic
conservative system relates to the wave equation, a mathematical theory of light
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propagation due to Cauchy. He proceeded from the stability of the equations in
variations for the reduced system:

=~ O AN
232 (a, W)y
‘ .,Zla’q A, %)
Here the condition of stability is taken in the form:
O AN
2. —|a——|=0 (36)
i,j:léth éqj

Using this condition for the function @(Et+W), he obtained the wave equation:

2UE+U) D & a[ o’tbj

ST =Y @)
E a> Za\’a,
where
E is the constant of kinetic energy,
U is the force function of the system.
From the equation (33) we have:
5q ( j&l 5q =
(&) -aZan-Tala)aTa
(38)

A, ( j'-)5qi+ —5qi=0.
Z [ j Z j aql J le d]i
Taklng into account (35), and that S Et+W, as well as
M
qi ( i pl p U (q)j - a'i' p a|
Ofp ép Z j i ; j M Z ] a:]
we have from (38), passing to the matrix representation (A= AT) :

T T
O{a(&wj A&W} LW W

a\a) " a) a " aya )
W WO
aq Ay
The equation (39) holds provided that:
T{ﬂ(ﬂj ]:ﬁ (4] <o ”
g\ 2] 2]

which coincides with the condition (36) for a stable motion of the system (35).
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5. A Harmonic Oscillator
Consider a linear harmonic oscillator. The equation of the trajectory motion of an
object (particle)

mX = —kx (41)
mx° N kx® .
allows the first integral —E.
2 2
The square of the particle velocity assumes the form
., 2E—kx®
X=—— (42)
m

Substituting (42) into the equation (21) yields:

o _[ZE—kxzjﬂz\/ _o

A’ m X
(43)
We look for a wave function V(x,t) in the form of V(X,t)z w(X)@(t) . From the
equation (43), the following stationary equation is obtained:

2
" Mo

+———y =0

4 2E ol 14 (44)

The initial conditions (8), (15) for the function y(X) have the form:

v (X)), , =w(0)=0, v'(X)|_,=v'(0)=C; (45)
2E

As it is seen from the equation (44), ‘//[X = TJ =0 The fulfillment of this

condition is only possible for the specific values of the natural frequencies of the
equation (44). Let us reduce the equation (44) to the form
2

n
=0
1-¢ 4 , (46)

W” +

£ = X 5 mo® o°

=— . . b, N =
E is a dimensionless quantity, k 0)62 :
V k

Let us determine these frequencies numerically by solving the equation (46) with the
initial conditions (45). To this end, we introduce the auxiliary functions

!//1 = W :

v,=y"

and solve the system

where
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5 -1

by the fourth-order Runge-Kutta method with the initial values
w1(0) =0, ,(0) =C, We obtain

hw? , Wy W w? h?
2 _ NG _g p2=""2-20 2=""% _yp 2:—”4_72
o] 7 hw? 7 hw} T =2 w?

Taking into account the results of the optical-mechanical analogy 2E =7%®, we
arrive at the quantization rule of the harmonic oscillator energy in the following form

E’,—2E’, +E’ =AAE’ = 2h*w) (47)

n+2 n+1
Thus, in the case when the trajectory motion of the object is directly connected with
the wave motion, the harmonic oscillator energy can assume only certain discrete

values: E =6M"ay, E2 - 2tha)o’ =42n*af, E; =T2n’c}

These values can be also obtained analytlcally using the Maple software complex

1 kx? 5 1 [4mo? 5 1 [4me? 37 kx?
\y(x)=EClx(E2)hypergeomU4+4 " +1] L 2 " +1}{2},EJ

and as a series

kx? 16k-mo? , 1 (6k —mm )(20k moa) NN
X —CX E—— 1+ ——F— X+
W)= g B 480 £2

1 (6k—mo?)(20k —me’)(42k —mo®) 6

40320 ES
1 (6k —m?)(20k — me?)(42k — mw?)(72k — me?) &)
5806080 E4 '

As is known, Schrddinger obtained a rule of energy quantization for the harmonic

1
oscillator in the form E, :(n +§)hwo. If these results are substituted into the

equation 47), we have

1Y 1Y 1Y
{(n+2+§j —2(n+1+5j +(n+§) ]hza)g—tha)j, ie. we have an

identity.



An Optical-Mechanical Analogy And The Problems 2947

6. Motion of an electron in a hydrogen-like atom

Consider the motion of an object (particle) in a 3-dimensional potential field of forces
in the Cartesian coordinate system. Let the trajectory equations of the object (particle)
(5) allow the first integral of motion in the form of the energy conservation law of the
particle, i.e.

m(x? + y* + 2?)
2
where m is the particle mass, E is the total energy of particle, U is the potential

energy of the particle. Then the motion of the object (particle) is completely described
by the following system of equations (48) and (21):

+U(X,y,2)=E, (48)

m$?
+U =E,
oV (49)
P $*VV =0.
o o* o7 . : .
where V7 = Py + Py + Y is the Laplace operator, §% =% + y2 + 2% is the

square of the particle velocity. Hence, the second equation, taking into account the
first, assumes the form:

oV 2(E-U)
A? m
We apply the method of separation of variables in the equation (50)

V =X(xy,2)T(t)),

VAV = 0, (50)

d*T (t)
2 2(E-U)V?*X(X,Y,z
dt _ ( ) (x,y ):_0)2. (51)
T(t) mX (X, Y, 2)
As a result, we obtain the following stationary equation
MVZX +0’X =0 (52)
m
It is known that the potential energy of a hydrogen-like atom is equal to
U(r) =—2e*/r (53)
2(E + Ze%/r
In this case, the equation (52) takes the form ( o / )VZX +’X =0, or
2 A2 2v
(—ﬂo+?)VX+a)X_O, (54)
2E 27¢°
where B =—"—, a= .

m
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In the equation (54), we pass to the spherical coordinate system:
2
(ﬂo ]1 a(r 6} 1 i(smei}#@ X +0'X =0. (55)
or\ or) r°sinfdob 06 ) r?sin’0 o9’

where iﬁ(r2§j+ L i(sin 0ij+ L a—z—Vz is the Laplace
Zorl or) rZsin@oo\”  06)" risin?d og? P

operator in the spherical coordinate system.
Applying again the method of separation of variables(X = R@@), we arrive at the
following equation:

2
d?‘l‘klz@:O’
®»
2
} i[sinﬁd@j k12 = const =—I(1 +1),
Gsin 6 do dg) sin”@
2 2
dr dr _%+f

The solutions of the first two equations in (56) are known. It is the third equation that
is of interest. If we make a change R = u/ I, then we get

d?u ko I1(1+1)
dr2+£a—oﬂ2r_k§_ r2 u=0. ®7)
0
2 2
Wherekozzw—zz—wm.
B 2E

The resulting solution of the direct problem of dynamics for the equation (57) must
satisfy the natural condition u(r=r)=0 (where 1,=a/f; =-Z¢"/E=2¢e*/|E|),
which corresponds to the fulfillment of the boundary condition (7), when the wave
amplitude becomes zero for r =r,, where, respectively, as a solution of the inverse

problem, there arises a trajectory of the particle (electron). Taking into account
asymptotic solution of the equation (57) (r —o0), let us write its general solution in

the form u=cu (r)+c,u,(r) =e " f (r)+e"’ f.(r). Substituting it into (57),
we obtain the following equation:

gﬁﬂg%gm+ﬁﬂ 'ﬂ”qu 0 (58)

0
where B, =Kial B =1Ze’w’m, | E?.
The solution of the equation (58) for | =0 will be looked for as the following power

series f.(r)= Z a( - l’ —r) The equation (58) after this substitution takes
the form
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im(m ~1)aP(r, —r)"* F 2koima§f)(r0 r) 4 ﬂlza“)( " =0, =
m=0 m=0

m=0

> [(n+naf? F 2knat” + B2l )(r, —r)" =0, (59)
n=0
The equation (59) is identically satisfied only when r =r, or when all the coefficients
of the obtained series are equal to zero, i.e. (N+1)nal”, F2k,nal” + gal" =0. 1t
follows that @, =0, and the coefficients a‘*,

@ _E2KnN—F

n+l — a‘n

(n+Dn !

because on the basis of the inverse problem of dynamics, we seek the trajectory of a

particle (an electron). Besides, we have to satisfy the relations (15) and (7), which
hold under the condition

satisfy the recurrence relation

(60)

2

w'm
B =2k,n (B, =1Ze*w’m, 1 E? k= g B>0k>0). ()
This condition is satisfied only when the series
f.(r)= Z a‘*’ r —r " terminates, i.e. @' =0 for m>n+1. This results in
the following solutlon

u, ,(r) =Cexplk, r¥> " a(r, —r)", 62)
where C is a constant,
b, = 20°n° /(Ze’m,) (63)

is the radius of the n-th state of the particle (electron), which is obtained from (61) on
the basis of the connection between frequency and energy 2E = 2@, which follows
from the optical-mechanical analogy. Also, from the equation (61) which takes the

form E*/ @® =—1Z%"m,/n? inview of @® =(2E/A), we found the value of
the energy of the n-th state of the particle (electron)

Z%'m 1
By=-— 2 (64)

Note that the energy of the n-th state is exactly the same as the solution obtained in
Bohr's model [15] or on the basis of the stationary Schrédinger equation [16].

7. Discussion and conclusion

The described research indicates that Louis de Broglie's desire to overcome the wave-
particle dualism by means of the concept of the pilot-wave finds a justification here
through extension of the optical-mechanical analogy which is solved at the level of
wave optics. Moreover, the wave function V(x,t) is not only somehow connected with
the motion of the particle, but directly expresses the motion itself, which always has
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the wave nature whether it be light or any other object. If the wave function (V-
function) has the dimension of action ([kg][m/s][m]), then the energy quantization of
an object (particle) for the case of uniform rectilinear motion occurs according to the
same rule as Schrodinger’s rule for the harmonic oscillator. At the same time, it
becomes obvious that the resolution of the classical quantum physics is insufficient
for the detection of energy quantization in the rectilinear motion with constant
velocity.

The V-function method for the harmonic oscillator allows establishing the appropriate
picture of the energy quantization (64). As it is known, for the actual microscopic
oscillators interacting with the light [17], the transitions can take place only between
neighboring levels which is completely consistent with our results.

In simulating the electron motion in the Coulomb field, the method of V-function
allows establishing a rule of energy quantization of a hydrogen-like atom which fully
agrees with the classical results of Schrodinger and Bobhr.

References

[1] Polak L.S. Variational Principles of Mechanics and Their Development and
Application in Physics. Moscow: Physical and Mathematical Literature
Publishing (Fizmatgiz),1960. 549 p.

[2] De Broglie L., Recherches sur la theorie des quanta. Ann.de Phys., t. 111, 1925,
pp.641-667.

[3] Louis de Broglie. Waves and Quanta. Quanta of Light, Diffraction, and
Interference. Quanta, the Kinetic Theory of Gases and Fermat's Principle //
Successes of Physical Sciences, 1967. Vol. 93. Issue |

[4] Louis de Broglie. Heisenberg uncertainty relation and the probabilistic
interpretation of wave mechanics. Moscow: Mir, 1986.

[5] H. Carmichael, An open systems approach to quantum optics. Lectures
presented at the Universite Libre de Bruxelles. — Berlin, Heidelberg: Springer,
1993.

[6] M.B. Mensky, Continuous quantum measurements and path integrals. —
Bristol and Philadelphia: 10P Publishing, 1993.

[7] D.Bohm, Quantum Theory.-Englewood Cliffs: Prentice-Hall, 1951.

[8] J.-P. Vigier and the Stochastic Interpretation of Quantum Mechanics, selected
and edited by S.Jeffers, B. Lehnert, N. Abramson, and L. Chebotarev.
Montreal: Apeiron, 2000. 291 pp.

[9] Knoll, 1.Yavneh, Coupled wave-particle dynamics as a possible ontology
behind Quantum Mechanics and long-range interactions, arXiv: gquant-
ph/0605011 v2 29 May 2006.

[10] Valishin N.T. Local Variational Principle: to a New Formulation of Direct and
Inverse Dynamics Problem. Diss. for Ph.D. in Physical and Mathematical
Sciences, Kazan, 1998. 111 p.



An Optical-Mechanical Analogy And The Problems 2951

[11]

[12]
[13]
[14]
[15]
[16]

[17]

Valishin N.T, Valishin F.T., Moiseev S.A. Trajectory-Wave Approach to
Electron Dynamics in Hydrogen Atom. // Cornell University Library, 2011,
arXiv: quant-ph/1102.1654v1.

Hertz H. The Principles of Mechanics, Presented in a New Form. Moscow,
1952.

Chetaev N.H. Stability of Motion. Works on Analytical Mechanics. Moscow:
AS USSR Publishing, 1962. P.393-406

Ibid. P.245-249

Schrodinger E. Quantization as a Problem of Eigenvalues // Variational
Principles of Mechanics. Collection of papers. Moscow: Physical and
Mathematical Literature Publishing (Fizmatgiz), 1959. P.668-704.

N. Bohr, On the constitution of atoms and molecules. — Philosophical
Magazine, 1913, v. 26, p.1-25, 476-502, 857-875.

Goldin L.L., Novikova G.l. The Quantum Physics. Introductory Course.
Moscow, 2012, 496 p.



2952 Nail Talgatovich Valishin



