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Abstract
In this paper, we give a sufficient condition for (m1;)-hypercyclic operators on a sep-
arable F-space and we show that the criterion is equivalent to (m;)-hypercyclicity
for the weighted backward shifts.
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1. Introduction

A continuous linear operator 7' on a separable F'-space X is said to be hypercyclic if the
T -orbit of some vector is dense in X and thus the orbit intersects with each non-empty
open subset of X. A question is that how frequently can such an orbit visit each non-empty
open set and this leads to a notion of the frequent hypercyclicity guided by the Birkhoff
ergodic theorem, [1]. General criterions for hypercyclcity and frequent hypercyclicity
have been developed in [10, 6] and [1, 5], respectively. In [3], F. Bayart and E. Matheron
introduced a notion of (my)-hypercyclicity by controlling the frequency of the orbit
visiting each non-empty open set, where (my)keN 1S an increasing sequence of positive
integers. It provides us various examples of linear operators between hypercyclicity
and frequent hypercyclicity. In this paper, we give a sufficient condition for (my)-
hypercyclicity following the ideas given in [4] and [8]. As an application, we show that
the criterion is equivalent to the (my)-hypercyclicity for the case of weighted shifts.

!This work was supported by Seokyeong University in 2014.
2Corresponding author.
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2. (my)-hypercyclic operators

Let X be a separable F-space and let £(X) be the space of all continuous linear operators
on X. An operator T € L(X) is hypercyclic if there exists a vector x € X such that the
T-orbit O(T,x) ={T"x |n=20,1,2,---}isdensein X. Such a vector x € X is called
a hypercyclic vector for T. If T is hypercyclic, then for any non-empty open subset U
of X, the set

Nx,U)={neN|T"x e U}

is non-empty, where N is the set of all positive integers. For a subset A of N, the lower
density of A is defined by

ANI[l, N
dens(A) = lim inf M
N—o00

where |A N [1, N]| denotes the cardinality of the set A N [1, N]. An operator T is said
to be frequently hypercyclic if there is a vector x € X such that for every non-empty
open set U, N(x, U) has positive lower density. Such a vector x is called frequently
hypercyclic for T. Let A be an infinite subset of N and let (ny)xen be an increasing
enumeration of A. It is easy to see that A has positive lower density if and only if there
is a constant C such that

ng < Ck forallk > 1. 2.1

Thus, a vector x € X is frequently hypercyclic for T if and only if for each non-empty
open subset U of X, there is a strictly increasing sequence (nx)k>1 and some constant C
such that

T"x eU and ny <Ck

forall k € N.
We introduce a lower density of a subset of positive integers which depends on a
sequence of positive integers.

Definition 2.1. Let (m;)ren be an increasing sequence of positive integers and let A C
N. The lower (my)-density of A is defined as

INCx, U) N[0, mi]|

k (2.2)

(my)-dens(A) = lim inf
k—o00

Let (nx)xen be an enumeration of A and (my)-dens(A) > 0 if and only if, for some
constant C > 0,
ny < Cmy forallk > 1. (2.3)

Definition 2.2. Let (my)ien be an increasing sequence of positive integers. An operator
T on a separable F-space X is said to be (my)-hypercyclic if there is a vector x € X
such that for each non-empty open set U in X, the lower (my)-density of the set N(x, U)
is positive. In that case, the vector x is said to be (my)-hypercyclic for T'.
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A vector x € X is (my)-hypercyclic for T if and only if for each non-empty open
subset U of X, there is a strictly increasing sequence (n,) and some constant C such that

T%x eU and ni < Cmy

for all k € N. For example, the frequently hypercyclic operators are the (k)-hypercyclic
ones. Also, g-frequently hypercyclic operators given in [8] are (k?)-hypercyclic.

Let || - || be an F-norm defining the topology of X and let (x;);en be a dense sequence
in X. Then a vector x € X is (my)-hypercyclic for T if there exist subsets J; of N,/ > 1
of positive lower (my)-density such that, foranyn € J;and € > 0

IT"x — x;|| < e.

In order to show that an operator is (my)-hypercyclic, one may need the following lemma
which is modified from the Lemma 2.5 in [5].

Lemma 2.3. There exist pairwise disjoint sequence (J,),>1 of subsets of N such that
(a) foreachn > 1, (my)-dens(J,) > 0;
(b) ifl € J,, then! > n;
(©) |p —ql = max{n, m}, for (p, q) € Ju X Jy.

1
Proof. Let I, = 2"N\ 2"*!N = 2"(N \ 2N). Since dens(N \ 2N) = > dens (I,) > 0

foralln > 1. Fori > 1, define
ri=n ifiel,
and

i—1
n; :2er—|—ri. 2.4)
v=1

Foreachn > 1, let
Ap={n; |i €l,}

Then, as shown in [5], each set A, has positive lower density and satisfies the condition
(b) and (c), forall n > 1. Let I, = {ix | kK > 1}. Since dens (I,,) > 0, by (2.1), there
exists C > 0 such that

ip <Ck forallk >1

Since A, = {n; | i € I,} = {n;, | k > 1}, by (2.1), there exist M > 0 and C > 0 such
that
ny < Mix < MCk. (2.5)

Let I} = {iy, € I, | f > 1} and let

Jn = lax € Ay | ax = ni,,, ,im, € I k> 1}
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Then, as in (2.5), it is easy to see that
ar < Mmy, for some M > 0.
In other words, (my)-dens(J,) > O foralln > 1. [

Let us recall that a series an in a normed space is said to be unconditionally

convergent if for every permutation o of N, Z Xg(n) 18 convergent, see [9] for details.
o0
As givenin[5], a collection of series Z Xn.k» k € J,1scalled unconditionally convergent,

n=1
uniformly in k € J if for any ¢ > 0O there is some N € N such that for any finite set
F C [N,o00) NN and every k € J we have

Dk

neF

< é.

We now have a sufficient condition for an operator to be (m)-hypercyclic and it will
be referred as (my)-hypercyclicity criterion. For simplicity, a sequence (J,),>1, given
in Lemma 2.3, will be referred as an (my)-hypercyclicity sequence. The proof of the
following theorem is essentially the same as the proofs given in [5] and [4], and we
simply sketch the proof.

Theorem 2.4. Let X be a separable F-space and let 7 € L£(X). For an increasing
sequence (my)x>1 of positive integers, let (J,),>1 be an (my)-hypercyclicity sequence
andlet J = U J,,. Suppose that there exist a dense subset Yo of X andamap S : Yo —

n>1

Yo such that for all y € Yy,

1. Z S"y is unconditionally convergent, uniformly in/ € N,

neJ

2. foranyi > 1, thereexists/ > i such that Z Tks" y is unconditionally convergent,

neJ
uniformly in k € J,

3. there is an [y > 1 such that Z TkS”y is unconditionally convergent, uniformly

neJ;
ink e U Ji

1>y
4. TS = I, the identity on Y.

Then the operator T is (my)-hypercyclic.
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Proof. Since X is separable, we may assume that Yo = {y; | [ > 1}. Let¢; > O be a real

number such that Z €; < oo. Then for each ¢; > 0, there exists N; € N such that
l

Y S| <e (2.6)

neJiNF

for any finite set ' C [N}, oo) N N. Define

=33 s @.7)

=1 neJ;
Then by assumption 1, we have
o0 (o.@]
YD s <) e < oo (2.8)
I=1 |nesinF I=1

and hence x € X.
Fix [p > 1 and k € Jj,, then

(0,0)
T'x =YY T'S"y

=1 neJ;

(0.¢] 0.¢)
DTS+ ) Y TR 4y
=1

n<k, I=1 n>k,
nelJy nelJy

o0 o0
=Y DT 40D S i+

=1 neJ; =1 neJ;

The last equality follows from the hypothesis 4. Now by the assumption 2 and 3, we
have
= €n

|7t =

and x is a (my)-hypercyclic vector. |

3. (my)-hypercyclic weighted shifts

Let X = ¢ (Zy)or X = co(Z4) andletw = (w,),>1 be abounded sequence of positive
real numbers. The weighted shifts on X is given by By (x) = (w1x1, waxs, - - - ), where
x = (x0, x1,---) € X. Let ¢, be the canonical basis for X, n > 0. Then

00
wa = Wr+1 " Wr4nXr4n€r-
r=0
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or
Bwep = 0, Bwe, = wye,

Suppose that the operator By is (my)-hypercyclic and let x = (x,),>0 be an (my)-
hypercyclic vector for By. Then for any n > 1 and ¢, > 0, there exists a sequence (R),)
of subsets of N, which is of positive lower (my)-density, such that for any j € R,

n
; 1
Blx — ¢y Zer < — (3.9)
n
r=0
or
(o]
. 1
Z Wyl Wy jXpj€r — Cp el < ;
r=0 r=0
Thus, for 0 < r < n, we have
1
|Wrg1 - WrtjXp4j — Cnl < "
or
Cn_; < |wr+1"‘wr+jxr+j| <cn+; (3.10)
and for r > n,
|wy 41 "'wr—l—jxr-i-jl < ; (3.11)

Lemma 3.1. If the weighted shift By on X is (my)-hypercyclic, then there exists a
sequence (R;),>1 of disjoint subsets of N such that for any j € R, and any [ € R,,,
Jj # 1, we have

|j — 1| > max{m, n}. (3.12)
Proof. For any j € R,, suppose that j +r € R, where 0 <r <mnand 1 <m < n.
Then, for0 <[ < m,

Cm — — < |wl+1"'wl—|—j+rxl+j+r| <cm+ —
m m

and for [/ > m,
1 1
+1 0 Wi jr X4 j4r — 7
|wyeq Wi iar Xiaiar] < < cpm+
m m

Thus for any / > 0, we have

|Wit1 - Wit jr Xt jtr| < Cm + -

Let/ =n — r. Then
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and
|wn—r—|—l .. .wnl . |wn+1 . "wn—|—j-xn+j| <cy+ %
Since the weight sequence (w,),>1 is bounded, there is a number M > 0 such that

|lw,| < M for all n > 1. By applying (3.10) to the above inequality, we get

(c—l>-Mr<c —l—l (3.13)
n m . .
n m

Similarly, if j — r € R,,, we get

1 1
ch—— <M. (cm+—>. (3.14)
m

n

Also, for the case when n = m, we have

1 1
ch——<—-M (3.15)
n o n

for j —r € R,. Thus, if we choose the sequence (c,),>1 to satisfy the condition

1> 1 +1 M +1 M’
cp——>maxy— |cn+—1, cm+—1, —¢,
n M m m n

then the sequence (R,),>1 satisfies the separation property (3.12). |

Let R = U R, and let (r,),>1 be the enumeration of R. Foreachn > 1, let (n;);>1

n>1
be the subsequence of (r,,),>1, which is the enumeration of R,. Then the separation
property (3.12) can be given as follows
|nj —m ;| > max{m,n} foralli, j>1.
We also may assume that the sequence (c,),>1 is increasing and lim ¢, = oo.
n—oo

Theorem 3.2. Let By, be the backward shift associated to the weight sequence w =
(Wp)n>1. If By is (my)-hypercyclic, then there exists a set {(n;);>1 | n > 1} of pairwise

disjoint sequences of positive integers such that

1. forany j > 0,anyn > j

converges unconditionally;
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2. forany j > 0,anyn > j,any/ > 1

o0

Z €n,—li+j

Wit Way it

=< -M,

~ | —

where M,, — 0 asn — oo.

Proof. (a)Let0 < j < n and let x be a (m)-hypercyclic vector for By,. Then by (3.10),

1

Cn = < |Wjt1 - Wi Xjyn; | < Cn + ”

and so |

Cn n

. ] < |xj+n,‘|
|Wjt1 - Wi, |

Now, we have

o0

>

Py wl"'wj+n,~

wl ...wj

e Wit Wjin;

[e¢]
Xj+n;€j+n;
< E SR T by (3.16)
l=1 U)l"'w] Cn_ﬁ
(0.¢]
Z €jtn; < 1 ||x||1
i—1 Wi - Wjtp; |LU] wlen—g
— 0 asn — o0
(o.¢]
en,-—f—j ..
Thus E ——————— converges unconditionally.
Wy - Wyt

i=1

(3.16)

(b)_Let n > j > 0,1 > 1. Then by the definition of the sequence (/;);>1, we have

1 l
7 > Bé@x —q Z e,
v=0

00 l
= Z Wy41 ** Wy Xy €y — (] E €y
v=1 v=0
00
= Z Wy41 *** Wy Xp4[; €
v=[+1

)
+ Z{wv—i—l s Wyl — crley
v=0
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(o.¢]
z E Wy41 * - Wy X+ €y
v=I[+1
[e.@]
= E Wyt1+j * Wytlj4jXv+i+j€v+)
v=[+1
o0
= E Wny—li+1+4j " Wny+jXny+j€n,—li+j
v=1
w . ... w .
j+1 ny+j
- xnv+jenv_li+j
oy Wil Wy —litj
Thus we have
o0
1 1 n,—li+j
J
- >(cp — ) —
l noiT Wil Way—li+j
or
o0
Z Cny—li+j < 1 1
. DY - - ' 1
v Wi+l Wn,—l;+j I e, - 0

2931

Theorem 3.3. Let By, be a weighted shift on X. Then By, is (my)-hypercyclic if and

only if By satisfies the (my)-hypercyclicity criterion.

Proof. By Theorem 2.4, we have only to show thatif By is (m)-hypercyclic, By satisfies

the (my)-hypercyclicity criterion.

Let By, be (my)-hypercyclic, then thereis aset {(n;);>1 | n > 1} of disjoint sequences

X1

satisfying the conditions given in Theorem 3.2. Let S(xg, x1,---) = (0, E, —, )

and let Yy = span{e, | v > 1}. First note that
| B;‘V_‘x, if n>i,
ByS'x =18 "x, if n<i,
X, if n=1i
Let j > 0. For any n > j, we have

o0

m .
S"”e- _ e”v+]

E ji= E

v=1

o Wit Wiy

o0 e
Z ny+j

w; wy’
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By Theorem 3.2, the sum converges unconditionally, for all » > j and this shows the
condition 1 in Theorem 2.4.
Let j > 0. Forany n > j, we have [; —n, > max{/,n} > j. Thus

o0
li—n _
Z Bvé, vej = 0,
v=1
which proves the condition 3.
Since .
ny—=l; = __ ny—li+j
STe; = ;

Wi4j - Why—1i+j
by Theorem 3.2,

0

ny,—I;
25" he

v=1

o0

Z Cny—li+j

Wit Way—lit
1

Cn_

A

1
I ¢, —1

o0
If n — oo, then || ZS””_I"ejH — 0. Thus for any € > and [ > 1, we have

v=1

o0
Z §vlig j| < € and this shows the condition 2. [ |
v=1
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