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Abstract
In this paper, we derive a family of differential equations associated with Peters
polynomials from which some new and interesting identities are obtained for those
polynomials.
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1. Introduction

The Peters polynomials are defined by the generating function

- X . . tn
T+ +0n) " a+0 =’§Pn<x,u,x>a<see [2.3,4,9)).

They form the Sheffer sequence for the pair (g(r) = (1 + ¢*), f(t) = ¢/ — 1). When
u = 1, they are called Boole polynomials.

In [5, 6], the authors developed a new method for obtaining some new and interesting
identities related to Bernoulli numbers of the second kind and Frobenius-Euler numbers
of higher order arising nonlinear differential equations. This method of using differen-
tial equations turned out to be very useful tools for studying combinatorics of special
polynomials and mathematical physics (see [1, 5, 6, 7, 8]).

In this paper, we derive a family of differential equations having the generating
function for Peters polynomials as solutions. Then from the differential equations we
obtain some new and interesting identities for those polynomials .

2. Some identities of Peters polynomials arising from
linear differential equations

Throughout this paper, all derivatives will be taken with respect to . Let
F=F@;x,u, 1) =0+ 1 +0"H1 +0) 2.1)

Then, by (2.1), we get

) d
FY@ x, m,A) = EF(I; X, Ly )

=—pu(l+ A+ A+ A+ 0"+ (1+ A +0N) 21+ 52
=+ A+ A+ P (1+A+0") A+ !
=— A uFt;x+A2—1,u+1,0)+xFt;x—1, 1, 20),

and

d
FO@x, u, 2 = EF(D(I; X, [, A)

=—auFVex+r—1Lu+ 1,0 +xFP@x—1, 0,0
= =AM (A +DFEGx+20 =2, u+2, ) +(x+A—-DF@x+4 =2, 0+ 1, 1))
=(-A\)2 <pu > FO;x+20 =2, 0 +2,4) —Aux + A= DF(@x+A =2, w+ 1, 1)

+ (2 F(t5x — 2, 1, A),
(2.3)
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where < x >o= 1, X))o =1, < x >=x(x+1---(x+n-1), x), = x(x —
D---(x—n+1),n=>1).

Similarly to the above, from (2.3) we obtain

F(3)(t;x, W, A)

= (=2 <u>3 Ft;x +31 =3, 043, %)

+ (N2 <u >y Bx+3A=3)F@t;x+20 =3, u+2,1) (2.4)
+ (B30 = 2Dx + = DA =) F(tx + 4 =3, u+ 1, 1)

+ (x)3F(t; x — 3, u, L).

From these observations, we are led to put

d N

dt
N
=D (W) <> a(Nix, VF @ x +ik = Nop+i, h),
i=0
(2.5)
where N =0,1,2,....
Taking the derivative of (2.5) with respect to ¢, we have
N .
FND@x, ) =Y (-0 <> ai(N:x, ODFO @t x +in— N, p+i,2)
i=0
N .
=D W) <> a(Nix,2) (A +DF @ x4 G+ Dh =N =L +i+1,4)
i=0
+(x+il—=N)F(t;x+ih—=N—1,u—+1i, 1)
N
=> T < p > a (Vi DF@x + G+ DA =N = Lu+i+1,2)
i=0
N
+Y (=W <> +ik—N)ai(N;x, DF(tix +id—N— 1, u+1i,2)
i=0
N+1

=Y (-0 <p > (Nix, VF(t;x +ik—N—1,pu+i,2)
i=1
N .
+Y (=W <> (+ik—=N)ai(N;x, DF(tix +ik— N =1, +1i,2).
i=0
(2.6)
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On the other hand, by replacing N by N + 1 in (2.5), we get

FND@x, 1, 1)

N 2.7)
=Y (W <p>ia(N+1Lx, OF@Ex+ih=N =1 p+i k).

i=0

Comparing the coefficients on both sides of (2.6) and (2.7), we have

ao(N +1;x,1) = (x — N)ao(N; x, 1), (2.8)
an+1(N +1;x, 1) =an(N; x, L), (2.9)

and
ai(N+1;x,A) =a;—1(N;x,A) + (x +irk — N)a;(N; x, 1), (2.10)

where 1 <i < N.

Also, from F = F(O)(t; x, i, A) = aog(0; x, A)F(¢t; x, u, A), we have
ap(0; x, A) = 1. (2.11)
Now, by (2.8), we get
ag(N +1,x,A) =(x — N)ag(N; x,.) = (x = N)(x — N + Dag(N — 1; x,A)

=(x—N)x—N+1)---xa9(0; x, L)
=<x—N >N+1 -
(2.12)

From (2.9), we note that

an+1(N +1;x,4) =an(N;x,2) = - =ai(l; x,A) =ap(0; x, ) =1.  (2.13)
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Fori = 1in (2.10), we have

aif(N+1;x,X) =ap(N; x,A)+ x4+ XA —N)aj(N; x, )
=ag(N;x,\ )+ (x+A—N){ag(N — L;x, )+ (x+A—N+ Da(N —1; x, L)}
=(ao(N;x,A\)+(x+X1—N)ag(N — L;x,\)+ <x+A—N>ai(N—1;x,1)
=(ap(N;x,A)+ x4+ XA —N)ag(N — 1; x, 1))
+<x4+A—=—N>(alN—-2;x,\)+x+A1—N+2)a; (N —2,x,1))
=(a(N;x, )+ (x+A—N)ag(N —1;x, )+ <x+X1—N >ra9p(N —2;x, 1))
+<x4+A—=—N>3a(N—2,x,A)

b

<XxX+A—N>rag(N —k;x,\D)+<x+A—N>yai(l;x,1)

~
I
=

Il
M=

<x+A—N >pag(N —k; x,\).

k=0
(2.14)
Analogously to the case of i = 1, fori = 2 and i = 3, we obatin
N—1
a(N +1;x,0) = Z <x4+2A =N >pa;(N —k:x, 1), (2.15)
k=0
N-2
as(N +1;x, ) = Z <x4+332=N > ax(N —k;x, 1. (2.16)
k=0
So, we deduce that, for1 <i < N,
N—i+1
a;j(N +1;x, 1) = Z <x+ik—N>pa_1(N —k;x, ). (2.17)
k=0
3. Explicit expressions
From (2.14), we have
N
ai(N+1;x,A) = Z <X+A—=N > ao(N —kyi;x, 1)
k=0 (3.18)

N
:Z <xX+A=N><x—=N+ki+1>y_,
k1=0
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In the same fashion, we can show that
N—1N—1—k;

aﬂN—i—l;x,K):Z Z <X+2L—=N>p<x+A—=N+k +1>
Py (3.19)
X <x—=N+4+ky+ki +2 >Nk —ky—1-

and

az(N +1; x, 1)

N—-2N—-2—kz N—2—kz—k;
:Z Z Z <X+3A=N>u<x+2L-=N+k3+ 1>

k3=0 k=0 k1=0
X <X+A=N+ki+kry+2><x—N+k3s+ky+ki +3>N_t3—ky—k;—2 -

(3.20)
Thus we have, for 1 <i < N, that
N—i+1 N—i+1—k; N—i+1—ki—-—ko
ai(N+1;x,)) = Z Z Z
,~ =0 Kia=0 A (3.21)
<[+ —N+ Z kj+i—1)(x=N+> k +i)N_i+1_z;:1k,--
=1 j=l+1 j=1
Remark. (3.21) holds also fori = N + 1.
Altogether, we obtain the following theorem.
Theorem 3.1. The following family of differential equations
N
FM =1+ N3 (-0 <> ai(N:x, DA+ A+ (A +0)*F
i=0
N . .
=1+ (=0 <p>ia(N;x, )1+ A +0"H7'F.
i=0

have a solution
F=F@tx,mn)=(1+0+0)"1+0",

where ag(N; x,A) =<x — N+ 1 >y,
N—i N—i—k; N—i—kj—-—ky i

ai(N; x, ) = Z > Z nx—l—lA N+Zk+z—l+)

=0 ki_1=0 j=I+1

i
x(x =N+ kj+i+ 1>N—i—z;:1k,-'
=1
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4. Applications

Recall here that the Peters polynomials P, (x) are given by the generating function

F=F@x, A =(1+0+0") " A+0)

o0 tn
=D Pl 0.
n:

n=0
Thus, by (4.22), we get

d N
F(N)([,_x,,u,,)\.):<—> F(t’xaM’)\')
dx

n

- t
=D Parn(@ip ) —.
n:

k=0
From Theorem 3.1, we note that
FM(t;x, 1, 2)
N
=D (W) <> a(N;x, VF @ x +ik = Nop+i, )
i=0
N 00 m
=D W <pu>iai(Nix,h) ) Palx +ik—Nip+i )~
i=0 n=0 n!

n=0 Ui=0

00 N
=) {ZH)" <> ai(N;x, ) Py(x +ik = N; u+i,x>} :

(4.22)

(4.23)

(4.24)

Therefore, by comparing the coefficients on both sides of (4.23) and (4.24), we obtain

the following theorem.
Theorem 4.1. Forn, N =0, 1,2, ..., we have the following identity

N

PN s 1) = ) (1) < > ai (N3 2, M) P+ id = N3 e+, 2),

i=0

where a;(N; x, A)’s are as in Theorem 3.1.
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