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Abstract

Let G (o, B) and G,.(c, B) be the generalized classes of analytic functions with
respect to conjugate and symmetric conjugate points of order § where functions in
both classes satisfy the conditions

( 221 (2) + 2022 f" (2) )
Re -] > 6,
l-a)(f@Q+f@)+az(f @+ f@)

z € FE and

( 22f (2) + 2022 " (2) )
Re -] >4,
1I-a)(f@-f(D)+az(f @ — f(-2)

z € E respectively for 0 < § < 1 and 0 < o < 1. In this paper, the coefficient
estimates and the upper bounds for second Hankel determinant for both classes are
determined.

AMS subject classification: Primary 30C45.
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1. Introduction

Let S be the class of normalized, analytic univalent functions in the unit disk £, |z] < 1
written as

f@Q=z+) an?". (1.1)
n=2

Set P is the set of all functions that can be represented in the form

p@) =1+ an". (1.2)

n=1

that are regular in E, such that for z in E, Re(f(z) > 0).
Let S; be the subclass of S consisting of the functions given by (1.1) such that

o @
R 0, E.
e(f(Z)-f(-Z)) ThEs

This class was defined by Sakaguchi in [1], called the class of starlike functions with
respect to symmetric points.

El-Ashwah and Thomas [2], introduced functions f € S* to be starlike with respect
to conjugate points denoted by f € S and starlike with respect to symmetric conjugate
points denoted by f € S* if

Re Zf—(z)_ >0, zelk,
f@Q+fQ®@

e zf (Z)_ >0, z€kE
f@—f(=2)
respectively.

Halim [3] then defined the class of functions starlike with respect to conjugate points
of order § denoted by S (8) and the class of functions starlike with respect to symmetric
conjugate points of order § denoted by S;.(8), where functions for both classes satisfy

Re L(Z)_ >48, z€E,
f@Q+ 1@

e 2ZfL >4, z€E
f@—=f(2)

for 0 < § < 1 respectively.

and

and
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In terms of subordination, Goel and Mehrok in [4] generalized the Sakaguchi class by
introducing the class S; (A, B) as the class of starlike functions with respect to symmetric
points, such that the functions in this class satisfy

2z (2) L l+4e
f@—f(=z) 1+BZ

where —1 < B < A < 1; A, B, are the arbitrary fixed numbers.

Subsequently, Dahhar and Janteng [5], generalized both El-Ashwah and Thomas [2]
and Goel and Mehrok [4] class by introducing S (A, B), the class of starlike functions
with respect to conjugate points.

The class S;. (A, B) is the class of starlike functions with respect to symmetric
conjugate points which was defined by Ping and Janteng [6].

We define G, («, §) as the class of analytic functions with respect to conjugate points
of order § and Gy, (o, §) as the class of analytic functions with respect to symmetric
conjugate points of order §. The function f € § given by (1.1) in this class must satisfy
the conditions

z€eE,

Re ( 22 (2) + 202 f" (2)
l-0(f@Q+f@)+ez(f@Q+f@

),) >68, z€E (1.3)

and
Re ( 22f (2) + 222 " (2) )
(1—a)(f () - F(2) +az(f ) - F ()

respectively for 0 < § < 1 and 0 < o < 1. These classes are inspired by Selvaraj and
Vasanthi [7].

>68,z€ E (1.4)

2. Coefficient Estimates

We shall require the following lemma in order to prove our results.

Lemma 2.1. (Pommerenke [8]) If P € p(z) is given by (1.2), then |p,| < 2 for
n=1,23...
We give the coefficient inequalities for the class G, («, §) and G (@, 8).

Theorem 2.2. Let f € G, (o, §),thenforn >1,0<§ <1 and 0 <a < 1,

2n—2 .
2 248
jaz| < 1= (2.5)
2n—-1-868)0+2n—-1 ) e j—96
2n—1

2 248
< =0 2.6
il = G TS A T 2ne) [ =3 2.6)

j=1
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Proof. From (1.3) and (1.2), we have
2(z+ 2022 +3a32 + -+ ) + 20 (2a22% + 6azz® + -+ )
(1 —a) (22420222 + 2a323 + -+ ) + & (22 + darz? + 6a323 + - - )
=1+piz+pz*+--

-

Equating the coefficients of like powers of z we have

P1
1-81+a)’
;=84 p}
Q2= +2a)1 -6’
_(p3(1 =8+ p1p2) 2 —8) + p1 (p2(1 = 8) + p})
N B—=8)1+3x)2—-8) (-39

a) =

as

aq

9

W P2 =)A=+ pip3 2 =8+ p3( =5+ pip
5= 4-5604+4a)2—-96) (1 —9)
p1(p3(1 =8+ pip2) 2 —8) + p} (p2 (1 —8) + p?)
4-8)0+4a)B—-6)2—-8)1—-9)

(2.7)

Thus, we can conclude,

@Cn—-1=-8)0+Cn—-Da)ay =pu-1+d+a)arpr-2+---
+ (A +@2n —2)a)az-1p1 (2.8)

and
2n —§8) (1 +2na)azyy1 = ppn+ A +@)arpr+---+1+ 2n— 1D a)axwpr (2.9)

Utilizing Lemma 2.1, we have |p1| = |p2| = | p3| = | pa] < 2, thus, from (2.7),

2 2(3-19)
laz| < s las] < ,
1-6)0+a) 2-=38)1+2a) -5
2(4—96) 2(5-9)
lag] < las| < : (2.10)
(14+3a)(2—238) (1 —296) (1+4a)(2—-8)(1—29)

It follows that (2.5) and (2.6) hold forn =1, 2.
We now prove (2.5) using induction. Equation (2.8) in conjunction with Lemma 2.1
yield
2
<
T 2n-1-6)d+2n—-1Da)

‘a2n|

n—1 n—1
x [1 + 3+ @k D) lanl + Y (1 +2ka) mm] @.11)

k=1 k=1
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We assume that (2.5) holds fork = 3,4, ..., (n — 1) . Then from (2.11), we obtain

2
= 2n—-1-868)1+2n—1a)

|a2n‘

n—1 2k—2 . n—1 2k—1 .
2 24j-=96 2 24j-=96
1+E - +E — . (2.12)
k:12k—1—8j:1 j—9 k:12k—8j:1 j—9

In order to complete the proof, it is sufficient to show that

2
Cm—1-686)0+2m—-1) )
m—1 2k—2 . n—1 2k—1 .
2 24j—96 2 24j=96
1
x +sz—1—5n =3 +sz—5n =3
k=1 j=1 k=1 j=1
2m—2 .
2 246
- I1 ti=9 (2.13)
Cm—1-68)0+2m—-1)a) j—24

j=1

(2.13) is valid for m = 3.
Let us suppose that (2.13) is true for all m, 3 < m < (n — 1). Then from (2.12)

2
2n—-1-46)+2n—-1 )

2k—1

= 2 248 & 2 2+j-39
x 1+k§2k—1—5£[1 I +k§2k—5£[l I

(2 —=1)—1—-§6 2
_( 2n —1-9) )(2(n—1)—1—8)(1+(2n—1)o:)

n—2 2k—2 . n—2 2k—1 .
2 240 2 246
X 1+Z 1_[ - +Z 1_[ ;
Sdk—T-614 j-8 S 2k-s i -8
. 2 2 2ﬁ42+]—6
Gn—1-89(I+@n-Da) Q—-D-1-8 14 j=3
. 2 2 2ﬁ32+j—6
2n—1-8)(1+C2n-Da) Q-1 -0 =3

j=1
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B 2Q0m—1)—1-28) g SRS
"Qn—l—&(L+Qn—nax2m—4)—1—5)LI I
N 2 ) 2n—4 2+ j— s
(%—J—ﬁﬂl+@n—naf(ﬂn—n—l—&}1 Iy
. 2 | 2 Tf2+1—3
Gn—1-8(1+Qn—Da) Q—-D=5 14 j—6
B 2
T —1-851+Cn—Da)2n—1) —1-23)
2n—4 .
XIT(2+]—3x2fQop-n—1—5»
, j—90
j=1
. 2 | 2 Tf2+]—3
@n—1-8(1+Qn—Da) Q—-D=5 14 j—6
B 2 Eml I
__@n—1—8H1+Qn—Da)£! j—8

Thus (2.13) holds for m = n and hence (2.5) follows. Similarly we can prove (2.6). B

Remark 2.3. From Theorem 2.1, if we let « = 0 and § = 0, we obtain the results of
Dahhar and Janteng [5], by setting A = 1 and B = —1 in their results. Then, if we set
6 = 0, we obtain the results of Selvaraj and Vasanthi [7] by setting A = 1 and B = —1
in their results.

Theorem 2.4. Let f € G (o, 8),thenforn > 1,0 <d<land0<a < 1,

2 o428
jaz| < 122 (2.14)
2n(1—|—(2n—1)0t)j_1 2j—6
n—1
2 242j—6
21| < 1= (2.15)

2n =) (1 4+ 2na) 2j =36

j=1
Proof. From (1.4) and (1.2) we have

2z (14 22z + 3azz® + - -+ ) + 2z* (2a2 + 6azz + - - )

=8 = 1+p1z+paz°+- -
(1 —a)(2z+2a323 + ) + az (2 + 6azz* + 10asz* + - - -) prep
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Equating the coefficients of like powers of z, we have

P1 P2
a) = —————,ad3 = >
2(14+a) 2—-96) 1+ 2a)
2-86 2-36 2
a4:P3( )+P1P2,a5: P4 ( ) + 3 . (2.16)
4(1+3x)(2—9) 4-58)14+4a)(2—-95)
Thus, we can conclude,
2n(14+ 2n — D a)az, = pop—1 + (1 +2a)azprp—3+---
+ 1+ @2n—2)a)am-1pi (2.17)
and
(27’1 - 8) (1 + 2”“) arp1 = pon + (1 + 20‘) aypyp—2 + -
+ (I +@2n—2)a)az—1p2. (2.18)

Utilizing Lemma 2.1 we have|p{| = | p2| = |p3| = |pa| < 2, thus from (2.16) we have
that
2 4-96)

1
—, |a3| < ,laa] < ,
(1+a) 2 —38) (1 +2a) 2(1+3a)(2—9)

as| < 2 |
(1 +4a) (2 —9)

las| <

(2.19)

It follows that (2.14) and (2.15) hold for n = 1, 2. We prove (2.14) using induction.
Equation (2.17) in conjunction with Lemma 2.1 yield

|a,, | < 2 14—355(14—2ka)k@k+1| . (2.20)
T 2n(14+2n -1 a) P
We assume that (2.14) holds for k = 3,4, ..., (n — 1) . Then from (2.20), we obtain
’ =l k—12+2._5
lay,| < 1+ | =ty (2.21)
2n(1+2n —1a) k—12k_8‘ 2j—§
In order to complete the proof, it is sufficient to show that
) m—1 ) k—1 ) + i_s
Y 15
2m (1 + (2m — 1) @) P 2k—61 % 2j—6
4—1 /=1 (2.22)
B 2 T12+2j—8

S 2m(14+@2m—1a) 2j—6

j=1
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(2.22) is valid for m = 3.
Let us suppose that (2.22) is true for all m, 3 < m < (n — 1). Then from (2.21)

o) n—1 ) k—1

2+2j—8
1
2m(1+2n—1a) +};2k—3j1:[1 2j -8

_(2@-1)-5) 2
N (2n) Qn—-1)—=80+@2n—-1a)

n—2 k—1
2 2+2j—6
% 1+sz—an 2 —s
k=1 Jj=
n—2 .
2 2 24236
+2n(1+(2n—1)a)'(2(n—1)—5)j1:[1 2j -8
B 22 (m —1)—98) ﬁ2+2j—8
_2n(2(n—1)—8)(1+(2n—1)a)j=1 2j—6
n—2 .
2 2 2+2j—6
+2n(1+(2n—1)a)'(2(n—1)—3)j1:[1 2j =8
B 2 ﬁ(2+2j—8)(2+(2(n—1)—8))
_2n(1+(2n—1)(1)(2(;1—1)—5)],:1 2j—8

B 2 "l42j-9)
_2n(1+(2n—1)a)l_[ 2j—68

j=1

Thus (2.22) holds for m = n and hence (2.14) follows. Similarly, we can prove (2.15).
[ |

3. Second Hankel Determinant

The gth Hankel determinant for ¢ > 1 and n > 1 was first introduced by Noonan and
Thomas [9],
an an+1  Apig+1

an+1 an42 antq
H, (n) = . . .

Apn+g—1 Ant+q An+2g-2
The bounds have been investigated by many researchers for different classes. Such
as in 1983, Noor [10] studied the Hankel determinant problem for the class of functions

with bounded boundary rotation and Ehrenborg [11], considered the Hankel determinant
of exponential polynomials.
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Second Hankel determinant is obtained when setting ¢ = 2andn = 2, where

a as

Hy (2) = _—

The finding of the upper bounds of }a2a4 — a%‘ for the Hankel determinant started in
the year 2000. Janteng et al. [12] studied the second Hankel determinant for the classes
of starlike functions and convex functions. Second Hankel determinant for starlike and
convex functions with respect to symmetric points were studied by Janteng et al. in [13].

In order to seek the upper bounds for ‘a2a4 — a% ‘ fortheclass G, («, §) and G, («, §),
we shall require the following Lemmas.

Lemma 3.1. (Pommerenke [8]) If p € P, then |py| <2fork=1,2,3,...

Lemma 3.2. (Libera and Zlotkiewicz [14,15]) Let the function p (z) € P be given by
(1.2). Assume without restriction that p; > 0. By rewriting Lemma 3.1 for the cases
n =2and n = 3,

2 p1 p2
Dy=|pi 2 pi|=8+2Re(pip2) —2Ip2l* —4pi >0
p2 p1 2

which is equivalent to 2p; = p12 + x (4 — p%) for some x, |x] < 1. Then D3 < 01is
equivalent to

‘(41)3 —4pip2+pi) (4= pi) + p1 (2p2 - pf)z) <2(4-p})’ —2]2p2 - P}
and provides the relation
4p3 = p%+2(4—p%)p1x — 1 (4—p%)x2+2(4—p%) (1- |x|2)z

for some value of z, |z] < 1.
We give the upper bounds for the second Hankel determinant for the class G («, §)andG. («, §).

Theorem 3.3. If f (z) € G, («, §), then

4
2
aras — as| < 3.23
jazaa 3‘—(1+204)2(2—5)2 (5:23)
Proof. Since f (z) € G («, §), so from (2.7) we have
P1
ax = s
1-8)0+w 5
1-6
PR A k) e 4 (3.24)
2—-804+2a) -9
u pi+ pip2 (3 —25) p3

- (3—8)(1+3oz)(2—8)(1—8)+(3—8)(1+3a).
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Then,
4 2
s = pi + pip2 (3 —126) . P1P3
GB-—8)1+3a)d+a)2-8)1—-82 GB-=8U+3)(1-81+a)
and
2 pt+2pipa (1 —8)+ p3 (1 —8)>
3 (1+20)22—=8)>%(1 -8
Therefore,
a2 i+ pip2 (3 —28) . p1p3
T T G (1 +30 (1 +0)2-0(1-382 G- +30)1 -8+
P A2 (=) +py(1-0)°
A +20)22 =821 -15)>2
[(1+2a)2(2—8)—(1+3a)(1+a) (3—3)] p‘]‘
zﬁ + (3—25)(1+2a)2(2—5)—2(1+3a)(1+a)(3—5)(1—5)]p%p2
+ (1+2a)2(z—5)2(1—5)]p1p3—[(1+3a)(1+a)(3—5)(1—5)2],;5
where
C@)=(143a)(1+20)>1+a)3=8)2—3871—25)7>. (3.25)
Then,
[(1+20)>2—-8)— (14+3a) 1 +a)3—8)] p}
! +[(3=28) (1 +2a)* (2 - 8)
aas — aj| = @ 21 430)(14+a)3 =8 1 —=8]pip (3.26)
+[A+20)* 2 =81 - 8] pips
—[(1+3a) (1 +a)(3—8) (1 —8)72] p3

Using Lemma 3.2 and Lemma 3.3 in (3.26) we obtain

[(1+20)*2—8) — (1+3a) (1 +a) 3—8)]p}
+[(3 —26) (1 4 2a)* (2 — §)
il p%)X)

—2(1+3a)(1+a)(3—8)(1—8)]p%< 5

[

axas = a3] = oo |+l 4202 2= 82 (1= 9))
pi+2(@—phpix—pi(4—phx2+2(4—pl)(1—1x)z
1

4 2
p%+(4—19f)x)
2

xp

—[(1+3a)(1+a)(3—3)(1—3)2](
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[(1+20)2 2= 8) (12 =8 +8%) — (1 +3) (1 + @) 3 — 8)*] pi
+[2(2=8) (14 2a)* (5158 +8%)

1 —2(1+30) 1 +a)3—=8*1—8Ipi (4—p})x

T 4C () | —[pF (1 +20)2 2~ 8)2 (1 - 8)

+(14+3a) (1 +a) B =8) (1 — )% @ — pD] (4 — p}) 5>
2[1 42022 =81 =8)] p1 (4—p}) (1 = Ix1) z

(3.27)
We now assume p; = p and p € [0, 2]. Therefore, from (3.27) by using triangular
inequality and |z| < 1, we have

ara4 — a% ‘

[ +20)°@2—8) (12—8+8%) — (1 +3a) (1 + ) 3—8)°] p*
+2[(2 = 8) (1 +2a)* (5 — 58 + 87)

1 ‘—(1+3a)(1+a)(3—8)2(1—3)]p2(4—p2)/3

T 4C () | +[PP 0 +20)2 2 -8 (1 - )
+(1+30)14+a)3—05)(1-06%) (4—p)](4-p*) B
+2[1+20)* 2 =81 -8]p (4 -p*)(1-5%)

Thus,

|aras — a3| < 4C( ) F(B)

where 8 = |x| < 1 and

[(14+20)(2—8) (128 +6%) — (1 +3a) 1 + ) 3 —8)°] p*
+2[2-8* A +20)* (1 - 8] p (4 - p?)
| +2[@ -8 1 +20)* (555 +67)

— (1 +3)(1+a)3=8)*1-8]p*(4-p*)B
+[p(d+20)*2—-8)>*(1-8)(p—2)
+ (1 +3a) 1 +a) 3-8 (1—8*(4—-p?)](4-p?) s

F(B) =

Differentiating F' (8) with respect to 8, we have

F'(B)=2[2 -8 (+20) (55 + &)
—(143) (1+a) 3 =8> (1 —-8)]p* (4 - p?)
+2[pd+20)* 2 =81 -8 (p—2)
+(1+3) (I +a)B =8 1—-8)4-p)](4-p?)8

Since F’ (B) > 0, then F (B) is an increasing. Hence, Max.F (8) = F (1).
Consequently,

1
a3| < @@ (3.28)

‘a2a4
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Now welet G (p) = F (1).

[(1+20)* 2 —8) (12— 8+68%) — (1 +3a) (1 + &) 3—48)] p*
+2[2 =81 +20)* A = 8)]p (4 - p?)

+2[(2 = 8) (1 +2a)* (5 — 56 + 67)
—(1+3a)(1+a)3=87 (1 —8]p*(4-p?)
+p(d+20)*2-8)*(1-8)(p—2)
+(1+3)(L+a)3=8) (1 -84 -p)](4-p?)

G(p) = ;

After simplifying, we have

G(p)=[1+20)>2=8)@+8) + (1 +3) (1 +a)(3—08) (15— 135 +38%)] p*
—[42=-8)°1+20)>3=8)(3—28) +16(1 +3a) (1 + &) B3 —8) (1 — 8)] p*
+16 (1 +3a) (1 +a) (3—8) (1 —8)%.

Then,
G(p)=A@) p*—B (@) p*+16(1 +3a) (1 +a)(3—18) (1 —8)?>
where
A@)=(1+420)>2=8) (@4 +8) + (143) (1 +a)(3—05) (15— 138 + 35%)
and
B@)=4Q2—-8)*14+220)>B =83 —-28)+16(1+3a)(14+a)(3—8)(1—9).
By differentiating G (p) with respect to p, we have
G (p)=4A()p* 2B (@) p

G (p) =124 () p* — 2B ().
Letting G (p) =0, we obtain p = 0 and

A=) 14+20)°B-8)3—-28)+16(1+3a) 1 +a)(3—8) (1 —9)
V20042072 =8) @ +8) + 1 +3a) (1 +a)(3—8) (15— 135 +362)
Clearly, it shows that G (p) attains its maximum value at p = 0.
So, Max. G (p) = G (0). Therefore, by substituting (3.25) and G (p) such that
p = 0into (3.28), we obtain
4
< .
(1 +20)% (2 — 8)?

|a2a4 — a%}

Hence, by substituting p = 0 into Lemma 3.3, we have p; =0, pp = —2 and p3 = 0.
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The results for G, («, §) is reduced to the result of Singh [16] when o = O and § = 0.

[ |
Theorem 3.4. If f (z) € Gy («, §), then
‘a2a4 — 6132" < 4 (3.29)
(14 2a)% (2 — 8)?
Proof. Since f (z) € Gy (@, 8), so from (2.16) we have
P1
aQ = _——
2(1+a)
a3 = P2 (3.30)
ST 228+ 20) '
as Pip2 P3

S 10130 2—08 41130

Then,
s Pipa P13
8(1+3a)(1+a)2—38)  8(+a)(l+3a)
and
2 P%
az = 3 5
1+ 2a)2 2 —6)
Therefore,
5 pip: P1P3 p3
aras — az = + — ) )
8(1+3a)(1+a)2—08) 8(+a)(1+3a) (1+20)2(2—29)
= —(2=8) (1 +2a)* pipr + (2= 8)* (1 +2a)* p1p3
C ()
—8 (1 +a) (14 3a) p3)
where
C)=8+3a)(1+2x)>(1+a)2-—235)>. (3.31)
Then,

1
C (@)
—8(1 +a) (1 + 3a) p3| (3.32)

aras —a3| = 12— 8) (1 4 2a)% pIpa + 2 — 8)> (1 +2a)° p1 p3
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Using Lemma 3.2 and Lemma 3.3 in (3.32) we obtain

‘a2a4—a§‘
(2 —8) (1 +2a)? p? (W)
_ ! +(2_5)2(1+2a)2p11’?+2(4—17f)p1x—m(4—p%)x2+2(4—pf)(1—|x|2)z
C (o) p2+(4_p2>x 5 4
—8(1+a) (1 +3a) (‘2‘)

[(1 + 2a)? (2—8)(4—5)—8(1+3a)(1—I—a)]pl
R [2(2—5)(1+2a) (3—5)—16(1+3a)(1+a)]p%(4 pl)
T 4C (@) | - [P +2007 2 -8 +8(1+30) (1 +a) (4 - pi)] (4 — pi)x?
+2[(1+20)2 2 =8 p1 (4= p7) (1 = IxI*) 2 ok

We now assume p; = p and p € [0, 2]. Therefore, from (3.33) by using triangular
inequality and |z| < 1, we have

‘a2a4—a§‘

[(1+2a)2(2—6)(4—8)—8(1+30t)(l+a)]p4

_ 1 +2(2—5)(1+2a)2(3—8)—16(1+3a)(1+a)]p2(4—p2),3
= 4C () +p2(1+2a)2(2—5)2+8(1+3a)(1+a)(4—p2)](4—p2),32
+2 [(1 +20)2 (2 — 5)2] P (4 — p2> (1 - ,B2>
[(1+2a)2(2—8)(4—8)—8(1+3a)(1+a)]p4

1 +8p (2 =82 (1 4+20)> —=2p> 2 =8> (1 +2a)?
<
SiC@ | +[2e-8 04202 G -8~ 1601 +30) (1 +a)] p? (4—172])/3

(1 +20)2 @2 -5 (p2—2p) +8(1+3a) (1 +a) (4—p2) (4—p2),62
Thus,
1
|axas — a3| < Pl F(B)
where
p=Ixl=1
and

F(B)=[(1+22)2~8) 4~8—8(+3a)(1+a)]ps

+8p (2 —8)>(14+2)*> —=2p> 2 =81+ 2a)?
+22-8d+20)* (3-8 —16(1+3a) (1 +a)] p* (4 — p*) B
+[(1+20)* 2 - 8)* (p* —2p) +8 (1 +3a) (1 + @) (4 — p?)]



On New Subclasses of Analytic Functions... 2863

Differentiating F' (8) with respect to 8, we have

F (8)=2[2-8 1420?38 — 16(1+3a) (1 +a)] p? (4 — p?)
+2[d +20)* 2 =8 (p* —2p) +8(1 +3a) (1 + @) (4 — p*)] (4 — p?) B.

Since F’ (B) > O,then F (B) is an increasing. Hence, Max. F (8) = F (1).
Consequently,

1
|azay — a3 < @’ ® (3.34)

Now welet G (p) = F (1).

G (p) = [2(1+2)? 2 - 8] p* = [64 (1 + ) (1 +3a) —4(1 +2a)* (2 — 8)*] p*
PP=1 3128 (1 + o) (1 + 3a) '

Then,
G (p) :A(a)p4—B(a)p2+128(l + o) (1 + 3a)
where
A@) =22 =981+ 2x)?
and

B(a) =64 (143c) (1 +a)—42—8)72(1+2a).
By differentiating G (p) with respect to p, we have

G (p) =4A (@) p* — 2B (@) p,

G (p) =124 (@) p* — 2B ().

Letting G (p) = 0 we obtain p = 0 and

1601 +3a) (1 +a) — (2—8)* (1 +2a)°
P 2= 8) (1+20) |

Clearly, it shows that G (p) attains its maximum value at p = 0.
So, Max. G (p) = G (0).
Therefore, by substituting (3.31) and G (p) such that p = 0 into (3.34), we obtain
4
< .
(14 20)% (2 — 8)?

|a2a4 — a%}

Hence, by substituting p = 0 into Lemma 3.3, we have p; =0, p» = —2 and p3 = 0.
Whena = 0,8 = 0and a = 1, § = O the results for G («, §) is reduced to the
results of Singh [16]. [ |
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